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lu INTRODUCTION 
1010 General Remarks 
An investigation of prestressed concrete for highway bridges was 
begun at the University of Illinois in 1951 at the request of the Illinois 
Division of Highways. The over-all objective was to establish criteria for 
safe, ser"~iceable and economical design in prestressed concrete for highway 
bridges. From the earlier phases of the investigation criteria for design based 
on experience gained from tests on simple structures were developed. 
Since the initiation of the investigation there has been a significant 
increase in the variety of structures to which prestressed concrete bas been 
applied. In paTticular there bas been a large increase in the n'~ber of con-
tinuous highway bridges built. One-third of the long-span prestressed concrete 
bridges in 1956 were continuous ,9 as compared to less than one-tenth in 1948(1)* 0 
There is little reason to doubt that part of the knowledge gained from tests on 
simple structures can be applied to continuous st~~ctureso For example J the I 
flexural strength of continuous beams can be determined with the use of relation-
ships between exterr~l forces and internal effects derived from tests on simply~ 
supported beam5. T~e understanding of this phenomenon is general enough to 
permit almost ar..y application. However,? the understanding of that part of 
knowledge on pyestrcssed concrete which is fragmentary and limited to accumulated 
experience caLh~~t be applied directly to continuous structures. Tne current 
appraisal of ·shear~ strength belongs in this category 0 
A surrey of the literature r'eveals t:b.a.t there bas been an appreciable 
amount of research on continuous prestressed concrete structures. Unfortunately 
* Numbers in parentheses refer to entries in the List of Referencesu 
-1-
-2-
few of the tests reported in this research provide a categorical answer to any 
one ~uestion. Almost no direct information on the strength and behavior of 
continuous beams susceptible to shear failures can be obtained from this research. 
If the challenge of long-span bridges is to be met successfully further research 
into the strength and behavior of continuous beams is necessary. 
1.2. Object and Scope 
The object of this report is to investigate the strength and behavior 
of continuous prestressed concrete beams. The investigation reported here is 
intended to serve a dual purpose~ 
(1) to determine the range of applicability to· continuous beams of 
the experience and knowledge on shear strength der~yed from tests on simply-
supported beams. 
(2) to re-examine the basic concepts used in the analysis of simply-
supported beams so that any additional limitations to the application of these 
concepts are established. 
From these tests an analysis for the strength and deformation 
characteristics of a maximum moment section in a region of combined bending and 
shear is developed. Although the stipulation is made that this analysis is 
applicable only to sections in which failure results by crushing of the concrete 
in the extreme fiber in compression, it is also shown how limitations may be 
placed on this analysis that indicate the manner by which it may be applicable 
to other modes of shear failures. 
The determination of the strength and deformation of the continuous 
beam involves the use ,of assumed curvature distributions, which vary according 
to the type of loading and the crack development. Using these distributions 
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-3-
the load-deflection and moment-load. relationships for the continuous beams can 
be determined. Moment-load and load~defleGtions relatio~hips were computed 
for several of the beams reported in thi2 investigation and compared with the 
measured relationshipso 
The results of tests on 24 two-span continuous prestresseQ concrete 
beams aTe presented J discussed and compa=ed with the results of the analysis. 
These tests included rectangular and I-shaped beams and beams with and without 
web reinforcemento 
All the beams had similar Gyer-all dimsnsions and were loaded 
syrnmet:rically at the mid-point of each !line~foo~ spano The over-all cross 
sectional dimensions of the beams were 6 by 12 in, The I-beams bad a web 
thickneEs The effective prestress ranged from 100,000 to l25JOOO 
psiJ and the ·:;oncrete strength from 3020 to 81-50 psi 0 The longi tudi:nal rein-
for cement ratio at the maximum moment 8ections raDged from 0,,19 to Ou49 pere:ent" 
Vertical stirr1J,:ps were used with web rein.force::nen-+.:. ratios based on the flange 
width ranging ::'r'Jill 00.043 to 0041 percento The stirrup spacing varied from 
2 to 5025 ino A detail,=d out.line of the tests aDd the range of the variables 
is presez:ted in Se(.3tion 5,:2. Figure 2. stows a photoe:raph of a beam under test. 0 
Details of tb.~ materials used, of the fabrication and of the testing pz'clcedures 
are given :"E Appendix Ao 
Tb.is study was carried out as a part of the research under the 
Illinois Cooperative Highway Research Program Project IHR-lOo hInvestigation 
of Prestressed Reinforced Concrete for Highway Bridges~o The work on the project 
was conducted by the Department of Civil Engineering of the University of 
Illinois in cooperation with the Division of Highways; State of Illinois; and the 
Uo So Department of Commerce, Bureau of Public Road3o 
-4-
On the part of the UniversitYJ the work covered by this report was 
carried out l~der the general administrative supervision of Wo Lo Everitt, Dean 
of the College of EngineeringJ Ross Jo ~~rtinJ Director of the Engineering 
Experiment StationJ No Mo NeW!m.rkJ Head of the Department of Civil Engineering, 
and Ellis Danner, Director of the Illinois Cooperative Highway Research Program 
and Professor of Highway Engineering~ 
On the part of the Division of Highways of the State of Illinois J the 
work was under the administrative direction of R. Ro Bartelsmeyer J Chief 
Highway Engineer, Theodore Fo MorfJ Engineer of Research and PlanningJ and 
w .. Eo CbastainJ Sro~ Engineer of Physical Research. 
The program of investigation has been guided by a Project Advisory 
Committee conSisting of the following~ 
Representing the Illinois Division of Highways 
Wo Eo Chastain, Sr., Engineer of Physical Research; Illinois 
Division of Highways 
Wo Jo Mackayy Bridge Section; Bureau of DesignJ Illinois 
Division of Highways 
Co Eo Thunman J Jro J Bridge Section, Bureau of DesignJ Illinois 
Di~ision of Highways 
Representing the Bur'eau of Public Roads 
Earol~ Allen, Chief, Division of Physical Research; Bureau 
of Public Roads 
EQ Lo Erickson; Chief7 Bridge Division; Bureau of Public Roads 
Representing the University of Illinois· 
Co Eo Kesler J Professor of Theoretical and Applied Mechanics 
Narbey Khacbaturian,9 Professor of Civil Engineering 
Fred KeLLs.:m, Bridge ~ineerJ Bureau of Public Roads, and Go So 
Vincent, Chief, Bridge Research Branch, Bureau of Public Roads, also participated 
in the meetings of the AdVisory Committee and contributed materially to the 
guidance of the program Q 
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T'!J~ investigation was directed. by Dro Go Po Siess.l1 Professor of Civil 
·Engineerir~J as Project Supervisor and as ex officio chairman of the Project 
Advisory Committee 0 Immediate supervision of the investigation was provided by 
Dr 0 Mo Ao SczenJ A.ssociate Profess!~:r' of Civil Engineering, as Project 
Investigator" 
With the exception of Lot 14.l1 the prestressing reinforcement used in 
this investigation was donated by the American Steel and Wire Division of the 
United States Steel Corporationo The Lot 14 wire was obtained from the Union 
Wire Rope Corporation 0 
Tb....anks are extended to RoN o Bruce , K 0 A 0 Faulke s and To HoLum, 
formerly Research Assistants in Civil Engineering, for their valued assistance 
in conne~tio~ ~ith the tests and analyseso 
This report was written as a thesis -.ur..der the direction of 
Prof6ssors Siess and Sozeno 
(8.) ,0-Sig::-:.a tion of Test Specimens 
Ec.c~ ~eam is designated by two letters and two groups of numerals} 
e og 0 J Eli 0 08 ~ 'J;S v Tne detailed. co.ie of this designation of the test beams is 
(OJ Symbols 
If in the following report any symbol listed below is followed by a 
subscript U":cll) ... teen this is the value of that quantity at the central support" 
Similarly J if the symbol bas the su.bsc!"ipt 119m?!! J this is the value of that 
quanti ty at mid.span) i 08 0 J und.er the load point 0 
Cross=Sectional Constants 
A = total cross~sectianal area of beam 
A = tota.l area of T'lrest.ressed reinforcement. s .J:' 
Loads 
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A~ = total area of supplementary reinforcement in the tension zone 
s 
A = total.area of concrete in compression 
c 
A = total cross-sectional area of one stirrup 
v 
a = length of shear span 
b = width of rectangular beam or width of flange for flanged beam 
d 
e 
h 
I 
Q 
= thickness of web for flan~ed beam 
= effective depth of the prestressed reinforcement 
= distance from the centroidal axis to the line of action of the 
totalprest~essing force 
= over-all depth of the beam 
= moment of inertia of gross concrete section about the 
centroidal axis 
= first moment of area above a horizontal section about the 
centroidal axis 
s = center-to-center spacing of web reinforcement 
= horizontal projection of the inclined crack 
= distance from centroidal axis to the extreme fiber in tension 
= I/Yb = section modulus 
c = to~al compressive force in the concrete 
C1 = t~~ compressive force in the concrete above an inclined crack 
C2 = tctal compressive force in the concrete below an inclined crack 
F = total prestressing force se 
M = IDOne:l ~ a t any stage of loading 
M = resisting moment at flexural cracking 
cr 
= resisting moment at failure 
M ~ = computed ultimate resisting moment for a flexural failure Uf, 
M = '. computed ultimate resisting moment for a shear failure 
us 
M 
v 
= moment of the web reinforcement about the maximum moment 
section 
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Stresses 
T = totsl tensile force 
v 
v 
c 
v 
em 
:::: shear at 
= computed 
== n;easured 
any stage of loading 
inclined cracking shear 
inclined. cracking shear 
Vd upward component cf prestressing force 
Vf = computed initiating fle~al cracking shear 
7 measured initiating flexural cracking shear fm 
v 
s 
v 
u. 
v 
z 
H 
= 
= 
= 
= 
= 
= 
= 
computed shear corresponding to web-shear cracking 
shear corresponding to failure load 
shear carried by the we-b reinforcement 
dowelling force 
shear carried by the concrete above an inclined crack at the 
maximum moment section 
shear carried by tne concrete below an inclined crack at the 
maximuID. mO!L>ent section 
vertical shearing for~e over section between the apex of the 
i.nclined cTack and the maximum moment section 
horizoctal shearing force over section between the apex of 
the i~cline~ crack and the mGLxiw~ moment sectiono 
CC)ncre;tE: 
f' 
C 
f 
ca 
+' 
.J. 
eu 
f 
r 
= splitting strength determined by ir~irect tension test on a 
I:!;Y linder 
= ''2ompressive stress at a:n:y stage of loading determined by 
6 by 12=ino control cylinders 
= 
:= 
compressive strength determined by 6 by 12-ino control 
cylinders 
Effectiv9 strength of the concrete in the compression 
of a beam at any stage of loading 
effectiyt:; strength of the concrete in the compression 
of a beam at ultimate 
zone 
zone 
= modulus of rupture determined from 6 by 6 by 24-ino control 
beams loaded at the thi.rd pOints over an 18-in 0 span 
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f t = tensile strength of the concrete 
0'1 = normal stress at a point 
0'2 = vertical stress at a point 
O't = maximum principal tension stress 
v = shear stress 
Ec = assumed modulus of deformation of concrete 
Reinforcement 
Strains 
f = effective prestress 
se 
f = stress in the prestressing reinforcement at one percent strain 
sy 
fU = tensile strength of the prestressing reinforcement 
s 
f 
su 
f 
Y 
E 
s 
= stress in the prestressing reinforcement at failure 
= yield stress at one percent strain for reinforcement baving 
a yield region 
= modulus of elasticity of the reinforcement 
Concrete 
€ = useful limit of strain in the compressed concrete 
U 
€ 
C 
€ 
ca 
€ 
ce 
€ 
o 
= concrete compressive strain 
= increase in the concrete strain in the compression fiber 
above that at transfer 
= strain at the level of the reinforcement due to effective 
prestress 
strain dividing the elastic and plastic ranges of idealized 
stress-strain curve for concrete 
Re in! orcement 
e: 
s 
€ 
se 
€ SU 
€ 
sa 
= reinforcement strain 
= effective prestrain corresponding to effective prestress 
= strain the prestressing reinforcement at failure 
= increase ,in strain in the prestressing reim.orcemen.t beyond the 
strain at effective prestress 
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Dimensionless Factors 
F 
k 
k 
u 
p 
r 
Miscellaneous 
ex 
cP cr 
~ 
'u 
= strain compatibility factor 
= ratio of neutral axis depth to effective depth 
= ratio of neutral axis depth at failure to effective depth 
= ratio of the depth of the compressive force to depth of the 
neutral axis 
= factor relating the ms.ximum stress in the beam to the 
6 by l2-ino cylinder strength 
= A /bd = longitudinal reinforcement ratio 
s 
= Ayibd = web reinforcement ratio based on flange width 
= ratio of length of internal lever arm to center of compreSSion 
force above the inclined crack to the effective depth 
= ratio of length of internal lever arm to center of compression 
force below the inclined crack to the effective depth 
= ratio of length of internal ~ever arm to horizontal shear 
stress force along the section between the apex of the inclined 
crack and the maximum moment section to the effective depth 
= angle of inclination of web shear crack 
= angle of inclination of draped longitudinal reinforcement 
= curvature at flexural cracking 
= € /k d = curvature at failure of the beam 
u u 
= distance from maximum moment section to the line of action 
of the vertical shearing force over the section between the 
apex of the inclined crack and the maximum moment section 
20 STRENGTH AND DEFORMATION CHARACTERISTICS OF A SECTION 
SUBJECTED TO COMBINED BENDING AND SHEAR 
2.1. General Remarks 
External loads applied to any structure must be resisted by internal 
stresses which for ease in analysis can be represented by internal forceso If 
external loads are applied laterally or transversely to the axis of a beam, the 
internal forces at any cross section in the beam can be represented by a moment 
and a sbear 0 As a load-carrying member a. beam bas to satisfy two requirements, 
strength and se~liceabilityo For the analYSis of the strength of a beam, it is 
customary to treat the effects of the internal forces separately 0 Hence, ~or 
the simply supported beams reported in References (2) and (3), the strength of 
a prestressed concrete beam in bending and in shear have been considered 
independently. A similar situation exists for serviceability criteria 0 
Deflections are a cammon criteria for the serviceability of a beam and internal 
moments are the most pred8minate cause of deflections. Hence, for the simply 
supported beams, analyses for deflections have been confined to considerations 
of the deflecticns ca~sed by the internal moments. 
F8r the majority of the simply supported beams tested in ~The 
Investigation 0: Pre5~ressed Concret~ for Highway Bridges w, References (2), (3) 
and (4), there ~as a region of constant moment covering a considerable portion 
of the span length of :.be beam. For the proportions and the type of loading . 
of these beams, it is reasonable to use independent analyses for the effects 
of shear and moment on the strength and deflections of these beams. However, 
for the continuous beams which f.orm the basis of this report there was no con-
stant moment region. Some sections of the beams were subjected to much higher 
shear to moment ratios than those encountered in the simply-supported beam testso 
-10-
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For these continuous beams the strength and deformation in bending and in shear 
could no longer be treated separatelyo It is the object of this chapter to 
outline a procedure for the determination of the strength and deformation 
characteristics of a section subjected to combined bending and shear in a pre-
stressed concrete beam. ~ne procedure developed is such that as the amount of 
shear on the section is decreased, the procewlre approaches that outlined in 
Reference (2) for a section subject to pure bendingo Furthermore, the procedure 
recognizes that for concrete beams inclined cracks can develop at sections 
subjected to .combined bending and sneary and once such cracks have developed 
the behavior of a given section is affected by phenomena occurring along the 
extent of the inclined cracko 
In the following discussion, it is assumed that the beam is loaded 
over a span such that the shearing deformations in the uncracked section do not 
predominate 0 Furthermore, it is assumed that the section considered is a 
section of maximum momento For example, in Fig. 2, the section for wbich the 
discussion is developed is sections A-A for the simple beams or sections B-B 
or C-C for the continuous bearno Although other sections can also have 
critical effects on the behavior of the beams, the loads that these bea~s can 
carry and the deflections developed will be dependent primarily on the strength 
and deformations at these maximum moment sectionso 
The expression developed in this chapter for the ultimate moment is 
derived on the basis of conditions of equilibrium and strain geometry 0 It is 
evall~ted LD terms of the properties of the materials, the geometrical 
properties of the cross section and the profile of the inclined crack 0 The 
deformation of the section is expressed in terms of the relationship between 
the moment and the curvature at the section. It is assumed that the deforma.tions 
~~sult·from short-time static transverse loads applied continuously until 
failure 0 Short-time deformations are defined as those occurring Q~der loads 
-12-
applied during a time period ranging from a minimum of a few minutes to a 
maximum of several hourso 
Section 2.2 presents the assumptions used in the determination of the 
strength and deformation characteristicso Section 2.3 presents the relation-
ships used for the determination of strains at various theoretical stages in the 
behavior of the section. Section 2.4 presents a procedure for the determination 
of the strength of the maximum moment section. Section 2.5 presents a procedure 
for the evaluation of the moment versus curvature relationship at the maximum 
moment section. 
It should be empbasiz~d that these procedures are developed ~o 
facilitate a better understanding of the behavior of a section subjected to 
combined bending and shear. They are not intended to serve as design procedures 0 
Furthermore, the procedures are limited to prestre-ssed concrete beams having 
straight or draped longitudinal bonded: prestressed tension reinforcement. 
2.2. As sumwt ions 
(a) General Remarks 
The procedure outlined in this chapter for the determination of the 
strength and deformation characteristics of a maximum moment section requires 
a knowledge of the extreme compreSSion fiber concrete strain versus steel 
strain relationship at this section. This latter relationship is determined 
from conditions of e'luilibrium and geometry. For the derivation of this 
relationship it is assumed that the concrete strain and steel strain at the 
section can be calculated for three theoretical stages in the behavior of the 
beam. These stages are (1) flexural craCking, (2) inclined cracking, and 
(3) flexural failure. In the calculation of the strains at trese three stages, 
several common basic assumptions are made. These assumptions are~ 
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(1) St.rains in the compressed ~onc;rete vary linearly-~ Tn.ere' 'is 
little reason to doubt this ass~tion if the compreased concrete is of fairly 
uniform quality and cross sectiono Measurements of deformations at various 
levels in the maximum moment sections have shown that~ for beams with constant 
cross sections J the strains are distributed linearly in the compressed concrete 
f or all stage s of l·~ading 0 Furthermore.:l limited measuremen ts have sb.own tb.a.t for 
be~s in which the cross section did vary in shape, the non-linearity involved 
was small, and the error was for all practical purposes negligible¢ 
(2) Yne stress-strain relationship for the concrete in the c~~ression 
zone of the beam is known 0 Although the stress-strain relationship for concrete 
in the beam and that in a cylinder need not necessarily be related directly, it 
has been found tba t there is a close correlation between the two" For calc1.lla~ 
tion p1~oses the stress-strain relationship for the concrete can be assumed to 
be linear up to flexural crackiDgu Beyoni fle~JTal cracking) the stress=strain 
relationship for the concrete can be ass~ed to be elasto-plasti~ as shown in 
Figo 3 or if d~sire~ a m~re accurate relationship ca~ be developed from the 
information plot~ed in Fig. Ao5e 
Fo:- the e2sto-plastic r-elatiop..ship s~own in Figo 3.9 tbe level of the 
stress in plastic range: is equal to k3 f~ where k3 is a coeffi.cient which 
varies with c~nc:-ete s~rengtho The concrete strain at which this plastic range 
begins is E . 
o 
Val'.les of the k3 and the strain E
o
-' for different ranges of 
concrete strength, are indicated on the figureo The oasis of this figure is 
discussed in ReferencE (2}u In accordance with the test results indicated in 
Section 5 06 it is suggested that the maximum strain for unconf'ined concrete 
should be limited to 00004) and for concrete confined by the presence of 
locally applied loads to 000060 
(3) The stress-strain relationship for tp~ reinforcement is known. 
The entire stress-strain relationship for the reinforcement can be deterIDined 
-14-
from tension test coupons. Fracture of the reinforcement is assumed to occur 
when the strain in the reinforcement at any section of the beam reaches the 
maximum value determined from the test coupons. 
(4) The ratio of the strain.· in the steel to the strain in the 
co§Pressed concrete is known for sections subjected to pur~ bending. Usually 
it is assumed that the distribution of strains over the depth of a section 
subjected to bending is linear 0 Up to flexural cracking this is a reasonable 
~ssumption for bonded members, beyond flexural cracking this distribution of 
strains between the neutral axis and the level of the reinforcement is an 
imaginary concept. The actual steel strain € can be larger or smaller than that 
s 
corresponding to a ~linear strain distribution~o Non-linearity can be caused by 
strain concentrations above the flexural cracks, and by local loss of bound 
between the reinforcement and the concrete on either side of the flexural cracks. 
Consequently it can be seen from Fig. 4 that the relationship between.the steel 
and concrete strains can be written as, 
€ - € 
sa ce 
€ 
C 
(l-k ) 
u F 
k 
u 
(1) 
where F is a strain compatibility factor. The factor F provides for the ncn-
linearity of the true strain distribution. It bas been suggested in 
Reference (2)- that a reasonable value for F at failure is about 3/4. 
2·3· Calculation of the ReSisting Moments at the Critical Stages of Loading 
In discussions of the behavior of sections subjected to combined 
bending and shear or to pure flexure, three critical stages of behavior have 
been distinguished (Ref. (4) and Chapter 5) .. These stages are (a) flexural 
cracking,(b1 inclined cracking, and (c) ultima.te. 
Differences between the behavior of sections subjected to combined 
and shear (Chapter 5, Refs. (3) and (4) and similar sections subjected to pure 
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bendingJ Reference (2), -depend on t.he develop~nt or absence of inclined cra(:;ks 0 
If inclined cracks do not developJ the behavllr-s of the two types of sections 
are similar 0 The ultimate resisting moment and the deformation at a maximum 
moment section are the same as that of a section in p~e bending 0 In either 
case, the ultimate resisting moment is termed the fleX1..tral strengtho If 
inclined cracks do develop>, the resisting moment and the' deformations depend on 
the rate of devel~pment of these inclined cracks. Both the ultimate resisting 
moments and the deformations may be significantly smaller than those for a 
section subjected to pure flexureo 
,The object of this section is to outline the procedures for the 
calcula,tion of the resisting moments and the deformations at flexural cracking.? 
inclined cracking and the flexUral capacity 0 In this section, these stages are 
considered in the following order~ (a) flexUral, cracking, (b) fle~~al 
capacity", and te} inclined cracking 0 
(a) Flexural Cracking 
If the true stress-strain characteristics for the reinforcement and 
the concrete both in tension and in compression were known exactly, the re~ 
sisting moment at flexural cracking could be calculated preciselyo In practice.~ 
it is extremely difficult to determine the true stress-strain characteristics 
for concrete in tension. Thus) the resisting moment at flexural cracking is 
generally calculated using an approximate !)gelastic OV analysis. Tests nave in~ 
dicated that the stress-strain relationship for concrete in tension is non-
linear 0 Therefore] the maximum flexural tensile stress at cracking based on 
the ordinary flexure formula is a fictitious stress. This stress deSignated 
the modulus of rupture f , is greater than the axial tensile strength of the 
r 
concrete 0 The error introduced by this approximation is usually sma.llo Th.e 
applicability of this approximation is discussed in greater detail in 
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Reference (2)0 Reasonable values for the modulus of rupture and methods for 
its determination are outlined in Appendix Ao 
The flexural cracking moment can be determined from the following 
expression: 
M 
cr 
(2) 
All quantities in E~o 2 are known 0 Further, since the transform=d 
area of the prestressing reinforcement is relatively small the gross moment of 
inertia of the concrete cross section can be used with little erroro 
Strains in the concrete and steel at flexural cracking can be 
calculated directly on the basis of an un~racked section with known or assumed 
values of the modulus of deformation for the concrete and the steel. Values 
for the modulus of deformation of the concrete can be determined from informa-
tion given in Appendix Ao 
(b) Flexural Capacity 
The states of strain and stress at a section at flexural failure are 
shown in Fig. 40 The vertical line in the strain distribution is a reference 
line which represents the conditions of zero strain prior to the application 
of the prestress. The broken line represents the strain distribution immediately 
prior to the application of external load 0 Prestressirig has caused the concrete 
at the level of the steel to shorten an amount E 0 The steel prestrain is € 
ce se 
As the load is increased, the steel strain increas"es an amount € until at 
sa 
failure the total steel strain is € 
su 
The assumed strain compatibility con-
dition is used to relate this increase in steel strain at failure € to the 
sa 
useful limit of strain for the concrete € 0 
u 
From the stress conditions on the section in Fig. 4, summation of the 
forces in the longitudinal direction yields an expression for the determination 
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of the ratio k in terms of the cross-sectional area 
u 
c = T 
f A = A f 
eu c s su 
For beams in which the compression zone varies in width, A can be expressed. 
c 
in terms of k from the geometry of the cross sectiono For beams in which the 
u 
compression zone is of constant width~ Eqo 3 can be written~ 
f bkd=A f 
eu u s su 
and. hence~ 
The ultimate moment may be written as~ 
Mf = A f del - k2k ) s su u 
In E~s. 3, 4, and 5, the quantities b, d, k2 and f represent material and 
eu 
(4) 
geometrical properties of the cross section 0 These quantities can be assumed 
as known for any specific beamo 
From the strain distribution shown in Figo 4 compatability of the 
strains gives~ 
(1 ~ k ) 
U 
€ 
sa e = F€ ce u 
The rei~orcement strain at fracture E is 
5U 
€ =€ +€ 
k 
u 
su se sa 
Equations 5 and 6 combine to giye~ 
(1 - k ) 
u 
€ = € + € + F€ 
su se ce u k 
u 
(6) 
(8) 
Since the stress-strain relationship for the reinforcement is known and F€ is 
U 
either known or a reasonable value can be assumed, Eqo 4 and 8 can be solved 
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simultaneously to give the reinforcement stress at failure. The ultimate 
flexural moment can be calculated directly from Eq. 5. For the determination 
of the strains at failure, the useful limit strain for the concrete is known € , 
U 
and. the reinforcement strain € has been calcula ted 0 The increase in steel 
su 
strain at failure is given by Eq. 70 
(c) Inclined Cracking 
The major difficulty in predicting the behavior of a section subjected 
to combined bending and shear lies in the determination of the load at which 
inclined cracking will .occuro In a previous discussion of inclined cracking, 
Reference (3), and again in Section 5.4c two types of inclined cracks are 
distinguished. These are (1) web-shear cracks, Fig. 5a, and (2) flexure-shear 
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cracks Fig. 6a. I 
Web-shear cracks originate in the web of a beam before flexural cracks 
develop in the same Vicinity. These cracks form if principal tensile stresses 
in the web) computed on the basis of an uncracked section, exceed the tensile 
strength of the concrete. 
Figure 5b shows theoretical bending. stress ai' and shear stress v J 
distributions in the uncracked web of an I-beam. From a consideration of the 
equilibrium of an element in this web (Fig. 5c) it can be seen that the section 
will crack if the maximum principal tensile stress at is such that 
where f t = tensile strength of the concrete and a = vertical bearing stress 
. 2 
due to loads and reactions. The angle a at which the crack forms is such that 
tan ax (10) 
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The values of at and a~ will alter depending on the position in the web at whi~h 
the stresses are calculated. 
In Reference (3) values of at were calculated along the profile of 
web-shear cracks for test beams which were I~sbaped in cross sectiono It was 
concluded that the shear at web-shear cracking could be predicted if the assump-
tion were made that the beams would crack when the calculated principal tensile 
stress Cit at the elastic centroid exceeded a value of f t = 4 ~ 0 It was 
further concluded that if the centroid did not lie in the web, then the stress 
at should be also calculated at the intersection with the web of a line drawn 
with a slope of hid from the extreme fiber in compression at the ms.ximum mtnnent 
section. 
If it is assumed that the elastic centroid lies in the web and that 
the vertical bearing stresses are negligible; -Eqo, 9 yields 
and Eq. lO gives 
2Vn>QA 
ta.'Yl 2:t = ----..... --F roo 
se 
For beams with draped reinforcement 
where 
F 
(1 + Afse ) + A _f sin ~ t sa se 
Asd = cross-section area of the draped reinforcement 
fse = effective prestress in the draped reinforcement 
~ = angle between the locus of the centroid of the draped 
reinforcement and the horizontal at the sectiono 
A flexure-shear crack AC, Fig. 6a can originate in the web of the 
(ll) 
(lla) 
shear span of a beam, after an WinitiatingW flexural crackJ AB, has developed 
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in the same vicinity. Figure 6b illustrates the manner in which this 
BinitiatingUO crack can trigger inclined crackingo The development of a flexural 
crack at the section does not alter materially the magnitude of the bending 
stresses 0 However, since the total shear carried at the section remains the 
same, the shear stresses in the intact section of the beam above the crack 
are increased markedly 0 An increase in load causes a further increase in these 
shear stresses (a) due to the higher shear on the section, (b) due to increased 
development of the flexural· crack 0 This flexural crack will develop into an 
inclined crack when the shear stresses have been raised sufficiently for the 
principal tensile stresses to exceed the tensile strength of the concrete. 
The foregoing discussion illustrates that the development of an 
expression for the shear at inclined cracking Vc for a flexure-shear crack would 
be a difficult task. Ma.cGregor (3) has suggested that a conservative estimate 
for the shear at flexure-shear cracking is that shear that produces flexural 
cracking in the extreme tension fiber at some distance away from the maximum 
moment section. The ~uestion of the relationship between the shear for inclined 
cracking and the shear for flexural cracking at some distance from the maximum 
moment section is discussed in greater detail in Chapter 60 It suffices to 
note here that a conservative estimate for the shear at inclined cracking is 
the shear to cause flexural cracking at a distance from the maximum moment 
section, equal to the effective depth of the beam. 
where 
The shear at inclined cracking for flexure-shear cracks thus becomes, 
F F 0 ey 
V =....&. (r + -= + 5e b) 
c a-d r A I 
a = shear span length or the distance from the point of contraflexure 
to the maximum moment section 
Z = section modulus 
e = eccentricity at a section distance d away from the maximum moment 
section. 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
-21-
For straight wires the shear at inclined cracking Vc is defined as the smaller 
of the two values calculated from Eqso II and l)o Fer draped reinforcement 
the shear at inclined cracking V is the smaller of the two yalues calculated 
c 
from Eqso lla and 130 
The strains in the steel and the concrete at inclined cracking are 
calculated as described in detail in S~ction 2050 
204 Strength Characteristics 
The object of this section is to outline a procedure for the 
calculation of the strength of a prestressed concrete section subjected to 
combined bending and shearo The method outlined is restricted to beams in which 
crushing of the concrete in the extreme compression fiber is the primary cause 
of failure. Crushing of the cone'rete as a primary cause of failure can occur 
for flexural or shear-compression fail"J.res~ The ap:prcach toot is adopted 
illustrates also the manner and possible causes for other types of shear 
failure 0 
Initially a distinction is made between the concept of t.he flexural 
strengtl:: of a section and the strength of ma.ximulIl ID0!I1ent section in a :region 
subjected.. to c::m!Jined bending and sheaI' in which inclined cra~~ks have de'l'{elopedo 
In order- t~ ciete!'m:'ne the st.rength of such a section the eg,uilibriu.TIl and 
deformation ~cnCitions for the region crossed by the inclined crack as a whole 
are derived firs~, The e~uilibrium conditions are used tc develop expressions 
for t.he variaticr:. in steel stress and neutral axis depth at ultimate) over the 
region crossed by the inclined crack for two limiting cases~ (1) a beam 
without web reinforcemen~ (2) a beam with web reinforcement 0 These expressions 
for the variation in steel stress and neutral axis depth are combined with the 
deformation conditions for the region to give a procedure for the calculation 
of the ultimate capacity of the maximum moment section~ The equations are 
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re-examined to show the manner in which they indicate possible modes of failure 
other than the condition of crushing of the concrete to which the analysis is 
restricted 0 
It is commonly hypothesized that for any given section of a concrete 
beam, there is some quantity termed the flexural strength of this section which 
can be associated with this section and which represents the maximum resisting 
moment that can be developed at this sectiono The procedure for the calculation 
of this flexural strength bas been outlined in Section 2.30 If this pro~edure 
is examined it can be seen that for bonded beams phenomena that occur only in 
the plane of section are considered 0 The flexural strength is supposedly 
independent of the shear act.ing on the sectiono However, it is known from the 
crack patterns that develop in regions subjected to combined bending and shear 
that phenomena in the third dimension, in the plaiie of the vertical axis of the 
beam affect the flexural strength 0 
For some combination of bending and shearing stresses at a section} 
inclined cracking can occuro The development of an inclined crack destroys 
beam action over the region crossed by the crack 0 The load must be resisted 
by some type of arch act io!.1 0 Experiments have shown tr.at if web reinforcement 
is placed across the profile of the inclined crack the degree of damage is 
reduced. Witb the inclusion of sufficient web reinforcement a moment Can be 
developed at the maxim~ moment section in this region, comparable in magnitude 
to the flexural streng~h of the maximum moment section. 
The conditions under which this limiting capacity is developed are 
not the same as those hypothesized in the derivation of the flexural strength 0 
Phenomena that occur only in the plane of the section are not sufficient to 
define the strength of the sectiono Phenomena that occur in the direction 
perpendicular to the section must be cons~deredo In order to develop the ex-
pression for the flexural strength of a section, it was necessary to consider 
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the equilibrium and deformation conditions at the section. Similarly, in order 
to determine the strength of a maximum moment section in a region subjected to 
combined bending and shear in which inclined cracks have developed.9 it is 
necessary to consider the equilibrium and deformation conditions as a whole over. 
the region affected by the inclined cracko 
In order to determine the strength of such a section, consider first 
of all the general expressions for the equilibrium and deformation conditions 
in a region subjected to combined bending and shear in which incli~ed cracks have 
developed 0 Figure 7 shows such a regiono. Section b is the section through the 
point of contrafle~xreo There is a vertical sr~a~ V but no moment at this 
sectiono Section w is the ~~imum moment section distant ~a~ from bo There is 
a moment M and a shear V at this section 0 
The equilibrium conditions for this-·region are as follows ~ A.t the 
maximum IIlonent secticn w:i su.:mma.tion of the horiz':Jntal forces gives 
A f = A f 
c ca 8 sw 
Moments about the center of gravity of the compressi'".J6 force gives 
Va = A f Cd - k2kd) ... 7 s sw '!'l (15) 
At any other section x at a distance wx~ from the f3ection w moments about the 
center of gravity of the compressive force at that section will also give 
V(a - x) = A f (d - k kdy S EX 2 x 
If Eq. l6 is divided by Eq. l5 the following condition is obtained~ 
f' 
a - x -sx 
a = fsw 
(d - k2kd)x 
{d - ~kdjw 
If tne relationship between f sx and fsw is known or can be determi~ed~ Eqc 17 
can be used to determine the variation in neutral axis depth kd oyer the length 
of the region. 
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The deformation conditions for the region must be such that the 
rotations based on the concrete strains and the rotations based.on the steel 
strains must be equal. Suppose that at some stage of loading the crack pattern 
shown in Fig 0 7 bas developed. A flexural crack has formed at the maximum 
moment section w and an inclined crack has developedJ crossing the longitudinal 
steel at sOIDe.section z distant ~ from section w. 
In the uncracked region of the beam between the section z and the 
section b and beyond the area affected by the inclined crack; strains will be 
distributed linearly over the depth of the section and the deformation condition 
will be automa~ically satisfied. If the bond is good, the deformation condition 
over the length between the "section z and section w.only need be considered 0 
This condition can be expressed as~ 
1a € dx ca """-c k---d~)x­a-~ f a (€s - € )dx = a-~ -( d-_-kd-S~-x-
where € is the increase in concrete strain at the given section xo 
ca 
(18) 
In general the shear span length a J the effective prestrain € in se 
the longitudinal reinforcement and the stress-strain relationships for the 
concrete and the logitudinal reinforcement are known, Reasonable estimates can 
be made for the horizoutal projection ~ of the inclined crack and the variation 
in the increase in concrete strain € over the length of the crack. The 
ca 
determination of these values is discussed in greater detail later in this 
section. Provided the variation in the neutral axis depth kd over the length ~ 
is known from Eqo 17 then Eqo 14 and 18 contain essentially two unknowns, the 
neutral axis depth and the longitudinal reinforcement stress or strain at the 
maximum moment section. Equations 14 and 18 can be solved simultaneously to 
determine the neutral axis depth and the stress in the longitudinal reinforcement 
for any given increase in concrete strain at the maximum moment section. The 
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corresponding resisting moment at this section can be calculated from Eqo 150 
It can be seen from the above discussion that the crucial point is 
the deterndnation of the variation in neutral axis depth kd over the length ~ 
from Eq. 170 It has been shown that to determine this variation in neutral 
axis depth a knowledge is required of the corresponding variation in steel stress 
over the length of the crack 0 Tests have shown that this variation in steel 
stress deFends on the amount of web reinforcement that crosses the inclined 
cracko 
In order to determine the limiting conditions that govern this 
variation in steel stress,9 two cases will be considered (1) a beam without web 
reiD~orcement (2) a beam with web reinforcementQ Once. these limiting conditions 
have been found the variation in steel stress and subsequently the variation in 
neutral axis depth will determine for the two-caseso 
(1) Beam -wi t~out Web Reinforcement 
Fi9lreS 7b and c show free body diagrams for the sections of the 
beam above anQ below the inclined crack 0 
Eq:.::'librium of the element below the inclined crack gives the foll-0w~ 
ing relationEhips: Summation of horizontal forces 
A f - A f - C - H = 0 
s sw s sz 2 
Summation of vertical forces 
v + V V 0 z 3 - 2 = (20) 
Moments about line of action of the steel forces 
(21) 
The quantity V3X3 can be neglected as small in comparison to the other termso 
The distance ~d is approxim3. tely equal to the distance ~d 0 Equa tions 19; 20 J 
and 21 yield 
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~ (V2 - V3 ) -d = A f ~ s sw - A f s sz (22) 
If in E~o 22, A f > A f ,the term (V2 - V3) is negative, a conclusion which s sz s sw 
is incompatible with the deformations of the structureo For (V2 - v3 ) to be 
negative, V would have to reverse in direction and the section below the 
z 
inclined crack would have to move up with respect to the section above the 
inclined crack. 
The limiting condition at failure maybe expressed 
as: 
Af =Af =Af 8 sw S sz s sx 
The inclined crack will be fully developed and the end of the crack 
will have penetrated as far as section We The failure will be in shear 
compression 0 For this shear compression failure in a beam with straight 
horizontal rei~orcement Eqo 17 can be written 
(kd) = (k d) + xk Cd - k2k a) x u w a 2 u W (24) 
For beamE with draped longitudinal reinforcement a similar analysis 
shows that Eq. ·17 can be written 
(kd) = (k d) - d + ~ (d - k2k d) 
x u w k2 tan f3 ak2 u w 
It should be noted that in order to develop these e~uations it has been assumed 
that the value of the coefficient ~ which defines the distance fram the extreme 
compression fiber to the center of compression has been assumed to have a 
constant and known value. Actually this coefficient will vary. For a triangular 
stress block acting on a rectangular area its value is 0.33. For a fully-
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developed stress block on a rectangular area its value is about 0.420 For beams I 
with I-shaped cross sections the value of ~ for a triangular stress block will 
have an even smaller deviation from the value of ~ for the fully-developed I 
I 
stress~blocko The error involved in assuming ~ to be constant will be 
correspondingly smallero Thus j it can be seen that for most practical purposes 
when the beam bas reached the .condition of inclined cracking and until failure 
the coe£ficient ~ can be assumed constant and e~ual to about 0040 
(2) Beam with Web Reinforcement 
Figure 8 shows free body diagrams for the sections of a beam with web 
reinforcement above and below the inclined crack 0 It is assumed that no 
horizontal dowelling forces are transmitted at the stirrupso 
Equilibrium of the element below the inclined crack gives the 
following relationships~ 
Summation of horizontal forces 
A f - A f = G - H = 0 
s sw s sz 2 (26) 
Summation of vertical forces 
Moments about line of action of steel forces 
Ylhere Vv aEd Mv are the shear and moment s~.ipplied. by the web reini'orcemento 
For' the same approximations and transformations as in t.he previo'Us 
case for a beam without web reinforcement, these e~~tion5 yielQ 
x. M 
A f - A f = V 
s sw s sz z 
n v 
--...1---
rn,d . ~d 
In order to. evaluate ~ossible variations in the steel stress it is 
necessary to make a further assumption about the variation in the dowelling 
force at different stages of loadingo It has beEn shown that for a beam without 
web reinforcement the worst possible corrlitionj compatible with the deformation.s 
of the structure, is for the dowelling force to vanisho In a beam with web 
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reinforcement it is probable that the dowelling force will not vanish but, at 
ultimate, it will be small, and if it is neglected the resulting expressions will 
be conservativeo Thus, for the conditions at ultimate, Eq. 29 reduces to 
where ~ is the moment supplied by the web reinforcement across the fully 
developed inclined cracko 
If Eq. 30 is substituted into Eq. 17, the following expression can 
be obtained to describe the variation of the depths to the neutral axis for a 
beam with straight horizontal reinforcement. 
x(d-k2k d) M ( d) (k d) + u w v k x = u w ak_ - A f (d-k d) 
~ ssw u w 
The comparable expression for a beam with draped longitudinal reinforcement is 
In the above expreSSions, ~d is assumed to be approximately equal to (d-k d) 
:J U w 
and as in a beam without web reinforcement the value of k2 is assumed to be 
constant. From Eqs. 31 and 32 it can be seen that the addition of web reinforce-
ment tends to decrease the depth to the neutral axis at points away from 
section v. This effect is dependent on the ratio of the moment supplied by the 
web reinforcement across the inclined crack to a quantity proportionate to the 
maximum moment 0 
In developing Eqo 31, it was assumed that the dowelling force in the 
longitudinal reinforcement tended to vanish as the ultimate capacity of the 
beam was approached0 This is in accordance with observations made on beams 
with and without web reinforcement. The observed variation in the dowelling 
force after the formation of inclined cracks is discussed briefly in the 
following paragraphs for beams with web reinforcement. 
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It is not easy to measure directly the dowelling force 0 However J it 
can be seen that the right-hand side of Eqo 29 expresses the difference between 
the steel force at the maximum moment position, section w, and the steel force 
at the position where the inclined crack crosses the longitudinal reinforcemento 
For beams reported in this investigation and for some of the beams reported in 
Reference (5) this difference in steel forces between the sections at either 
end of the inclined crack was determined from strain gages placed on the 
reinforcement at these locations. These gages indicated that in nearly every 
case the difference in steel forces was a maximum or increased to a maximum soon 
after inclined cracking 0 Under these conditions, even if the assumption was 
made that all the stirrups that crossed the profile of the inclined crack had 
yielded the moment supplied by these stirrups was insufficient to satisfy the 
equality expressed by Eqo 290 In order to satisfy this equality a dowelling 
force was necessary at or soon after inclined cracking 0 In some cases, the 
ma.gni tude of the moment supplied by this dowelling force had to be comparable 
with that supplied by the web reinforcement. This assumption that the web re-
inforcement yields is in agreement with experimental results reported in 
Reference (6)0 Observations of the strains in the stirrups showed that those 
stirrups l08ated well within the region crossed by the inclined crack yielded 
almost i~diately on formation of the inclined cracko 
In order to evaluate the possible magnitude of the dowelling force, 
the lower flange of the beam was idealized as a beam on an elastic foundation~ 
The springs that made up this foundation were assumed to have a modulus eq,ual 
to the modulus of elasticity of the concrete and a strength equal to the tensile 
strength of the concrete 0 The force that could be carried at the end of this 
idealized beamJ before the first spring fractured was of a magnitude comparable 
to the maximum dowelling force requiredo 
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Beyond this range of loading over which the difference in steel forces 
remained approximately constant, the strain gages on the longitudinal reinforce-
ment indicated that this difference in steel forces began to decrease as the 
load approached ultimateo In beams with insufficient web reinforcement to 
develop their ~lexural capacities, this decrease was primarily due to an increase 
in the rate of development of the strain in the longitudinal reinforcement at 
the position where the inclined crack crossed the reinforcement. In beams with 
sufficient web reinforcement to develop their flexural capacities} the rate of 
increase of strains at both ends of the inclined crack remained approximately 
constant. This behavior is indicated in Figo 48a. However, when the strain at 
the maximum moment position began to enter the inelastic range the rate of 
development of the steel stresses at this position and hence the magnitude of 
the difference in steel forces between the two ends of the inclined crack began 
to decrease. Since it has been concluded that the web reinforcement yielded 
soon after inclined cracking this decrease in the difference in steel forces 
would indicate that as the beam approached ultimate the dowelling force 
decreased. In general; the measured reduction in the difference in steel forces 
was sufficient to imply that at ultimate the dowelling force had reduced to a 
very small value or had vanishedo 
In addition to the expressions for the depth to the neutral axis as 
given by Eq. 24, 25; 31 and 32 the determination of the deformation condition 
for the strength of the structure from Eq. 18 requires knowledge of (1) the 
variation of the increase in concrete strain €ca over the length ~ of the 
horizontal projection of the inclined crack (2) the limiting concrete strain € 
u 
(3) the length ~ of the horizontal projection of the inclined crack. Reasonable 
values for these quantities can be obtained from the results reported in 
Chapter 5 and in References (2) and (3). 
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Measurements of the strain distribution along the extreme compression 
fiber in the shear span of reinforced [Burns (7), MacCollister (8)] and 
prestressed [Hernandez (9)y Warwaruk(2),9 Chapter 5] concrete beams haYe shown 
that beyond inclined cracking the strain distribution in the vicinity of applied 
loads varies almost independently of the moment distribution as shown in 
Figo 90 A concentration of strain occurs at the position of the applied loado 
For the finite width over which the load is applied there is a region of almost 
constant straino Beyond the edge of this region the Wdisturbanceil) in the 
concrete strain distribution diminishes rapidly and at a distance of approximate~ 
8 ino it disappearso Although the variables in these tests have included the 
moment gradient, the effective depth, the concrete strength and the longitudinal 
reinforcement ratio J the observed variations in this 8-ino length.have been 
sma.llo Beyond this 8~ino distance the strain varies linearly from a value equal 
to that at flexural cracking down to a value equal to the initial prestrain for 
the section of zero applied momento For purposes of calculation the strain 
distribution can be ass~d to have the form shown in Fig. 90 The true strain 
distribution is ~llrved rather than linear. The nature of this strain distribu-
tion is discussed in greater detail in Section 303bo 
In a~cordance with the assumptions 'outlined in Section 2,,2.9 the limiting 
concrete strain can be assumed as 00004 for unconfined concrete and 0.006 for 
concrete -whi chis confined as a result of local applied loads 0 
For most practical applications} the horizontal projection of the 
inclined crack can be estimated for web-shear cracks in accordance with Eq. 120 
The determination of the horizontal projection of flexure-shear cracks is more 
complicated and involves several more steps. From obserifations of the positions 
at which these cracks have first formed for test beams reported in this investiga-
tion and in References (3) and (4) it is shown in Chapter 6 that the first 
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flexure-shear crack can be assumed to originate at a distance slightly less than 
the over-all de~th of the beam, away from the maximum moment section. For the 
test beams the over-all depth of the beams was 12 in. and the average distance 
at which the cracks formed was 10 ino Since a flexure-shear crack originates 
from a flexural crack, the actual spacing to this first flexural crack should 
be a function of the bond between the reinforcement and the concrete, the tensile 
strength of the concrete, the cross sectional area of the concrete zone in 
tension and the moment gradient. Although these variables were included in the 
tests no significant variation in the lO-in. length was found to occur. 
Once the position of the first flexure-shear crack has been established, 
its effect on the load carrying capacity of the beam can be determined. It may 
be found that the beam can develop considerably more moment at this section 
before failure occurs. If this increase in moment is .sufficient to cause an 
additional flexure-shear crack beyond the position of the first crack, the 
effect of this additional crack must be calculated and the predicted ultimate 
moment correspondingly reduced. The test results have indicated that a second 
initiating flexural crack can be assumed to occur at a position approximately 
equal to balf the over-all depth of the beam beyond the position of the first 
initiating crack. Once the effect of this new flexure-shear crack has been 
established the procedure can, if necessary, be repeated until the calculated 
ultimate moment becomes less than that to cause an additional flexural crack 0 
The maximum distance ~O~ flexure-shear cracking calculated in this manner 
should not be taken to exceed the calculated length for web-shear cracking 0 
On the basis of the procedures discussed above for the determination 
of the manner of variation of the concrete strain, the limiting concrete strain, 
and the horizontal projection of the inclined crack, the strength of the 
maximum moment section can be calculated in the following manner~ 
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Asstune a value of k d at the maxDw~ moment sectiono 
u 
From Eqo 142 the equation for eq~ilibrilxn. at the maximum 
moment se,~tion.9 calculate the corresponding ultimate steel 
stress 0 
(3) From the stress-strain relationship for the reinforcement 
(4) 
determlne the corresponding ultimate steel strain E 0 
su 
Deduct the effe!~ti7e prestrain in the reiZlforcement € to 
se 
obtain the increase in reinforcement strain € 0 sa 
(5) From Eq" 15 determine the assumed ultixnate moment at the 
section a 
( 6 ) From Eqs a 24, 25 j 31 or 32 depending on the manner of 
reinforcement of the section determine the variation in neutral 
axis depth over the length of the inclined crack 0 
(7) From Eqo 18 'using the aforsmenticned 7a~iation in concrete 
strain} limiting concrete strain an.d horizontal projection of 
the inclined cra~kJ determine tbe co=responding increase in 
s~e~l strain for t~ calc~ated va=iation in neutral axis depth 0 
( a J If the ir.crease in steel strain ~a.lc~lla ted in Step (7) doe s net 
agree with that calculat.ed in Sts:p (4-)1 J asstll!le e. new value of 
k d and repeat the procedvreo 
u 
It is of interest t.o elao()xate further an Steps (5lv (6) and (7)0 
In Step (5) the '.lltimate moment at the :!IlCLxi.mu,m momen.t section is calculated on 
the basis of the assumed neutral axis deptho If a fle~ure-sbear type of 
inclined crack is predictedJ then the corresponding length of the horizontal 
projection of this inclined crack can be calculated from the moment distribu-
tion that would give this ultimate moment at the ~imum moment sectioDo 
In Step (6) the variation in the neut~al axis depth is calculated 0 
For this calculation it is necessary to assume i~ E~B, 24J .25~ 31 and 32 some 
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value of ~ 0 Obviously the value of ~ will vary over the length of the 
inclined crack but a constant value of 004 is reasonable 0 Furthermore in 
Eqs. 31 and 32 values of ~ must be calculated 0 While it is likely that all the 
stirrups in the central region of the inclined crack will have reached their 
yield strengths, it is doubtful if there will be sufficient anchorage to 
develop the strength of stirrups at the very end of an inclined cracko 
Furthermore, it is doubtful if there will be sufficient rotation to develop the 
full strength of a stirrup at the apex of an inclined crack 0 The moment M is 
v 
best calculated using the average spacing of the web reinforcemento 
In Step (7) the increase in steel strain for the assumed conditions 
of concrete strain distribution and neutral axis depth is calculated 0 This is 
the most important step in the procedureo Equation 18 can be solved exactly by 
algebraic methods; however, it is extremely doubtfUl that such accuracy is 
warranted. It suffices to assume that beyond the edge of the loading or 
bearing plate the compression surface curvature J based on the concrete strains 
and expressed by the left-band side of Eq. 18, is triangular with a maximum 
ordinate of € /(k d) and an abscissa of 8 in. Furthermore, the tension surface 
u u w 
curvature based on the steel strains and expressed by the right-hand side of 
Eq. 18 can be assumed to be trapezoidal with an ordinate (s ) /(d-k d) at the sa w . u w 
section w, and an ordinate (€ ) /(d~kd) at section z at the end of the 
sa z z 
inclined cracko The bases for these approximations are discussed in greater 
detail in Section 3.3bo 
For the foregoing analysis it has been assumed that once inclined 
cracking bas occurred failure will take place as a result of cruShing of the 
concrete on the compression surface of the beam at the maXimum moment section. 
In a given beam, there is no guarantee that once inclined cracking has occurred, 
the mode of failure will be shear compression 0 On the contrary, test results 
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in References (3) and (4) and Chapter 5 of this study, have shown that shear 
failures can be classified into two broad groups (1) shear compression failures j 
(2) web distress failureso In the latter group are lumped various phenomena 
that are observed chiefly in the webs of I-beams 0 For beams without web rein-
forcement this web-distress failure group can be divided into three broad 
categories (2) separation of the tension flange from the web, (b) crushing of 
the web j (c) secondary inclined tension cr.e.cking in the webo The first two 
types of failure usually follow closely the development of a new inclined 
crack 0 Each of these modes of failure; and the shear-compression mode are 
illustrated in Fig. 100 For beams with web reinforcement the same broad 
categories can be used, although the addition of the web reinforcement may alter 
markedly the appearance of the failure" Furthermore j it would appear that for 
beams with web reinforcement a fourth broad category should exist j namely; 
horizo~tal shearing stress failure in the webo 
In the remainder of this section the mechanism of web distress 
failures is reviewed 0 Information furnished by Eqso 19 through 30 is used to 
provide a better understanding of the mechanism and possible reasons for web 
distress failures. Basically, web distress failures can be related to the 
collapse of tyO structural components of the beamJ the connection between the 
web and the tensio~ flange} and the arch that occurs in the beam as a result of 
the formation of an inclined cracku The former type of collapse occurs as 
separation of the w'ec and. tension flange 0 -The latter type of collapse can occur 
as a result of web crus bing J secondary inclined tension cracking, or horizontal 
shear stress failure. 
First; consider the problem of ggtearingUg; the action of the separation 
of the web and tension flange~ This ~tearing~ is caused by tensile stresses 
resulting from the combined effects of dowelling and shear flowo Test results 
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have indicated that this type of failure is more likely to occur in a beam 
without web reinforcement than in a beam with web reinforcement. 
The manner in which the dowelling force and the shear flow vary for a 
beam without web reinforcement can be seen from an examination of Eqo 22 and 23. 
Equation 22 indicates that the dowelling force V is primarily dependent on the 
z 
difference in steel forces (A f - A f ) between the maximum moment section 
s sw s sz 
and the section at the end of the inclined crack 0 For beams reported in this 
investigation measurements of the strains in the longitudinal reinforcement at 
these two sections as shown in Fig. 48 have indicated that this dowelling 
force V is a maximum immediately arter inclined crackingo The shear flow is 
z 
inversely proportional to this difference in steel stresses and will be a maxi-
mum when this difference is zero. As indicated by Eq. 23 this maximum will 
occur when the beam develops its ultimate capacity. Calculations from Eq. 22 
of the dowelling force in the test beams immediately after inclined cracking 
have indicated that this force can be considerable. Hence, shortly after 
inclined cracking the dowelling force can, with some help from the shear flow, 
be sufficient to cause the lower flange to ntear offn. Alternatively some time 
after inclined cracking, the s4ear flow can become sufficient with some help 
from the remaining dowelling force, to cause separation. In either case once 
separation begins the shear flow will of necessity increase and the ntearing~ 
action will be self propagating. Final collapse can result from excessive 
rotations, by loss of the prestressing force eithe~ by splitting through the 
end block or through the point of contraflexure in a continuous beam, or by 
failure of the arch above the inclined crack. 
For beams with,web reinforcement, the situation is improved 
considerably. After inclined cracking, the stirrups beyond the end of the 
inclined crack assist in maintaining the dowelling force. As mentioned 
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previously in the discussion of beams with web reinforcement, measurements of 
the dowelling force have indicated that it remains constant for a considerable 
range of loading after inclined crackingo Equation 29 would indicate that under 
these circumstances the shear flow conditions are improved over those for beams 
without web reinforcemento Test beams have indicated that at loads in excess 
of inclined cracking ~tearing~ action can still be initiated over short lengths 
between stirrupso However, the stirrups tend to tie the beam together and the 
load carrying capacity is not affected markedlyo 
Secondly, consider the problem of web c rus bing 0 Web crushing will 
result from high local compressive stresses 0 Theoretically, it is possible for 
web crushing to occur even before flexural crackiDgo It is conceivable that 
in a beam with a very thin web and a high prestress, the principal compressive 
-
stresses could exceed the compressive strength of· the concreteo In beams of 
normal proportions there is little likelihood of this occurrenceo 
Increased local compressive stresses as a result of inclined cracking 
will be the primary cause of web crushing 0 After the formation of an inclined 
crack the portion of the beam above the inclined crack acts as an archo 
The ~~er in which compressive stresses alter at various stages 
in loading for a beam without web reinforcement is indicated in Figo 110 Prior 
to the applica~ioD of live load, the stresses acting at any section are a 
result of prestress and dead load. In general, the center of compreSSion will 
be in the lower flange as indicated in Fig. lla. Live load causes the center 
of compression at a given section to rise by an amount dependent on the applied 
moment at that sectiono Figure lib shows the variation in the center of com-
pression over the length of the shear span under an applied load sufficient to 
cause flexural cracking but not inclined cracking. For the cracked region of 
the beam the center of compression will be probably in the upper flange 0 At 
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the end reaction, the applied moment is zero and the center of compression does 
not change from the position shown in Fig. lla. The position of the center of 
compression varies almost linearly from the upper flange at the end of the 
cracked region to the lower flange at the end reaction. The magnitude of the 
compressive force varies continuously over the length of the shear span from 
a maximum at the maximum moment section to a minimum at the end reaction. 
Inclined cracking causes a redistribution of stress. Test results 
have indicated that in accordance with Eq. 22 a dowelling force exists 
immediately after inclined cracking, and that this dowelling force quickly dis-
appears with increase in loado Consequently, as the load is increased beyond 
the inclined cracking load, the steel stress as indicated in Eqo 23 approaches 
rapidly a constant value over the length of the horizontal projection of the 
inclined cracko The compressive force must also remain constant over the 
length of the inclined crack~ For concentrated loads, the moment gradient is 
constant. In order to maintain this moment gradient, the lever arm between 
the center of compression and the steel force must also vary linearly. Over 
the length of the inclined crack, the center of compression in a beam without 
web reinforcement must approach the straight line joining the center of com-
pression at the maximum moment section to the center of compression at the end 
reaction. 
Figure lIc shows the variation in the center of compression over the 
shear span length of a beam without web reinforcement, and in which inclined 
cracking is well developed 0 Over the length of the inclined crack AB, the 
center of compression coincides with the thrust line joining the center of 
compression at the maximum moment section to the center of compreSSion at the 
end reaction. Over the length AB, the compressive force bas a constant value. 
In the uncracked region of the beam between section B and the end reaction, the 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
-39-
center of compression again rises until it follows a trajectory corresponding 
to that for an uncracked section subject to the appropriate applied momento The 
magnitude of the compressive force will vary over this length between section B 
and the end reactiono 
From Figo llc it can be seen that over the length of the inclined 
crack the portion of the beam above the inclined crack acts as a tied archo At 
section B, the center of compression in the arch lies in the web of the beam and 
has the greatest eccentricity with respect to the centroidal axis of the archo 
Tensile stresses can develop on the upper surface of the arch immediately above 
the end of the inclined cracko Failure can occur either as a direct result of 
excessive compresstve stresses alone or as a result of a crack developing at the 
upper surface of the beam and increasing markedly the compressive stresses in 
the web. It can be seen that the possibility -·of a web crushing failure as a 
result of' this mechanism increases as the length of the inclined crack increasese 
As the length of the inclined crack increases the center of compression moves 
down further into the web, and its eccentricity with respect to the centroidal 
axis of the arch increases. 
An alternative method by which the arch above the inclined crack in 
a beam without web reinforcement can fail, is for secondary inclined tension 
cracks as indicated in Figo lOc to develope After inclined cracking has occurred 
at the maximum moment section, the arch must continue to carry the shear to 
which the beam is subjectedo Principal tension cracking can develop either in 
the web of the arch section or in the web of the uncracked portion of the beam 
beyond the end of the inclined cracko In either case excessive rotations of the 
shear span occur and failure quickly followse 
In a beam with web reinforcement, failure of the arch can still occur 
if insufficient web reinforcement is providedo This failure can take two forms, 
either web crllshing or horizontal shear stress failureo 
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Figure l2b shows the profile of the center of compression after 
inclined cracking bas developed in the shear span of a beam with web reinforce-
ment. Equation 29 indicates that over the length of the horizontal projection 
of the inclined crack, the steel stress varies by an amount proportional to the 
moment supplied by the web reinforcement across this inclined crack. Consequently, 
the magnitude of the compressive force varies over the length of the inclined 
crack and the trajectory of the center of compression shifts above the thrust 
line joining the center of compression at the maximum moment section to the 
center of compression at the end supporto For any given inclined crack profile, 
the magnitude of the compressive force and the eccentricity of this force at 
the weakest section of the arch (at the end of the inclined crack) are less than 
in a beam without web reinforcement. The addition of web reinforcement reduces 
markedly the possibility of web crushingo 
As in a beam without web reinforcement, the arch above the inclined 
crack in a beam with web reinforcement must continue to carry the shear on the 
beam. It has already been pointed out that principal tension cracks can occur 
in the web of the arch. In a beam without web reinforcement, the occurrence of 
these cracks was termed secondary inclined tension cracking, and failure of the 
beam followed soon after their development. In a beam with web reinforcement, 
the web reinforcement will partially restr~in the development of these cracks, 
but they will still occur. As the load on the beam is increased, these cracks] 
rather than entering the upper flange, propagate along the junction between the 
upper flange and the web. This development reduces markedly the distance 
between cracks at this junction and increases the horizontal shearing stresses 
that must be carried over the remaining intact portion of the web of the archo 
A horizontal shearing stress failure by spalling out of the concrete over the 
length of this portion can result. 
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In the foregoing discussion, it is assumed that after the development 
of an inclined crack, that portion of the beam crossed by the inclined crack acts 
as a tied archo A web distress failure is a result of a collapse of either 
component of this archo As a result of separation of the web and tension flange 
anchorage for the tie is lost aDd the beam collapses 0 As a result of crushing 
of the web or secondary inclined tension cracking in a beam without web 
reinforcement and crushing of the web or horizontal shear stress failure in a 
beam with web reinforcement, collapse of the arch itself occurSo 
In beams without web reinforcement and more frequently in beams with 
web reinforcement, inclined cracking subdivides the beam into a series of struts 
as shown in Fig. l2.a and l2bo Frequently it is hypothesized that shear failures 
can be related to the failure of these struts either in direct compression or 
--
under the action of axial thrust combined with bendingo Two separate pieces 
of evidence contradict this contention~ First, loss of bond in a beam without 
web reinforcement does not mean complete failure of the beam if the beam can 
continue to resist loads as a tied archo Strut failures have not been observed 
in beams without web reinforcement. Second, for the test beams reported in this 
investigation and in References (3), (4) and (5), web shear cracks that 
developed below the trajectory for the center of compression at failure did not 
penetrate into the arch section of the beam} and web-shear cracks that developed 
in the web of the arch did not penetrate through the anchorage section of the 
tie. 
Figure l.2c shows a free body diagram for such a strut in a beam with 
web reinforcement. The axial thrust in this. strut is the component of the 
difference in steel forces on either side of the strut (A f 1 - A f 2) in the 
s s s s 
direction of the axis of the strut. The bending moment on the strut is equal 
to this difference in steel forces multiplied by the lever arm between these 
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steel forces and the compressive forces acting at the other end of the strut 
(A f 1 - A f 2) m... d less the moment du e :t a the downward vertical force from 
s s s S 1. 
the stirrups at the compression end of the strut. A f nd. As stated 
vy 
previously, it has been found that in accordance with Eq. 22, as the load on a 
beam without web reinforcement approaches the ultimate load the dowelling force 
reduces rapidly and the difference in steel forces becomes less. Consequently, 
the longitudinal reinforcement approaches the unbonded condition over the 
width of the strut. The axial thrust and the bending moment decrease progres-
sivelyas the load increases. A failure of the strut would have little effect. 
It would not mean failure of the beam if the beam could continue to resist 
loads as an arch. 
For beams with web reinforcement, a similar situation exists. Again, 
in accordance with evidence obtained from test beams,. Eq. 29 indicates that as 
the load on the beam apporaches the ultimate load the difference in steel forces 
becomes less and the moment due to +his difference approaches the moment 
supplied by the web reinforcement. The strut is subjected to an axial thrust 
equal to the component of the difference in steel forces along the axis of the 
strut a This ~uantity is small and the possibility of a collapse of the strut 
under axial load alone is not likely. This. type of' failure bas not ,been observed 0 
As is the case for beams without web reinforcement if the beam could continue 
to resist loads as an arch, failure of the struts below the line of the center 
of compre s sian would not mean failure of the beam. 
2.5 Evaluation of the Moment versus Curvature RelationShip at a Maximum 
Moment Section 
In this section, a procedure is outlined for the evaluation of the 
moment versus curvature relationship for a maximum moment section at which 
inclined cracks have developed. It has been pointed out previously that if 
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inclined cracks do not develop such procedure should yield a result which is 
the same as that for a section subject to pure bendingo In this case, the pro-
cedure reduces to that given in Reference (2) for sections in pure bendiugo The 
procedures are different only after inclined crackingo up to inclined cracking 
the procedures are the same 0 Beyond inclined cracking, the relationship at the 
maximum moment sections no longer depends primarily on phenomena that occur in 
the plane of the sectiono It is influenced strongly by the position and rate 
of developme~t of the inclined cracks on either side of the maximum moment 
sectiono Figure 13 shows the relationship between the type of moment-curvature 
diagram, that might be expected for a section subjected to pure bending (broken 
line) and the moment-curvature diagram for a similar section subjected to 
combined bending and shear (solid line)o The curves are the same through 
fle~~ral cracking A, and up to inclined cracking Bo The development of inclined 
cracks in the section subjected to combined bending and shear, causes a COD= 
centration in the concrete strains at the maximum moment section and a slower 
rate of development of steel strainso The curvature defined as the change in 
strain in the compression fiber over the distance from the compression fiber 
to the position of zero change in strain, develops at a faster rateo 
The determination of the moment curvature relationship for the maximum 
moment section can be conveniently divided into three stages J (1) prior to fle~xral 
cracking) (2) between first flexural cracking and inclined cracking) and (3) 
between first inclined cracking and ultimateo 
The part of the moment-Ctirlature relationship prior to first flexural 
cracking can be determined readily on the assumption that the section is 
~elastic~. A straight line joins the origin to the point corresponding to first 
flexural cracking. The determination of the moment-curvature relationship 
beyond flexural cracking can be quite tedious since the stress-strain curve for 
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the concrete is nonlinear. However, for a section subjected to pure bending 
the procedure was simplified in Reference (2) by making use of an observed 
linear relation between the increase in concrete and steel strain in this range. 
A similar procedure can be used for a section subjected to combin~d bending and 
shear. Naturally, the formation of an inclined crack changes the observed 
linear relationship between flexural cracking and ultimate as shown in Fig. l4a 
and b. Up to inclined cracking the relation between the increase in concrete 
and steel strains is the same as that in a section subjected to pure bending. 
Beyond inclined cracking the concrete strains develop at a faster rate and the 
steel strains at a slower rate than for a section subject to pure bending. 
The data reported in References (4) and (9) and in Chapter 5 shows 
that beyond inclined cracking there is again a linear relationship between the 
increase in concrete and steel strains. For a beam without web reinforcement 
this linear relationship continues until a new inclined crack occurs or a web 
distress failure results from the development of the original inclined crack. 
If a new inclined crack develops there is again a linear relationship until 
further cracking or failure of the beam. This behavior is shown in Fig. 14a. 
The same data also show that the addition of sufficient web reinforcement to 
ensure that the flexural capacity is reached, reduces the effect of inclined 
crack development and results in a constant linear relationship for the increase 
in concrete and steel s~rains between inclined cracking and ultimate. This 
behavior is shown in Fig. 14b. As shown later in Chapter 6 it was found that 
provided web distress failures did not occur, these relationships were the same 
as those derived assuming a linear relationship between inclined cracking and 
the ultimate for the given crack development and the given amount of web 
reinforcement. 
The use of this information on the relation between the increase in 
concrete and steel strains simplifies considerably the calculation of the 
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moment curvature relationship 0 It can be seen that the relation between the 
concrete strains and steel strains can be determined from the material presented 
in Sections 2.3 and 2040 The concrete strains and steel strains at first 
flexural cracking, flexural ultimate and first inclined cracking can be calcu-
lated as outlined ~ Sections 203a, 203b~ and 203c, respectively. The concrete 
and steel strains for the real relationship beyond first inclined cracking can 
be calculated assuming a linear relationship up to failure 0 The strains· at 
failure can be calculated·using the procedure outlined in Section 204, ass1~ng 
the useful limiting strain in the concrete to be as outlined in Section 2020 
If the inclined crack is a flexure-shear crack, a check has to be carried out 
to see if the added moment developed could lead to the development of additional 
flexure-shear cracks. If this is so, the corresponding alteration in the 
relation between the increase in concrete and steel strains can be again 
calculated using the informa.tion presented in Section 204. 
The coordinates of the .resisting moment and curvature for a section 
subject to combined bending and shear in a bonded beam, between flexural 
cracking and ultimate can be obtained 'JEing the procedure outlined below. 
{l) Select a value of strain in ·the extreme concrete fiber in 
compression which is between the strain at flexural cracking and ultimate (for 
(2) Using this strain in the extreme concrete fiber and the idealized 
relationship between the increases in concrete and reinforcement strain as out-
lined above, determine the corresponding increase in reinforcement strain 
(€9 in Fig. 14)0 
sa 
Add the effective prestrain in the reinforcement € to this 
se 
increase in reinforcement strain Esa to obtain the total reinforcement strain 
e: (see Eq. 7) 0 
s 
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(4) Using this total reinforcement strain and the stress-strain 
curve for the reinforcement determine the reinforcement stress. 
(5) Determine the total tensile force T, in the beam -py multiplying 
the area of reinforcement by the stress given in Step 4. 
(6) From the properties of the assumed stress-strain curve for the 
concrete in the beam, determine the depth to the neutral axis, kd. From statics 
the compressive force in the concrete C must equal the total tensile force T. 
equation. 
(7) 
(8) 
Locate the line of action of the compressive force C. 
Obtain the resisting moment M by the use of the following 
M = Td(l - ~k) 
where ~kd is the depth to the line of action of the compressive force. 
(9) Obtain the curvature in the concrete, by dividing the quantity kd 
into the increase in concrete strain corresponding to the particular stage of 
loading. 
The moment-curvature relationship determined above is used in the 
analysis of the strength of the two-span continuous test beams and in the cal-
culations of deflections. These applications are discussed in the following 
chapter. 
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3 0 STRENGTH AND DEFORMATION CHARACTERISTICS OF TWO-SPAN CONTINUOUS BEAMS 
301 General Remarks 
Any structure can be hypothesized to consist of a series of elemental 
parts or sections which are interconnected in some manner 0 If the strength and 
deformations of these elemental parts are known, then the strength and deforma-
tion of the complete structure can be determined if the nature of the connections 
between the parts are known. 
The object of this investigation is the study of the strength and 
behavior of one particular type of structure) namely two-span continuouspre~ 
stressed concrete beamso In the previous chapter, methods for the invest~gation 
of the strength and deformation characteristics of the most critical elemental 
parts of this structure) namely the maximum moment sections, have been outlL~edo 
It is the object of this chapter to demonstrate how this knowledge for the 
various sections can be compounded into an integral unit to allow the determina-
tion of the strength and deformation characteristics of the complete two-span 
continuous beam 0 For determinate structures J the deformations and the load 
carrJing capacity can be calculated directly if the stiffness, proportions of 
the structure and the manner of loading are known. However, in an indeterminate 
structure the defo~mations are restrained because of the manner of support 0 In 
order to dete~ine the deformations and the load carrying capacity of an 
indeterminate strJcture it is necessary to also know the nature of the restraintso 
For analYSiS, the response of a structure can be conveniently sub-
divided into elastic and inelastic behavior 0 Under service loads, the behavior 
is usually elastic, and the deformations can be superimposed 0 In an indeter"" . 
minate structure, deformations as a result of prestressing may be restrained, and 
the prestress can cause reactionso These reactions can be conveniently treated 
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independently, and are commonly termed byperstatical, parasitical or secondary 
reactions. In such cases, the standard procedures can be used conveniently 
for the analysis of statically indeterminate structures. 
Oncethebebavior is no longer elastiC, the deformations due to the 
different types of loading can no longer be treated independently in the 
determination of the reactions. The determination of the deformations and the 
load-carrying capacity of the structure becomes a more complex problem. A 
method for the determination of these properties for a two-span continuous beam 
in the inelastic range is outlined in the following chapter. The method 
depends on the material presented in the previous chapter, and on a knowledge 
of the distribution of curvature along the length of the member. 
In Section 3.2, the assumptions and limitations that must be applied 
to this method are outlined. In Section 3.3, the distribution of curvature 
along the length of the structure is discussed. In Section 3.4, the determina-
tion of the distribution of moment, or more specifically the degree of moment 
redistribution, is outlinedu In Section 3.5, the determination of the deforma-
tions and load-carrying capacity, as expressed by the load-deflection curve, is 
outlined 0 In Section 3~tbe computation of the ultimate capacity is discussed. 
3.2 Assumptions 
In order to analyze the strength and deformation of a two-span 
continuous beam several assumptions have to be made. These assumptions are: 
(1) The load distribution and the method of support are known. It 
has been pointed out in the previous section that any structure can be hypothe-
sized to consist of a series of elemental parts or sections interconnected in 
some known manner. However, the critical elemental parts or sections can only 
be determined if the nature of the load distribution and thus the maximum moment 
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sections are known. Furthermore,? in order to determine the nature of the 
reactions it is necessary to know the method of support. No reaction can be a 
definite pin .support. Bearing plates are always provided which spread this 
reaction over some finite lengtho This spread can bave a critical effect on 
the curvature distribution. 
(2 ) The mode of failure is known 0 In order to apply the analysis 
developed in this chapter, failure must occur at a critical section and the 
mode of :failure must be shear-compression or flexure. This presupposes that 
the member is proportioned in such a manner that premature web distress failures 
or failures from bond slip of the reinforcement are avoided. 
(3) The strength and deformation characteristics of each critical 
section are known. Provided the former two assumptions are satisfied the 
--. 
strength and deformation of each critical section· can be determined using the 
procedures outlined in Chapter 20 This assumption necessitates that the 
assumptions made in this former analysis are all satisfied. 
(4) The distribution of curvature along the length of the beam is 
known. The determination of the distribution of curvature along the length of 
a statically indeterminate beam constitutes a critical step in the analysis of 
the strength and deforms. t ion of the member. It will be seen in Section 304 and 
3.5 that a knowledge of this distribution proves the necessary link that ties 
the elemental parts or critical sections together and allows the determination 
of the over-all strength and deformation of the membero The determination of 
this distribution of. curvature is discussed in detail in Section 3030 
3.3 Distribution of Curvature 
The relationship between the bending moment at a section and the ~~it 
curvature is a function of the type of cracking that develops a-~d the 
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characteristics of the cross section. For a considerab~y range of loading, a 
prestressed concrete beam is uncrackedo The beam behaves elastically, and the 
distribution of curvature is the same as the distribution of moment. If the 
distribution of loading and the method of support are known, the bending moment 
distribution is known exactly and the distribution of curvature is known. For 
elastic behavior, the deformation and load-carrying capacity of the beam can be 
determined readily. 
In a cracked prestressed concrete beam, the characteristics of the 
cross section vary from point to point along the length of the beam. The 
determination of the curvature distribution requires a knowledge of the effect 
of the type of crack pattern developed. A better understanding of the effect of 
the crack pattern can be obtained from a constderation of the curvature dis-
tribution at later stages of loading for the following two examples (a) a region 
of pure bending, and (b) a region of combined bending and shear, containing 
a maximum moment section. 
(a) Region of pure bending. Figure 15 shows a sketch of a region of 
pure bending at later stages of loading. Numerous cracks are evenly spaced 
over the length of the region. From observations it is known that at this stage 
of loading, the concrete strains in the extreme compression fiber vary with 
crack location as shown in Fig. 15ao The concrete strain is a maximum above 
a crack and a rrdnimum between crackso The position of the neutral axis also 
varies in height over the length of the region, Fig. l5bo The depth of the 
compressed concrete is a minimum above a crack and maximum between cracks. The 
curvature is defined as the ratio of the strain in the extreme concrete fiber 
in compreSSion to the depth of this fiber from the position of zero change in 
strain, in this case the neutral axis. Hence, because of the nature of the 
strain distribution the curvature must vary over the region as indicated in 
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Figo 15c. Since the bending moment is constant over the region, this variation 
in curvature indicates that contrary to the situation in an uncracked beam j in 
a cracked beam the moment curvature relationship is no longer uniqueo A unique 
relationship of constant curvature over a constant moment region could occur 
only if there were an infinite number of cracks. Such a situation would require 
finite bond strength and zero concrete tensile strength, or infinitely high 
bond strength and finite concrete tensile strength 0 
An examination of Figo l5c shows that a simplified approach can be 
used for the determination of the curVature distribution in a region of constant 
moment 0 Figure l5c shows that the largest curvatures occur at sections con-
taining a crack, and the smallest at sections between crackso The average 
curvature lies between these two limits, and is closely approximated by the 
broken line shown on Fig. l5co It has been delnonstrated in Reference (2) that 
the ~averagefi curvature for this region at failure, can be obtained by dividing 
the apparent limit strain F€ j by the distance from the extreme co~ression 
u 
fiber to the neutral axiso 
(b) Region of combined bending and shearo More pertinent to the 
analysis of continuous beams is the determination of the curvature distribution 
in a region of combined bending and shear 0 Idealized loading conditions for 
such a regioD are shown in Figo 16a and bo The moment varies from zero at the 
point of contraflexure A to a maximum at the maximum moment section Bo There 
is a constant shear over the region 0 As in the case of a region subject to 
pure bending, this region will behave elastically ,until cracking occurs and 
for this stage in the behavior the curvature distribution will be the same as 
the moment diagram 0 
The type of cracking that develops will depend on the magnitude of 
the web stressesa Although the situation can arise in which inclined cracking 
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develops prior to flexural cracking, mo~e commonly flexural cracking will occur 
first at the maximum moment section. In the following discussion, the effect 
of flexural cracking will be considered first and the effect of inclined crack-
ing second. 
Flexural cracking at the maximum moment section will cause the 
neutral axis to rise at this positiono The position at each section for which 
there is zero change in strain will vary as indicated by the broken line on 
Fig. l6a. At the maximum moment section, the position of zero change in strain 
will coincide with the neutral axis positiono 
The curvature will vary as indicated by the solid line of Figo l6co 
It can be approximated by the broken line shown on the same figure. For this 
approximation the curvature varies linearly from a maximum equal to the increase 
in strain in the extreme concrete fiber in compression divided by the depth to 
the neutral axis at the maximum moment position to a value equal to that at 
flexural cracking for the distance out from the maximum moment section at 
which flexural cracking would be predicted 0 
For regions where the moment gradient is relatively flat, it is 
obvious that as the moment at the maximum moment section approaches its limiting 
value, the curvature distribution for this section sUbjected to combined bending 
and shear should approach that for a section subjected to pure bending. For 
the curvature distribution outlined above this does not occur. For the region 
subject to combined bending and shear, the curvature at the maximum moment 
section at ultimate will be given by the quantity € jk d, and for the region 
u u 
subject to pure bending by the quantity F€ jk d. It is beyond the scope of this 
u u 
report to consider fully the nature of the transition that must occur between 
these two distributions. It suffices to note that even in a region where the 
moment gradient ,is relatively flat, the curvature distribution for moments only 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
-53-
slightly in excess of that to cause flexural cracking at the maximum moment 
section, must be given by a distribution of the type indicated in Fig. l6co 
Most of the rotations must result from the curvatures developed in the immedi-
ate vicinity of the flexural cracko Similarly in a region where the moment 
gradient is relatively steep even at ultimate, flexural cracking will not 
extend very far out into the shear span and unless inclined cracking developes 
the curvature distribution must remain as indicated in Figa l6c. 
The development of inclined cracking, either before flexural cracking, 
after flexural cracking at the maximum moment section, or after additiop~l 
flexural cracking in the shear span, will result in a curvature diagram of the 
shape shown in Fig. l7b. This diagram is essentially similar to that of 
Fig. l6co However, for the cu~!ature to be in agreement with the nature of the 
concrete strain distributions as discussed in-Section 204J the curlature must 
decrease from a maximum at the maximum moment section to a value equal to that 
at flexural cracking at a fixed distance out from the maximum moment section. 
In Section 2.4, it was noted that measurements of the concrete strain distribu-
tions in the extreme concrete fibers in compression in the test beams reported 
in Chapter 5 and in beams reported by other investigators had indicated that 
beyond inclined cracking the strain distribution in the vicinity of applied 
loads varied almost independently of the ~oment distribution. For the finite 
width over which the load was applied there was an almost constant strain. 
Beyond the edge of the loading plate this strain decreased rapidly to a value 
equal to that at flexural cracking at about 8 in. away from the edge of the 
loading plate. Similarly for a beam with an inclined crack the curvature must 
have an almost constant value over the width of the bearing plate and decrease 
to a value equal to that at flexural cracking at 8 in. away from the edge of 
the plateo 
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In Chapter 2 it was shown that the effect of inclined cracking was 
to increase the depth to the neutral axis at sections away from the maximum 
moment section. Thus a comparison of the curvature diagram for a beam with 
inclined cracking, Fig. l7b, with that for a beam with flexural cracking, 
Fig. 16c, shows that the effect of inclined cracking is to reduce the effect 
of fluctuations in the curvature due to cracking away from the maximum moment 
region and to cause the relative rotations between different sections in the 
region to be more dependent on the peak curvature at the maximum moment 
sectiono 
UJ? to this stage no effort has been made to check the nature of the 
relationship between the quantites € /kd and E jd(l-k)0 If there is a linear 
ca sa 
distribution of strain over the depth of the section these two quantities must 
be equalo If the distribution of strain is non-linear such as occurs after 
inclined cracking, these quantities can no longer be equal 0 However, it was 
noted in Section 2.4 that the deformation condition for the region required 
that over the length of the inclined crack the rotations based on the concrete 
strains and the rotations based on the steel strains should be equal. 
This condition was expressed by Eq. 18 namely~ 
E 
ca 
(kd) 
x 
ax = r "'="d"l"'"C ~~~-~"""!")-x dx Ja-~ 
An examination of Eqo 18 indicates that the left side of this 
(18) 
equation may be said to represent the area under a curvature diagram based on 
concrete strains, and the right-hand side of the equation, the area under a 
curvature diagram based on steel strains., In Fig. 17b the nature of the 
curvature diagram based on the concrete strains has been indicated 0 It is of 
interest to determine the nature of the curvature diagram based on the steel 
strains. 
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As discussed in Section 205 test results ~~7e indicated that beyond 
inclined cracking the concrete strains at the maximum moment section develop 
at a faster rate and the steel strains at a slower rate than before inclined 
cracking~ This implies that at the maximl.UIl moment section, the curvature 
based on the concrete strain must develop at a faster rate and the curvature 
based on the steel strain at a slower rate than before inclined crackingo At 
ultimate if inclined cracks do not develop in the region the curvature at the 
maximum moment section based on the concrete strain is given by the quantity 
€ /k d and the curvature based on the steel strain by e /d-k do These curva-
u u sa u 
tures are related by the strain compatability factor F such that the concrete 
strain curvature is l/F times greater than the steel strain curvature 0 Since 
inclined cracking causes the concrete strains to develop at a faster rate and 
the steel strains at a slower rate J the concrete. strain curvature must be 
greater than l/F times the steel strain curvatureo 
In order to satisfy simultaneously this condition and the deformation 
on condition expressed by Eqo 18) the steel strain c~ratures at sections 
within the length of the horizontal projection of the inclined crack but away 
from the maximum moment section must be greater than the correspondir~ concrete 
strain curvatures at the same sections. Furthermore) these steel strain 
curvatures ~~st be comparable to the steel strain cllrJature at the maximum 
moment section. 
This concept is in agreement with conclusions that can be drawn from 
the test results reported in Chapter 5 and from the analysis in Chapter 20 
The analysis in Chapter 2 indicated that the effect of inclined cracking was 
to increase the depth to the neutral axis at sections away from the maximum 
moment section, and also for the steel strains at these same sections to 
increase over that which would be predicted for beam actiono Measurements of 
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the strain in the longitudinal reinforcement as reported in Chapter 5, verified 
this latter conclusion" The steel strain curvatures at sections away from the 
maximum moment section must have increased at a much faster rate than that 
predicted for beam action" 
The probable nature of the curvature diagram based. on the steel 
strains for a region subject to combined bending and shear is indicated by the 
solid line in Fig. l7co The curvature diagram follows the form of the moment 
diagram over the portion of the region which is uncrackedo At the furthest 
extremity of the outermost inclined crack leading to the maximum moment section, 
there is a rapid increase in the steel strain curvatureo If the beam has no 
web reinforcement or is very poorly reinforced, the curvature at this point 
increases rapidly to a maximum and then drops off again in the direction of 
the maximum moment section" The ratio of this maximum to the curvature at the 
maximum moment section increases as the moment at the latter section approaches 
its limiting value. For a beam with adequate web reinforcement or a beam with 
a low p/f v value such that inclined cracking does not affect materially its 
c 
behavior, the curvature over the length between the end of the inclined crack 
and the maxim~ ~ome~t section remains fairly constant. It can be seen that 
this steel strain c~-vature distribution can be approximated conservatively by 
the broken line sho· ... :: on Fig 0 l7c 0 The steel strain curvature distribution 
can be assumed to be trapezoidal so that the curvature values at the end of 
the inclined crac~ a~ at the maximum moment section need be evaluated only. 
Because o~ the change in the nature of the curvature distribution 
based on the steel strains with the manner of reinforcement and the level of 
loading, and the fact that two values of curvature must be computed.? it is 
easier and faster to work with the curvature diagram based on the concrete 
strains" At ultimate the contribution of the nelasticrl portion of the diagram, 
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that portion where the curvature diagram follows the form of the moment 
diagram, is small and can be neglectedo However, at lower levels of loading, 
this same elastic portion can make a significant contribution to the computed 
value of the rotations and cannot be neglectedo 
For a theoretical point load j it is doubtful that the variation in 
in the concrete strain curvature at the position of the applied load can be 
as steep as Figo 17b would necessitateo More likely, the maximum curvature 
should be spread over some definite lengtho In reinforced concrete beams 
measured ultimate deflections for test beams (McCollister (8), Ernst (10), 
Burns (7)] have indicated that a considerable length of spread is requiredo 
This length is necessitated because of the large variations in curvature 
between the curvature at yield and the curvature at ultimate for a correpponding 
small changes in momento However J for prestressed concrete beams for corre-
sponding increases in moment beyond the yield moment the rate of increase in 
curvature is much smaller because of the nature of the stress-strain relation-
ship for prestressing reinforcement. The test results reported here would 
indicate that for prestressed concrete, this length of spread need be no 
greater than the width of the loading or bearing plate in the direction of the 
span. 
304 Distribution of Moment 
Once the moment-curvature relationships at the maximum moment sections 
and the curvature distribution have been determined, the analysis of the dis-
tribution of moment along the length of the beam is relatively Simple. The 
problem can be solved by the standard methods of geometryo 
The determination of the moment-curvature relationships at the maximum 
moment sections has been outlined in Chapter 2. The stages at which flexural 
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cracking, inclined cracking, and yielding of the longitudinal steel occur, 
should be indicated so that when these points are reached the corresponding 
changes in the curvature can be made.. For a given beam section and a given 
moment-shear relationship a corresponding moment-curvature relationship can 
be calculated .. 
Methods for the determination of the curvature distribution have been 
outlined in the previous sectiono Prior to flexural cracking, the form of the 
curvature distribution is the same as the moment distribution. After' flexural 
cracking, the curvature will increase more rapidly in the regions where cracks 
develop. The form of the curvature diagram can be approximated as outlined in 
the previous section. After inclined cracking, the curvature increases even 
more rapidJ.y at the maximum. moment sections. The calculation of the maximum 
curvatures to be used in these cases has been outlined also in Chapter 2. After 
yielding of the longitudinal steel occurs, an increase in spread of the curva-
ture on either of the maximum moment region may be expected. 
concrete this spread is generally not significanto 
For prestressed 
The distribution of moment can be determined if the necessary 
conditions of geometry are known 0 In a two-span continuous beam, the difference 
in relative heights, between the center and end supports must be known 0 Star~ard 
methods of geometry can be used to satisfy the condition that the deflection of 
the end support, as calculated from the assumed curvature diagram must be equal 
to the difference in relative heights of the two supportso 
3·5 Load-Deflection RelationShip 
The-load deflection relationship can be determined directly once the 
curvature distribution that is required to satisfy the geometrical conditions 
is known 0 The deflection can be determined directly from the same curvature 
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diagram~ The load can be determined from statics J using the moments corre-
sponding to the calculated curvatureso The load will not be very sensitive to 
changes in the curvature diagram 0 Deflections can be altered markedly by 
changes in the curva ture diagram 0 
306 Ultimate Capacity 
It is presupposed that failure of the beam will occur once the 
ultimate moment and ultimate curvature are developed at any one of the critical 
sections 0 It is frequently hypothesized that the ultimate capacity can be 
computed directlYJ apsuming the flexural strength to be developed simultaneously 
at each critical section. For this hypothesis, connnonly termed full redistribu-
tiony there are two implicit assumptions~(l) premature failure of the beam 
through shear) shear-compression or bond-slip of" the reinforcement does not 
occur) and (2) the distribution of the bending moments at failure is governed 
by the strength of the critical sections alone and net by the compatibility 
of the deformations along the length of the beam 0 
For a given beam it is relatively easy to distinguish whether a shear 
or a bond-slip failure has occurred 0 The former can be prevented by the 
inclusion of adequate web reinforcement) and the latter by better proportioningo 
The effects of s~ear-compression are not as readily distinguishable J especially 
if small b'J.t inruieq1..lB.te amolIDts of web reiI1..forcement are included 0 If it is 
desired that the caximum capacity possible be developedJ the analysis outlined 
in Chapter 2 would indicate that.? within limits) the maximum possible amount of 
web rein£orcement should be included. 
For rei~~orced concrete) the moment-c~Jat'xre relationships at the 
critical sections usually have rather long guyield~U ranges) and it is quite 
probable that the critical sections will be capable of sufficient rotation, to 
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develop the full redistribution capacity 0 However, for prestressed concrete" 
sections iIlyield t1 ranges are not as long 0 Moreover, because of the nature of 
the stress-strain relationship for prestressing steel, there can be sizable 
increases in moment between the so-called nyield~ moment, and the ultimate 
moment. Curvatures for comparable moments beyond yield are not as great for 
prestressed concrete sections as they are for reinforced concrete sections 0 As 
a result the probability of obtaining suffi.cient rotation to develop the "yield ii 
moments at each critical section is reduced 0 Nevertheless, the ultimate load 
may still reach a value e~ual to that assuming these ~yield~ moments to have 
developed, but as a result of an increase in moment beyond yield at one critical 
section, rather than as a result one or 
veloping sufficient "yieldn rotationso 
other of the critical sections de-
The prediction of the ultima.te capacity' of a continuous prestressed 
concrete beam re~uires a careful examination of the properties of the beam at 
the various critical cross sections in relation to the type of load distribu-
tion that will be applied to the beamo If the load configuration is such that 
little or no redistribution is necessary to chan.ge from the elastic moment 
diagram to the predicted "plastic~ moment diagram at each section, then in all 
probability, an ultioate capacity will be reached e~ual to that computed on 
the basis that the ulti~te flexural capacity is reached at each critical 
sectiono Such an assu=ption presupposes the beam has sufficient web reinforce-
ment to prevent premature shear failureso In other cases the computation of the 
ultimate capacity is more complex 0 .However7 an observation made from the tests 
reported in this investigation facilities the computation of the ultimate 
capacity for one other fairly common conditiono The tests indicated that for 
beams in which the amount of longitudinal reinforcement was kept constant 
throughout the length of the beam, redistribution of moment from the elastic to 
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the plastic distribution closely followed first flexural cracking 0 The same 
result has been observed in tests reported by other investigators (12)J (18) 
and can be attributed to the almost invariant nature of a dimensionless 
moment curvature. relationship for the sectionso In this case provided the 
predicted crack developments occur at each critical sections and sufficient 
web reinforcement is provided, the ultimate capacity should again be equal to 
that co~uted on the basis that the ultimate flexural capacity is reached at 
each critical sectiono 
For beams in which the amount of longitudinal reinforcement is varied 
significantly between one critical section and the next either by 'the inclusion 
of additional non-~estressed reinforcement or by local prestressing, through 
the use of cap cables, the computation of the ultimate capacity is more 
laborious. In such cases an approximation oi-the type made previously is 
likely to be in considerable error 0 An exact calculation of the interrelation 
of the deIormations between critical sections is necessary 0 
4. REVIEW OF PREVIOUS INVESTIGATIONS 
401 Introductory Remarks 
Since the early days of prestressed concrete construction there bas 
been a ready recognition of the advantages to be gained from continuity in 
prestressed structures. However, it bas been only over the past decade' that 
there has been a concerted effort to investigate many of the basic ass~tions 
which must be made in the design of continuous prestressed concrete structures 0 
Most of the early research into continuity in prestressed concrete 
structures has been carried out in Europe. Over 85 tests are reported in the 
literature 0 These tests have involved more than a dozen variables and have 
been intended to help solve a large number of theoretical problems. The 
problems investigated have included moment redistribution, linear cable trans-
formations, repeated loads, composite construction, parasitical reactions and 
modes of failure. 
Section 4.2 of this chapter outlines in detail for each previous 
experimental investigation the object, scope and results as reported by the 
original author. If any theories relating to the strengh of continuous beams 
are advanced by the author on the basis of these or other tests, these theories 
are presented also. In every case, the opinions expressed are those of the 
original author. Diagrams showing the dimensions of the beams, the system of 
loading, and the cable profiles are given in Figs. 18, 19, and 20. Tables 1 
and 2 are a summary of all the test results covered in Section 4.2. Table 1 
outlines the investigation, the beam reference number, the concrete strength, 
the steel properties, the effective depths to the reinforcement'<at the various, 
critical cross sections and the steel percentages at these sections. Table 2 
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gives j where possible j the flexural cracking load j the inclined crackiDg load j 
the measured and computed ultimate bending moments, the theoretical and 
measured ultimate capacities, the ratio of these latter two quantities and the 
mode of failure as stated by the investigator. 
Section 4.3 contains a summary and discussion of these previous 
investigations. 
4.2 Previous Investigations 
(a) Test of the Three-Span Beam by Go Ma~el (11) 
The object of this investigation was to determine the factors of 
safety against flexural cracking and ultimate destruction for a three-span 
continu~us beam. The beam was designed for a given load pattern and prede-
termined permissible stresses. It was used prim8rily for demonstration purposeso 
During the several month period prior to the final test to destruction it was 
loaded several times to considerably in excess of the flexural cracking lOad. 
The beam had a prismatical I-shaped cross section. It was post-
tensioned, bo~ being provided by grout. The beam dimensions j the location of 
the loads, and the cable p~ofile are shown in Fig. 18ao Web reinforcement and 
additional mild steel were omitted 0 Pxestress was provided by a single cable 
of 32-00197-i~. diaoeter wires$ E~e~tric strain gages were used to measure the 
concrete strains both during prestressing and up to flexural crackingu 
Good agreeme~t was obtained between the calculated and observed 
flexural cracking loads. Considerable scatter was found between the measured 
and calculated concrete strains. Moment redistribution followed directly upon 
flexural cracking under the load pOint. Final failure occurred by crushing of 
the concrete above an inclined crack that extended to within 2 ina of the top 
surface of the beamo The uppermost limit of the crack lay direGtly beneath 
one of the load points. The author does not comment on the mode of failure. 
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(b) Test of Four Two-Span Continuous Beams by To Y Lin (12) 
The object of this investigation was to determine (a) the accuracy 
of elastic theory for computations in continuous Frestressed concrete beams 
up to flexural cracking, (b) the strength under repeated, as well as static 
loads) and (c) the effect of supplementary mild steel reinforcement. 
Four similar rectangular beams were manufactured 0 Two of the beams 
were subject to short-time static loads and two to repeated loads. In each 
type of loading one of the beams contained additional mild steel reinforcement. 
This summary is concerned with the short-time static tests only. 
The beam dimensions j the location of the loads and of the reinforce-
ment are shown in Fig. 18b. A concordant cable profile was used 0 The beams 
were post-tentioned, bond being provided by grout. Web reinforcement was not 
included 0 The initial prestress included an allowance for estimated frictional 
losses 0 Creep and shrinkage losses weTe estimated at 15 percento Measurements 
were made of strains, deflections and reactionso The strain measurements were 
used only to detect initial cracking 0 
Prior to flexural cracking reactions and deflections agreed closely 
with the values calculated from elastic theory. Fairly good agreement was 
obtained between measured and computed flexural cracking loads. Moment re-
distribution occurred soon after flexural cracking, reactions deviating gradually 
towards the values that would be calculated by a plastic theory 0 Prior to 
failure, the flexural cracks over the center sUPFort developed into diagonal 
cracks, reducing the depth of the uncracked concreteo Both beams failed 
through cruBhing of the concrete over the center SUPForto Reaction measure-
ments showed that full redistribution did not occur in either case. In the case 
, 
of the beam with supplementary mild steel it appeared that'the strength should 
have been somewhat in excess of the predicted theoretical valueo 
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The author concludes that tbedegree of redistribution depends on 
the mode of failure, although simple rational methods can be used to estimate 
the ultimate capacity 0 The addition of mild steel, distributed the cracks 3 
limited their extension and increased the stiffness of the beam 0 
(c) Tests of Four Two-Span Continuous Beams by Yo Guyon (13) 
The object of these tests was to investigate the effect of the 
parasitical moments caused by prestressing on the behavior and strength of 
continuous prestressed concrete beamso Since the publication of the original 
report) the author had carefully reanalyzed these beams (14); and used them 
as experimental evidence in support of several new hypotr£seso 
The beams were rectangular in cross sectiono The dimensions, the 
location of the loads and of the reinforcement are shown in Fig. l8c, Prestress 
was provided by cables of twelve Oo197=ino diameter wireso The beams were 
ppst-tensioned j bond being proYi~ed by grouto Additional mild steel was in-
cluded in three of the beams 0 Web Z"einforcement consisted of Oo197-ino 
diameter mild steel loops spaced 19-1/2 inQ on centerso The initia.l prestress 
was calculated from the elongations in the cable during prestressingo Creep 
losses were assumed to be negligible since only four days elapsed between pre~ 
stressing and testingo The load was determined from measurements of the 
pressure in the loading jacks~ Tensile and compressive strains were measured 
at the critical sections usir~ electrical resista~ce strain gageso Mldspan 
deflections were recorded 0 
Strain measurements at the central supports showed that the line 
of pressure did not coincide with the cable profi16o Considerable difference 
was obtained between the theoretical presstlr,e line calculated from elast.ic 
theory and the observed pressure lineu 
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The observed flexural cracking loads were considerably in excess of 
those calculated elastically (the flexural cracking load was defined as the load 
at which the first crack became visible to the naked eye). The author attributed 
this difference to a combination of the following factors~ (a) additional 
internal stresses in the reinforcement due to micro-cracking, (b) ,loss in 
rigidity due to micro-cracking, (c) plastic compression phenomena (resulting 
in loss in rigidity]~ and (d) the resolving power of the detecting instrumento 
With further development of cracking the initial line of pressure 
was displaced toward the actual cable. Plastic hinges formed at each of the 
sections prior to failureo Failure appeared to occur first at the section of 
greater strengthj followed immediately by failure at the other critical sectiono 
The cable profiles were chosen to create extreme conditions for redistributiono 
(See effective depths listed in Table 10) The calculated ultimate reSisting 
moments were about 3 percent less than the measured values. Since the beams 
developed their calculated ultimate capacities for full redistribution the 
author concluded that all four beams failed in flexureo 
From the experience gained from these tests and from an examination 
of test results reported by other investigators Guyon developed an analysis to 
determine the conditions necessary for the development of the maximum moment 
at each critical section (full redistribution) and analyzed the shear strength 
of continuous beams. 
In Reference (14), the analysis developed by Guyon for the 
determination of the conditions necessary for full redistribution requires that 
the conditions of continuity are satisfied and utilizes measurements and observa-
tions made in tests. 
The essence of the theory proposed is that the ultimate capacity and 
thus the degree of redistribution may be found by assuming one of the maximum 
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moment sections to have reached its ultimate rotation 0 The rotations at the 
other maximum moment sections are then determined utilizing the conditions for 
continuity 0 If these values are less than their corresponding ultimate values~ 
the solution is correct and-the ultimate capacity can be determined from the 
equation of statics and the moment-c'~~ature relationshipso If one of these 
values is greater than the corresponding ultimate rotation j the correct solution 
can be found by trial and error; repeating the above procedure for another 
section 0 
Test data were examined in order to faciliate the determination of 
the rotationso It was concluded that for most practical purposes J there is 
essentially a unique dimensior~ess moment-cUl:~ature relationshipo This curve 
can be computed with sufficient accuracy if the moment and curvature carre-
sponding to concrete strains of Ec = OoOO09J O-~002J and 0.0035 are determined 0 
This moment-curvature relationsbip is not used directly to determine 
the rotations at each sectionJ but it is modified because of the effect of 
cracking 0 These modifications are ictroduced in the form of a series of 
reduction factors whiCh depend on the crack spacing) over-all beam depth and 
the shape of the moment diagram in the region considered., The rotatior. 0; over 
a given region is expressed in the form 
1 
0; = f3 L p r 
where l/r is the curvature, L is the length of the zone over which this p 
curvature is spread; and ~ is a reduction factoro For any given beam rotations 
are evaluated using average curvatures and values of f3 based on test resultso 
Yne utilization of this method for beam C3 of Macchius tests (16) 
predicted a ratio of the ultimate load to the ultimate capacity for fl~ 
redistribution of 0087 as compared with the measured value of 0079. The 
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application of this method to the beams of Lin (12) and Morice and Lewis (13) 
gave results in good agreement with the observed values. 
Guyon (14) interprets shear strength in terms of the conditions 
that cause failure of the "inclined compression rod- leading from a load point 
to a support, or from one center of compression to the next in successive 
plastiC hinge sections. 
Two different types of cracks baving different effects on the 
strength but both causing failure of the compression rod are distinguished 0 
These two types of cracks are designated as "firstiV and "second99 0 The concepts 
of these two types of inclined cracks are similar to those developed in 
Section 2.3. The -first» type is analogous to a flexure-shear crack and the 
~secondn type to a web-shear crack. 
The qualitative discussion of the strength of structures developing 
flexure-shear cracks, is made in terms of the results suggested by Zwoyer and 
Siess (15)0 For the determination of the shear strength in beams without web 
reinforcement, the following reduction coefficients are applied to the computed 
ultimate flexural moments at the various critical sections. 
no reduction 
1 - 0.2 t -lO(d-~kud~ 2 
O.4a 
These reduction factors are based on test results obtained by Morice and Lewis 
which were presented in Technical Report Tra/186 of the Cement and Concrete 
Association. 
Web-shear cracks are assumed to develop in the middle of the 
compression rod at the level of the neutral axis. The load at which such 
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cracks will develop is computed directly from the principal tensile stress 
formula. 
Reconnnendations for the amount ani spacing of web reinforcement in 
order to develop the flexural strength of the section are made of the basis 
of tests carried out jointly by the Cement and Concrete Association, and Guyon 
and Xercavinso In these tests it was observed that web reinforcement did not 
restrain the formation of inclined cracksJ and that as the number of stirrups 
was increased, the load capacity increasedo The amount of increase was found 
to be equal to the yield strength of the stirrupso Inclined compression 
failure of the web placed an upper limit on the strength that could be 
developed 0 
On the basis of these tests and a consideration of the equilibrium 
of a section crossed by an inclined crack, it-iss~ggested that an approximate 
formula fOT the minimum spacing of stirrups would be 
v 
u 
A f 
vy 
- A f 8 
s su: 
where ~ is the inclination to the horizontal of the reinforcemento 
Cd) Tests of Three Three-Span Continuous Beams by Go Macchi (15) 
The object of this investigation was~ 
(1) to study the degree of moment redistribution at flexural 
cracking and at failure, 
(2) to measure and to follow the development of inelastic rotations 
within the cracked zones of the beams, and 
(3) to determine the moment-curvature relationships for prestressed 
concrete beamso 
The beams were rectangular in cross sectiono The dimensions, the 
location of the loads and of the reinforcement are shown in Figo 19a. The 
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beams were post-tensioned bond being provided by grouto The prestress 
consisted of O.llB-in. diameter rectangular stirrups at 9~B5 in. on centerso 
Four additional mild steel bars, 0.236-in~ diameter, formed the framework for 
the web reini' or cement 0 The load was measured directly by a dynamometer. 
Moments were determined in the first two beams by extensometers placed at the 
points of contraflexure. Rotations were determined from dial gages placed 
around the critical sectionso In the third beam, reactions were measured by 
load cells and rotations determined by using a 10-ina Whittemore gage to 
measure the distribution of strains at the critical sectionso Ultimate moments 
were checked by supplementary tests on intact portions of the continuous beam 
specimens in the case of the first two beams and by a test on a similar simply-
supported beam in the case of the third continuous beam. The continuous beams 
were cast directly on their supports :to avoid .paras.i tical reactions caused by 
differences in level of the supportso Creep losses were estimated from 
measurements on specimens of similar material to that used in the beams 0 The 
tensile strength of the concrete was determined from cylinder splitting tests 
and plain concrete beam testso 
Redistribution of moments occurred before fle~~al cracking. This 
redistribution retarded the flexural cracking at the section of greatest 
moment (namely midspan) and accelerated flexural cracking over the supports 0 
The apparent increase in the flexural cracking load varied from 14 to 15 percento 
(The flexural cracking load was defined as the load at which the first crack 
became visible to the naked eyeo) Little or no redistribution occurred between 
flexural cracking and ultimate. Full redistribution did not occur in any of 
the beams 0 Failure always occurred under the load} the support sections showing 
no signs of distress. Since the beams failed by crushing of the concrete under 
the load point, the author concludes that flexure and not shear failures must 
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have occurred 0 The strains are hypothesized to have reached their limiting 
value so that local collapse occurred before full redistribution was reached 0 
Macchi (17) analyzed the results of his tests and others according 
to the uTbeory of Coactions~ which assumes that the state of equilibrium in 
the inelastic range can be considered as a superposition of two ~elastic 
effects,~ one effect being the elastic moment distribution caused by the load 
and the other being the moment distribution after flexural cracking caused by 
the inelastic deformations at the critical sections. One interesting result 
of this theory as pointed out by Macchi is that even if a beam is reinforced 
according to the elastic moment distribution, this does not mean that full 
redistribution will be achieved 0 According to the ~Theory of Coactions~ 
failure may occur at a single section before the other sections have developed 
their full capacitieso This is a conclusion based strictly on this particular 
t~oryo 
For this theory the predicted degree of redistribution for beams Cl 
and C2 was 92 percent which compared favorably with the measured values of 
87 percent. For beams of the type tested by Guyon and Morice and Lewis the 
predicted redistribution was 94 percento 
(e) Test of Six Continuous Co~osite Beams by Ao Mo Ozell (18) 
The oeject of these tests was to determine the elastic and ultimate 
behavior of co~:inuous composite prestressed concrete beamso Each test beam 
consisted of two pre-tensioned beams made continuous by casting additional 
concrete on top and between the beams. Mild steel reinforcement was placed 
in this concrete over the center supporto 
Three different types of cross section designated as A, B, and C 
were usedo Two beams of each type were tested 0 The dimensions of the beams, 
the location of the leads and of the reinforcement are shown in Fig. 19bo 
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The shaded portion of each f~gure represents the cast-in-place concrete. The· 
prestress consisted of 7-wire 7/l6-in. diameter strandso In types A and B, 
the four outside strands were unbonded for the final four feet in each span, 
in order to prevent excessive compressive stresses in the bottom fibers over 
the central support. Web reinforcement was provided to act as a shear con-
nection between the prestressed beam and the concrete topping. Prestress losses 
were estimated at 20 percento Calibrated loading pads were used to measure the 
reactions. A 5-in. Whittemore gage was used to measure concrete and mild steel 
strains. The concrete strain distribution at the critical sections was measured 
up to flexural cracking a Strains in the mild steel reinforcement over the 
central support were measured up to failure. Load point deflections were 
measured until shortly after flexural cracking. Flexural cracking was de-
termined by (a) visual observation7 (b) rapid increase in strains, and (c) the 
sharp break in the load-deflection curvea 
Concrete strain distributions showed composite action for the range 
of measurements recorded. Flexural cracking occurred first in the cast-in-
place concrete over the central support. Moment redistribution followed and 
the second series of cracks occurred under the load pointa For higher loads 
the moment over the cen~er support increased more~rapidly and the point of 
contraflexure shifted towards the load point 0 Failure of the first beam of 
type A resulted from the development of a flexure-shear crack at a point about 
four feet inside of one of the load points. Failure of the first beam of 
type C occurred prematurely, due to loss in composite action and a subsequent 
shear failure. In the second beam of type C, composite action was preserved 
but a shear failure still occurred. Both beams of type C failed through the 
cut-off point of the negative steel. 
The conclusions reached by the author were that all the beams behaved 
elastically prior to flexural cracking, the cast-in-place concrete increased 
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the "load carrying capacity of all the types of beams) and that the addition of 
mild steel was of little advantage in type C beams. The measured ultimate 
moments at the load point sections "yaried from between 85 and 95 percent of the 
moments calculated by Whitneyu$ methodu 
(f) Continuous Beams b, Po Bo Morice 
The object of t~ese tests was to demonstrate the applicability of a 
simple strength analysis to continuous prestressed concrete beamso The tests 
were intended to show that the ultimate lead capacity is an invariant under 
linear cable transformations for a given system of loading. 
All beams bad identical geometrical properties 0 The form of loading 
was very restricted. The linear cable transformations were varied over a wide 
range. This range was so extreme that in some cases full redistribution would 
not be predicted on the basis of theoretical. a!!alysiso 
All beams were rectangular and post-tensionedJ bond being provided 
by grout. Th.e dimensions of the beams j the location of the loads and of the 
reinforcement are shown in Figo 19co Nine beams had rectilinear cables and 
two bad parabolic cables. Seventeen beams ~~d rectilinear cables and supple~ 
mentary non-prestressed high-strength steelo Web reinforcement was not 
included 0 Prestress consisted of one cable of eight O~2-ino diameter wixes~ 
End reactions were measured in the later part of the investigation 0 Control 
tests were made en similar simply-supported beams in order to check the 
measured ultimate moments for the continuous beams and to investigate ~~y pos-
sible reduction due to an interaction of shear and momento Load was applied by 
individually controlled hydraulic jacks 0 Concrete strain aril deflection 
measurements were made at the supports 0 
The recorded flexural cracking loads were only app~oximate since 
particular attention was not paid to cracking 0 Satisfactory agreement was 
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obtained between the measured ultimate moments for the control beams and the I 
measured ultimate moments in the continuous beamso The control tests indicated I that the maximum shears were not sufficient to produce any significant reduc-
tions in the ultimate loads carried by the continuous beamo In the cases where I 
the moments were determined directly from the reaction readings the calculated 
and measured ul tirra te moments agreed wi thin 10 :percent 0 In only one beam was 
the failure load.: less than the load for full redistribution ~ The increase in 
load due to the addition of untensioned steel was the same, whether the steel 
was placed over the central support or divided between the two spans 0 The 
ultimate load was the same for either one or two spans loaded. 
The authors concluded that linear tendon transformations bad no 
significant effect on the ultimate capacity of a continuous prestressed concrete 
beam and that larger rotations appeared to be assoc~ated with higher steel 
percentages. They predicted that full redistribution defined as simultaneous 
failure at all critical sections would not occur for beams in which the weaker 
critical section had a higher steel percentage due to a larger effective depth~ 
(g) Tests on Twelve Two-Span Continuous Beams by I. Zekaria (20) 
The object of these tests was to determine (a) the mode and 
characteristics of shear failures, (b) the applicability of the princiIJ8.1 stress 
equations as a criterion for predicting the mode of failure, and (c) the effects 
of the reinforcement ratio, total prestressing force and effective prestress: on 
the shear strength of continuous beamso 
The beams were rectangular in cross section and post-tensioned, bond 
being provided by grout. The dimensions of the beams, the location of the 
loads and of the reinforcement are shown in Figo 20a. Both 0.276 and 0.2'OO-ino 
diameter prestressing wires were used. Concrete strains were measured over an 
8-in. gage length at midspan and at the outer load points. Diagonal strains 
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were measured in the regions between the load points and the center supporto 
Mldspan deflections were measured 0 The ratio of shear span-to-beam depth was 
kept constant at unit Yo Creep losses were neglected 0 
The beams behaved elastica~ until flexural crackiDgo Diagonal 
strain measurements showed that prior to shear failure the principal 'strains 
were greater than for a flexural failure~ but that principal strains computed 
elastically did not agree with the measured strainso The modes of failure 
observed) were (a) fracture of the wires, (b) the formation of plastic hinges 
with yielding of the wires and crushing of the concret~ and (c) shear fail,xres 
along a 45-dego line between the center support and the inner load pointo Wire 
stresses were still in the elastic range for all beams failing in shearo The 
proximity of the outer load point to the end of the beam caused loss in bond 
prior to failureo Six beams failed in flexure and six beams~ all with lower 
effective prestress, failed in shear 0 
The author concludes that (a) total prestress considered as an 
independent variable had no consistent effect on the mode of failure y (b) 
i~creasing the bending moment decreased the shear capacity of a section, 
(c) accepting ~e hypothesis that there is less likelihood of a shear failure 
after yield cf ~he longitudinal reinforcement, a lower effective prestress 
increased t~E likelihood of the shear failure, and (d) increasing o~y steel 
area ir-c~eased the likelihood of a shear failure~ 
(h) Tests on Four Two-Span Continuous Beams at the Imperial College j London (2l) 
The object of these tests was to determine the elastic and immediate 
post-elastic conditions in continuous beamso 
The beams had rectangular cross sections ~~1/2 ino by 9-1/4 ino The 
series was divided into two sets of two beamB eacho The first set had ungrouted 
:cables and the second set grouted cableso The beams had two equal spans of 
7 ft-6 ino eacho 
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Some success was obtained in analysis by using detailed stress-strain 
relationships for the concrete and steel. Although the tests were continued to 
failure, no conclusions are~re~d.~. 
(j) Two-Span Continuous Beams at the Universit of Leeds 
The test series consisted of two groups of beams, five pre-tensioned 
I-beams and five post-tentioned rectangular beams. The beams had e~ual spans 
of 5 ft. 5 ino each. End reactions were measured. 
The I-beams were used for preliminary testing of the e~uipmentG The 
over-all cross-sectional dimensions were 7 by 6 in. The beams were loaded at 
midspan. A uniform prestress of about 500 psi was used. Sudden shear failures 
occurred between the center support and the load pOint. The moments at midspan 
reached about 95 percent of their maximum values.· 
Two of the rectangular beams were cast in two halves and connected 
by the prestress across"a dry joint over the center support 0 The remaining 
three beams were cast continuous 0 Secondary moments were eliminated by initial 
adjustment of the reactions. Two of the beams failed in shear at considerably 
less than their flexural capacity. Three of the beams including the two dry 
joint beams failed in flexure after the full flexurai strength had been developed. 
at at least two critical sections. 
(k) Test of a Three-Span Continuous Beam, London, 1952 (14) 
The beam consisted of three continuous spans., with cantilever over-
hangs and haunches from the third points 0 The dimensions, the location of the 
loads and of the re inforcement .are shown in Fig 0 20b. The beam was po-st-
tensioned bond being provided by grouto Prestress was provided by two cables 
of twelve O.2-in. diameter wires. Mild steel reinforcement consisting of 
three 3/8-in. diameter bars was placed over the inner supportso Web 
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reinforcement was made up of 1/4-ino diameter double U-sbaped stirrups, spaced 
approximately 15 ino on centerso The beam was cast and tested in a horizontal 
positionj bituminous paper acting as a separator between the beam and the 
underlying slab. Initially, equal increments of load were applied to each 
jacko However, the capacity of several of the jacks was insufficient for this 
pattern to be maintained until failureo The load on one of the cantilevers had 
to be decreased and the span loads increased in order to cause failureo 
A shear failure occurred along an inclined line between the inner 
support nearest this cantilever and the adjacent load pointo A second failure 
was produced by increasing the load in the remaining cantilever until the 
concrete over the adjacent end support began to crush and the moment dropped 
off 0 The loads in the adjacent span were then raised until crushing extended 
the full width of the end support and the load-again dropped offo 
In the discussion of this testJ Guyon calculates that it would haYe 
been impossible to break the beam in fleA~e by applying equal loads on all 
jacks without exceeding the range of the jack of at least capacity 0 Arter the 
initial shear failure, the ultimate moment reached over the support adjacent 
to the second cantilever was in good agreement with the theoretical momento 
Moreover, the load necessary to cause the moment in the span to drop off was 
some 20 percent greater than that which would be necessary if no redistribution 
bad occurredo 
(l) Tests by Ao Ho Mattock and Paul Kaar (6) 
The object of these tests was to study the shearing strQigth of 
continuous composite girderso The test program was designed to investigate 
the influence of the following two variables on shear strength~ (a) Amount 
of web reinforcement j and (b) location of applied loadso 
-78-
The girders tested were single-span girders with a tied-down canti-
lever at one end, Fig. 20c. The tie-down force at the end of the cantilever 
was varied so as to simulate in the single span the conditions which would 
exist in one span of a two-span continuous girder. 
Fifteen beams were testedo All beams bad the cross section shown 
in Fig. 20c. Continuity between the single span and the cantilever was 
achieved by placing 10 No. 4 deformed bars in the deck slab, and casting a 
diaphragm between the two members. Each girder was prestressed by 28 seven-wire 
1/4-in. diameter strandso All strands were straight throughout the girder 
length. Web reinforcement consisted of vertical U-stirrups of No. 2 deformed 
bars placed. at either 2-1/2-in., 5-in., or 7-1/2-in. centers 0 
The beams were loaded through calibrated hydraulic jacks at the 
points shown in Fig. 20c. The distance from the .support to the first load 
point was varied as indicated in the table on Fig. 20co At each stage of 
loading] midspan deflections, crack pOSitions and widths, load cell readings, 
and strain readiv~s as measured by electrical resistance strain gages on the 
web reinforcement were recorded. 
In all cases, inclined cracking was due to excessive principal tension 
stresses in the web. Damaging flexure-shear cracks at the negative moment 
support did not occur. On formation, the inclined cracks bad widths of 0.003 
to 0.004 in. With further load, the widths increased rapidly to 0.03 in. and 
at failure the widths reached 0.05 to 0.07 in. The strain: gages on the stirrups 
showed that stirrups located well within the region of inclined cracking yield-
ing immediately on formation of the inclined cracks. In all cases the strains 
in all the stirrups in the region of inclined cracking at ultimate exceeded 
the yield point strains for the reinforcement. Deflection measurements showed 
a decided increase in ductility with increase in percentage of web reinforcemento 
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Thirteen of the beams failed in shear, one beam failed in flexure 
because the tie-down cantilever was accidentally unloaded, and one beam failed 
in horizontal shear at the contact surface between the deck slab and the 
precast girder Q Failure was due to diagonal compression crushing of the con-
crete in the web of the girderso Compression spallir~ started in the lower 
quarter of the web near the support r> This spalling initiated crushing which 
spread throughout the length and height of the web in the shear span regiono 
The shear strengths were in good agreement with those computed on the basis of 
simple span beams tested at the University of Illinois (3}0 
Mattock and Kaar interpreted shear strength in terms of the observed 
mode of failure of their test beams 0 In order to explain this mode they 
hypothesized that the inclined cracks divide the shear span into a series of 
strut members which fail under the action of combined axial load and bendingo 
For this mode of failure a force diagram for a single compression 
strut element can be drawn as shown in Figo l2v I~ this diagram is correct 
the ele~nt can fail at its lower end as a result of the combined axial force C 
in the strut and the bending produced by the shearing force S acting at the 
upper end of this strut v An increase in the amOU.l.lt of web reinforCement F 
decreases the shearing force S. As a maximum~ S can vanish and the strut will 
fail in sompression. As a miniw~J Vvcan be zero and a tension fai~~e of the 
strut at its upper and lower ends can occuro 
From a study of this force diagram it is concluded that (a) for a 
given shear span, the shear strep+-th should increase with increase in the 
vertical stirrup force j until sufficient stirrups are provided so that the 
diagonal struts fail in direct compressionJ and (b) the shear strength of a 
girder with a given amount of web reinforcement should decrease as the shear 
span length increases 0 In their test beams, inclined cracks formed as a result 
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of excessive principal tensile stresses in the web. Cracking extended over the 
full length of the shear span and a general weakening resulted. 
For shear strength analysis the strength is divided for convenience 
into two parts, (a) the shear re~uired to cause inclined cracking, and (b) the 
increase in strength beyond inclined cracking due to the use of web 
reinforcement. 
The tests showed that a nominally constant concrete strength } the 
increase in strength due to the web reinforcement could be expressed as: 
where 7 is the angle of inclination of a straight line drawn through the 
centerline of the point of support and the point of application of the load. 
The effect of concrete strength was in~~oduced from an examination 
of the test results obtained by Hernandez (9)., 
It was found that the data from their test series and that reported 
by Hernandez, fitted reasonably well the following expression. 
v-v· (rf ) 
______ u __ '__ ·'_C~:;~I~ = 6024 y 
JfJ (b~d sin :;-) Jf~ 
Crf )2 
- 0.44 y 
JTf. c 
For design purposes they recommended that under moving loads the shear strength 
should be investigated over the entire length between the outer quarter point 
and the first interior support for the outer spans. The shear strength could 
be conservatively estimated by the use of the following approXimation of 
v - V 
u c :5 5 rf bid sin 1 = _. y for 0 < rf < 7 Jfi y c 
4·3 Summary and Discussion 
Previous experimental investigations of the strength and behavior of 
continuous prestressed concrete beams have attempted to answer a variety of 
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questions 0 The test results have often led to conflicting conclusionso In a 
review of these investigations, the more significant features to be considered 
are the number of tests in each investigation and the principal. conclusions 
reached 0 Where possible these features are summarized for each of the previous 
investigations in the following tableo 
Investigator 
Magnel 
Y. Guyon 
G .. Macchi 
Ao Mo Ozell 
Morice and Lewis 
Zekaria 
Mattock and Kaar 
No. of Tests 
1 
2 Static 
2 Fatigue 
4 
3 
6 
28 
12 
15 
Conclusion 
Observed and computed flexural cracking 
loads agree, but not ultimate loadso 
Observed and computed flexural cracking 
loads agreeo Full redistribution not 
achieved .. 
Observed flexural cracking loads greater 
than computed 0 Full redistribution 
achieved 0 
Observed flexural cracking loads greater 
than computed.. Little redistribution 
after flexural cracking .. 
Continuous composite beams behave elas-
tically prior to flexural crackingo 
Redistribution occurs after flexural 
cracking 0 All beams failed in shear 0 
Linear cable transformations do not affect 
the strength significantly 0 
Shear capacity decreases with increase in 
the bending momento Lower effective pre-
stress or an increase in the amount of 
longitudinal reinforcement increases the 
likelihood of a shear failureo 
Shear strength of continuous composite T 
beams with web reinforcement in good 
agreement with stmple beam test results 
The table shows that in two principal investigations, those of Morice 
and Lewis and Mattock and KaarJ conclusions have been drawn for relatively 
restricted problems. In the other investigations the number of tests were 
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relatively small and the number of variables largeo None of these test series 
can be used directly as the basis for a generalized conclusion. However, the 
conflict of the conclusions indicates the necessity for a better understanding 
of the behavior of continuous beams. 
The significant feature highlighted by these investigations is that 
the principal problems are not peculiar to continuous beams but result from 
inadequate understanding of the bebavior of simple beams 0 The two most con-
flicting conclusions are the precision with which the flexural cracking load 
and the ultimate load can be determined. 
Di~ferences of opinion as to whether the flexural cracking load can 
be calculated as in simple beams or whether it is greater than this quantity 
can be attributed probably to inadequate knowledge of stress-strain relation-
ship for concrete in tension 0 The flexural craCking load is commonly computed 
using a fictitious triangular stress block for concrete in tenSion, whereas the 
true stress block is non-linear. A better understanding of the exact nature of 
this stress block needs to be developed. In the most simple beam tests the 
loading configuration is such that there is a region of constant moment and 
flexural cracking will occur first at the weakest section in this region. 
Furthermore, non-linearity of the tensile stress block over this region does 
not alter the dis~r:bution of moment ~long the length of the structure 0 In 
contrast, in most continuous beam tests there is seldom a region of constant 
moment and initial ~ler~al cracking is confined to a relatively short length. 
The weakest section ~r. this length will generally be stronger than the weakest 
section in a considerably greater length such as occurs in a constant moment 
region 0 On the average, the recorded flexural cracking load should be greater. 
Furthermo.re, non-linearity of the stress block at one section in an indeter-
minate structure can cause an alteration in the distribution of moments along 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
-83-
the length of the structure and a further increase in the observed flexural 
cracking loado 
The conditions necessary for an accurate prediction of ,the ultimate 
load are numerouso Factors such as the crack pattern] the amount of web 
reinforcement and the exact nature of the moment-curvature relationship must 
be considered. Without a careful examination, of each of these factors, 
generalizations based on a few tests may be co~letely misleadingo An examina-
tion of these previous investigations shows the necessity for accurate 
definitions of the modes of failureo In particular) conflicting definitions 
are often adopted for flexural failures and in some cases the importance of 
inclined cracking is neglected 0 
For the prediction of the ultimate load, an accurate knowledge of the 
moment-curvature relationship at each critical-section is necessaryo In the 
previous chapters it bas been shown that this relationship must be affected by 
inclined cracking, and that beyond inclined cracking the relationship is 
dependent on the amount of web reinforcement across the inclined cracko Again 
this problem is not one which is peculiar to continuous beams. Most of the 
knowledge of moment-curvature relationships has been derived from measurements 
in constant moment regions of simple beamso A study more flh~damental to the 
determination of the ultimate capacity of continuous beams would be the 
examination of the moment-curvature relationship at a maximum moment regiono 
The tests by Mattock and Kaar illustrate the necessity for a better 
understanding of the effect of web reinforcement. The conditions cited in 
these tests are not peculiar to continuous or restrained beams since the same 
gaps in kriowledge exist also for simple beamso 
Theoretical investigations have been concerned primarily with the 
evaluation of the conditions necessary for the development of full redistribution 
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and for the determination of the increase in strength as a result of the 
addition of web reinforcemento Two principal theoretical approaches to each 
of these problems have been madeo Because of the nature of these problems} 
none of these investigations are strictly theoretical but depended largely on 
empirical evidence gathered in tests. 
Macchi bas hypothesized that the distribution of moment beyond 
flexural cracking can be considered as the superposition of two elastic moment 
distributions. These distributions are due to (a) applied loads} and (b) 
inelastic deformations at the critical sectionso This approach provides a 
quick check on the difficulty that may be encountered in obtaining full 
redistribution. 
G~on's analysis is more conventional but more dependent on empirical 
factors obtained from testso Elastic continuity·is satisfied and the evaluation 
of the distribution of curvature along the length of the beam takes into 
account the effect of the crack spacing} and the necessity for a spread of the 
maximum curvature at sections of maximum moment. 
The analyses for the increase in strength with the addition of web 
reinforcement have been based almost exclusively on test results. In both the 
analysis by Guyon and that by Mattock and Kaar, two fundamental assumptions 
are madeo The addition of web reinforcement increases the shear strength by 
an amount equal to the yield capacity of the stirrups crossed by the inclined 
cracks 0 Flexural failure at the maximum moment section or inclined compression 
failure of the web places an upper limit on this increase in strength 0 
The formulas suggested for the amount and spacing of the web reinforce-
ment can be evaluated only in terms of how well they satisfy additional test 
results. Flexural failure at the maximum moment section or inclined compression 
failure of the web may not be the only limits on the increase in strength that 
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can be supplied by the web reinforcemento Under the condition for which the 
difference between the inclined cracking load shear and the ultimate shear 
is large, such as in T-beams, the shear to be carried by the web reinforcement 
will be large. Vertical web reinforcement can provide effectively against the 
vertical shears, but additional reinforcement may be necessary to provide 
against horizontal shears. 
5 · TESTS AT THE UNIVERSITY OF ILLIIDIB 
5.1 General Remarks 
The response of any structure to load should be judged on the basis 
of two requirements~ strength and serviceability. The first requirement 
necessitates that the structure have an adequate factor of safety against 
failure 0 The second requirement necessitates that the structure behave in a 
desirable mannero At working loads, both the deflections and crack develop-
ment should not be excessive. The structure should have desirable vibrational 
characteristics and ability to absorb impact loads. Beyond working loads, the 
behavior of the structure should be reproducible and there should be adequate 
warning of the impending failure. These requirements make the behavior of the 
structure a very important criterion in the eval~ation of its ability to per-
form a given function. 
A generalized analysis for the strength and deformation character-
istics of sections subjected to combined bending and shear for short-time static 
loading conditions has been presented in Chapter 2. This analysis bas been 
used to derive e.xpressions for the strength and deformation characteristics of 
two-span continuous beam in Chapter 30 To further clarify the response of 
these beams, the behavior of test beams should be investigated and the results 
compared with analyses. The object of this chapter is to report the behavior 
of twenty-four two-span continuous beams tested at the University of Illinois 
as one phase of the Investigation of Prestressed Reinforced Concrete for 
Highway Bridges. 
This chapter presents an outline of these tests, a brief description 
of the geometrical and material properties of the beams, and discussions of 
the behavior of the beams and the measured strains. In the discussion of the 
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behavior o~ the beams, the load-deflection curves, the crack pattern develop-
ment, the modes of failure, the moment-curvature relationships and the moment-
load relationships are considered. Details of the geometrical and material 
properties of the beams, methods of fabrication, instrumentation, and testing 
are presented in Appendix A. 
502 Outline of Tests 
(a) Notation 
Tests were made on 24 two-span continuous beams. Although the 
specimens ~ere number originally according to the order of testing, they have 
been regrouped for easier reference according to the major variables 0 Each 
beam is designated by two letters and two sets of numerals~ for example, 
BW.IO.073 0 The letters and numerals have the following significance. 
First letter (~WolO.073) 
A: Rectangular beam 
B: I-beam 2-5/8-in. web 
Second Letter (B~olO.073) 
0: Web reinforcement omitted 
W: Web reinforcement included 
The first set of numerals (BW.lOo073) represents the ratio of the 
value of pJf i at the center support to the value of p/f a at the load point. 
e c 
The second set of numerals (BWolO.073) represents the value of p/fax 10-5 
c 
at the load point) to three significant figures. 
(b) Principal Variables 
The tests can be divided into five groups. Within each group of 
tests the amount of longitudinal reinforcement was varied and between each 
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group a new principal variable was introduced. The following table lists the 
number of beams' in each series, the principal variable and the nominal effective l' 
depth. 
Series 
AO 
BO 
BO 
BO 
BW 
No. of 
Beams 
3 
3 
9 
4 
5 
Principal 
Variable 
Shape 
Effective Depth and 
Concrete Strength 
Effective Depth 
Web Reinforcement 
(c) Description of Specimens 
Effective Depth 
Load Point Center 
in. in. 
10·5 805 
10·5 805 
805 1005 
1005 10·5 
10·5 1005 
All beams were continuous over two nine-foot spans and were loaded 
symmetrically at the mid-point of each span. The nominal over-all cross-
sectional dimensions for all the beams were 6 by 12 in. The longitudinal steei 
was draped through the web between the positive and negative moment regions to 
provide the re~uired effective depths. Thus, the area of steel was constant 
throughout the length of the beamso The initial prestress in all beams were 
135,000 psio The effective prestress at the time of test ranged from 100,000 
psi to 130,000 psi. In all cases anchorage was provided by bondo The concrete 
strengths used varied from 3020 psi to 8150 psio The longitudinal reinforcement 
ratio at the maximum moment sections ranged from 0019 to 0.49 percent. The 
average concrete strength, the type of reinforcement, the actual dimensionpJ 
the steel area, the reinforcement ratio and the effective prestress are listed 
in Table 3. 
In the beams with web reinforcement, vertical stirrups consisting of 
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i black annealed wire were used. The web reinforcement ratios based on the flange 1 
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widths ranged from 00043 to 0041 percento The stirrup spacing varied from 
2 to 5025 ino The amount and spacing of web reinforcement were determined on 
t~e basis of the previous stests on simply supported beams reported in 
Reference (9)0 Figures Au13, A.,14 a.nd Ao15 ~ the stirrup spacingso 
The longi t.udinal re:lnforcemsnt was pretensioned 0 The beam was cast 
and cured in a specially constructed prestressing bayo Draping sad.QJ.es were 
used to keep the reinforcement at the desired positions o A photograph of the 
prestressing bed is shqw.n in Figo 218 and of a beam with web reinforcement in 
the bed prior to casting in Figo 21bo After the concrete had hardened 
sufficiently, the prestress was released and. the beam transferred to the testing 
frame 0 Since the beams were pretensioned before transfer to the testing frame, 
the parasitical reactions associated with be~ post-tensioned on tbeir supports 
were avoidedo Once the beam was in position in the testing frame) the height 
of the central support was adjusted until the measured support reactions were 
in agreement with those computed from elastic theory 0 The support was kept 
at this height thro~out the testo Beams were tested to failure in nine to 
ten hourso The load, reactions, movement of the supports, deflections, con~ 
crete strains J steel strains and crack patterns were recorded at various stages 
of loading up to ultimate a Further details are giYen in Appendix Ao 
The properties of the concrete mixes for the individual beams are 
presented in Table 4 and the concrete strengths in Table 50 Details of the 
significant properties of the reinforcing wire are given in Appendix Ao The 
stress-strain curves for pr~stressing wi~ej Lots 12) 13 and 14j are shown in 
Figso A.6, A07, and Ao8, and the stress-strain curve for the stirrup wire 
in Figo Ao9o 
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503 Load-Deflection Relationships 
(a) General Characteristics 
A significant characteristic of any type of structural member is its 
load-deflection relationship, since this relationship defines the response of 
the member to load 0 This relationship can be used to determine three signifi-
cant properties of the member~ its behavior under working loads j its strength~ 
and its toughness (J The load-deflection relationship can be used to study the 
safe range of working loads J the corresponding short-time deflections, and the 
response of the member to impact loads 0 Beyond working loads the load-
defleation relationship can be used to study the effects of inelastic impact 
loadings, for the determination of the permanent sets associated with these 
loadings, and for the determination of the ul tima. te blast or earthquake loading 
that the member can withstando 
A load-deflection relationship should not be used without a knowledge 
of the manner of failure of the member 0 This limitation is of extreme import-
ance in the Lnterpretation of these relationships for reL~orced or prestressed 
concrete members, since in these cases the reproducibility of the results 
depends on the manner of fail~e~ Load-deflection relationships can be used 
directly from beams that fail in flexure without the development of inclined 
cracks, or for beamE that fail in flexure after the;development of inclined 
cracks provided these beams have sufficient web reinforcement, the amount of 
which is known. Load~deflection curves cannot be used d~ectly for members 
failing in shear or bondo For shear failures, part of the recorded ductility 
is due to the opening of the inclined cracks" For bond failures the recorded 
ductility will vary erratically since the failure depends largely on local 
phenomena 0 
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Provided these limitations are realized~ load-deflection curves are 
still useful for quantitative comparisons of the wload wortbiness~ of different 
designs 0 Similar to the results obtained for simply supported beams, a given 
continuous beam prior to inclined cracking should have a behavior that is cem-_ 
parable both quantitatively and qualitatively to a continuous beam that fails 
in flexureo Beyond inclined cracking the reliability of the predicted deflec= 
tions will depend on the sequence of occurrence of the inclined cracks, their 
positions, and the amount of web reinforcemento 
Load-deflection curves for all the specimens tested are given in 
Appendix Bo Beams baving. comparable values of major variables have been 
grouped togethero Comparisons between figures reflect the effects of changes 
in web thickness, effective depths, concrete strengths and pOSitions and amounts 
of web reinforcemento Comparisons within a given figure show the effect of 
changes in the amount of longitudinal reinforcemento In all figures the solid 
line represents the load deflection curve for the failure span, and.the broken 
line the load~deflection curve for the other spano If the two curves coincide, 
only a solid line is shoWDo Flexural cracking and inclined cracking are 
indicated on each curveo 
(b) Idealized G~e 
The load-deflection curve for a prestressed concrete beam continuous 
over two spans and failing in flexure can be idealized as shown in Figo 220 
This figure shows that theoretically, the load-deflection curve can be 
idealized into five distinct stages designated as AB, BC, CE, EF and FGo The 
transition from one stage to another corresponds to a distinct change in the 
relative stiffness of the beam in either the positive or negative moment regiono 
In each region} two phenomena can cause distinct changes in relative stiffnesso 
These are (a) flexural cracking and (b) development of irielastic strains in the 
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longitudinal reinforcemento Although both phenomena can occur in one moment 
region before there is any change in stiffness in the other moment region, 
continuous beams are usually proportioned such that these phenomena follow 
each other in alternate moment regions o In the following discussion it will 
be assumed that the beam is proportioned in this manner 0 Thus ~ stage AB is 
the response of the beam prior to flexural crackingo Stage Be is the response 
of the beam between flexural cracking in one moment region and flexural crack-
ing in the other moment regiono Stage CE is the response of the beam after 
flexural cracking has occurred in both moment regions and prior to yielding of 
the longitudinal reinforcement in either moment regiono Stage EF is the 
response of the beam between yielding in one moment region and yielding in the 
other moment region 0 Stage FG is the response of the beam between yielding in 
both moment regions and rupture. 
For stage ABJ the load-de:fle·ction curve is practically linear 0 The 
slope of the curve depends primarily on the modulus of elasticity of the 
concrete 0 The extent of this range depen~s on the magnitude of the initial 
compressive stress~ the modulus of rupture of the concrete, the shape of the 
cross sectiollJ and the type and method of application of the load 0 If the 
stress-strain relationships for the concrete and steel are known j both the 
flexural cracking load and the deflection at this load, can be determined from 
an uncracked section analysiso Variations in the properties of the concrete 
and in the method of support or application of the load, may lead to consider-
able scatter between the observed and cO!I1pllted values 0 As in simple beams j the 
degree of scatter should decrease with increase in the initial compressive 
stress or increase with increase in the modulus of ruptureo In continuous beams, 
however, this degree of scatter may be increased further due to the indeterminacy 
of the structureo The reactions at each support depend on the relative heights 
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of the various supports ap.d minor- variations in these heights alter both the 
cracking load and the corresponding deflectiono 
The second stage Be is characterized by a progressive loss in 
stiffness of the beam, and a more or less smooth and continuous change in the 
load-deflection curveo The abruptness in the change in slope of the loed-
deflection curve at both Band C, depends on the relative magnitudes of the 
cracking and Wyield" moments for the section in ~uestion, the changes beiP~ 
more abrupt as the cracking moment approaches the yield momento 
The third stage, CE, is characterized by continued crack develop~nt 
and a progressive loss in stiffness 0 At the end. of this stage yielding of the 
longitudinal reinforcement occurs at some section of the beamo This yielding 
constitutes the formation of the first plastic hingeo 
The fourth stage, EF~ is characterized.by little or no crack develop-
ment in the plastic hinge section and a progressive loss in stiffness caused 
by further crack development in the moment region of opposite signo At the end 
of this stage yielding of the longitudinal reinforcement occurs in the latter 
moment region and a second plastiC hinge forms 0 The abruptness of the change 
in slope of the load deflection curve at both E and F depends primarily on 
the shape of the stress~strain diagram for the longitudinal steel 0 If there 
is an abrupt yield point, there will be an abrupt change in slope at these 
points 0 If there is a gradual transition, as is the case for most prestressing 
steels, there will be a gradual change in slope 0 
In the fifth stage, FG, the curve is again practically linear, and 
large increases in deflection occur for small increases in loado There is 
little crack development and at the end of this stage the beam ruptures as a 
result of failure of one of the plastic bingeso 
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(c) Effect of Inclined Cracks 
The formation of inclined cracks may affect the load-deflection 
curve critically 0 These cracks, which. form as a result of combined bending 
and shear stresses, may cause immediate failure in beams without web reinforce-
ment; in which case the load-deflection curve may terminate abruptly at an 
early stage of loadingo In the case of beams with adequate web reinforcement, 
the development of the inclined crack affects the shape of the load-deflection 
curve 0 For e~le, the broken curve which originates at D in Fig. 22 repre-
sents the influence of an inclined cracko When the crack opens, the stiffness 
of the beam in the region of the crack is reduced. Thus, first yielding of 
the reinforcement may occur at a higher or lower load than in a beam without 
the inclined cracko The ultimate load, in a beam with sufficient web reinforce-
ment j should be affe cted only slightly by the incli~ed crack 0 The ultima. te 
deflection may be reduced or increased, depending upon the opening of the 
inclined cracks. 
(d) Measured Load-Deflection Relationships 
The ease with which the various stages in behavior can be distinguished 
for an act~ load-deflection curve depends primarily on the increase in load 
between ab~~pt changes in stiffness. The greater the increase in load, the more 
readily the various stages can be distinguished 0 The magnitude of the increase 
in load depends prica~ily on the pOSitions at which the loads are applied, and 
the amount of longit~dinal prestressing steel at each critical section. 
In the load-deflection curves shown in the appendix, flexural cracking 
at the negative moment region is indicated by a hollow -triangle and at the posi-
tive moment region by a_ ~solid circle 0 In all of the test beams, flexural 
cracking in the negative moment region occurred immediately prior to a simultane-
ously with flexural cracking in the positive moment region. The stage Be on the 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
-95-
idealized load-deflection curve is very shorto This behavior follows logically 
from the ~restress and loading conditioDSo The compressive stresses due to 
prestress in the extreme fibers at the critical section in both the positive 
and negative moment regions were of the same order of magnit~deo The applica-
tion of the loads at the center point of each span gave a maximum negative 
moment only 20 percent greater than the maximum positive momento Furthermore} 
since the same amount of longitudinal reinforcement was used throughout the 
beam, redistribution prior to yielding developed moments at the critical 
sections in the same ratio as the ultimate moments at these sectionso Yielding 
thus occurred simultaneo¥Sly in both the positive and negative moment regions 
and stage EF of the idealized curve was not developedo 
The point on the load-deflection ~~e at ~hich inclined cracking 
occurred is shown by an upright cross for the negative moment region and a 
diagonal cross for the positive moment regiono Examination of these figures 
shows that inclined cracking cannot be distinguished readily on the basis of 
the measured load-deflection curveo If, however, the theoretical load-deflection 
curve for a beam without inclined cracks is plotted on the same figure~ the 
point at ~hich the inclined cracking occurred is distinguishable readily 0 
The effect on the load-deflection curife of the different types of 
failures observed in these tests and of the principal variables is best dis-
cussed in terms of specific examples 0 The types of failure observed in the 
tests were classified according to the primary cause of failureg bond~ shear 
and flexureo The principal variables were web thickness, effective depth 
, 
concrete strength and web rei~forcemento 
Figure 23 illustrates the effect of band slip of the prestressing 
wires on the load-deflection curve for beam BOo080045o Prior to flexural 
cracking the curves for both spans are similar and show no effect of bond slipo 
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After flexural cracking wide differences in behavior are recorded for the 
load-deflection curves for the different spanso This erratic behavior can be 
attributed to a progressive bond failure as a result of the increase in steel 
stresses caused by flexural cracking. For the span with the bond slip, the 
deflections increase at a much faster rateo It can be expected that in beams 
in which progressive' bond failures occur, the behavior will be erratic and 
the strength and deflection considerably less than that of comparable beams 
failing in flexureo 
Figure 24 shows the differences in load-deflection curves for I-beams 
failing in shear and flexure, and the effect of web reinforcemento Beam 
BOolO.076·had no web reinforcement and failed in shearo Beam BWolOo075 bad 
some web reinforcement, but not sufficient for a flexural failureo BWolO.073 
bad sufficient web reinforcement and failed in flexureo The figure illustrates 
that the ultimate capacity and deflections of beams failing in shear are less 
than that of a similar beam failing in flexureo 
Prior to inclined cracking the load-deflection curves for all three 
beams are comparableo The minor differences that are present may be attributed 
to the differences in effective depths, concrete strengths and levels of 
prestress 0 Beyond inclined cracking the shapes of the load-deflection curves 
depend on the amount of web reinforcemento For the beam without web reinforce-
ment, the unrestrained opening of the inclined cracks caused a rapid decrease 
in the stiffness of the beam, so that the increase in capacity of the beam 
beyond inclined cracking was small 0 For the beams with web reinforcement, the 
web reinforcement restrained the opening of the inclined cracks, so that the 
decrease in stiffness was not as rapid and greater loads were carried at com-
parable deflections. 
Figure 24 shows that if inclined cracking occurs in a beam, the 
inclusion of web reinforcement will ensure that the beam develops a- greater 
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strength than a similar beam without web reinforcemento Furthermore,)) if 
sufficient web reinforcement is included the beam can develop both its flexural 
capacity and the corresponding ultimate deflection. If insufficient web re-
inforcement is included the strength of the beam will be greater than that of a 
similar beam without web reinforcement, but the ultimate deflection may be lesso 
The reliability of the load-deflection curves for beams with web reinforcement 
should therefore be restricted to the strength that the beam can develop, and 
for be~ without web reinforcement, to the strength of the beam at critical 
inclined cracking. 
Figure 25 shows the effects on the load-deflection curve of variations 
in web thickness and effective depth at center supporto Beam AOol,0078 was 
rectangular in cross section with an 8-ino effective depth at center support 0 
Beam BOo120071 had a 2-5/8-ino web thickness with an 8.5-ino effective depth at 
midspan 0 Beam BOolO.076 had a 2-5/8-ino web thickness and a 10035-ino effective 
depth at midspan 0 Other properties of' the beams were comparable 0 All three 
beams failed in shearo From the figure it can be seen that either an increase 
in web thickness or effective depth at the center support causes a small increase 
in the strength and improves the ductility of the beam. 
Figure 26 shows the effect of variations in concrete strength and 
effective depth at the load-points on the load-deflection curveo Beams BO~080079 
and BWolO.072 bad low concrete strengths and different effective depths at the 
load points. Beam BOo08.036 bad a high concrete strengtho Its effective depth 
was 804 in 0 at the load-points 0 Beams EO 008 0079 and BO 0 08 0036 had no web 
reinforcement. Beam BW. 10.072 had web reinforcement 0 Other properties of the 
beams were similar. Beam EO 008 0079 failed in shear, beam BW 0 10 0 072 had a 
transitional failure and beam BOo08.036 failed in flexureo The figure shows 
that increasing the effective depth at the load-point or increasing the concrete 
strength, improved markedly both the strength and ductility of similar beamso 
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Moreover a comparison of Fig. 26 and Fig. 25 shows that the percentage increase 
in both ductility and strength is much greater for an increase in effective 
depth at the load-point than for an increase in effective depth at the center 
support. This behavior can be predicted from the nature of loading. 
(e) Effect of Continuity 
The advantage of the use of continuity in prestressed concrete 
construction can be visualized from a comparison of measured load-deflection 
curves for comparable load-carrying systems composed of continuous, as opposed 
to simply-supported beams. In Figo 27, measured load-deflection curves for 
three of the two-span continuous beams tested, are compared with measured load-
deflection curves for comparable simple beam systems composed of two simply-
supported beams butting end-to-end on a common support. The load-deflection 
curves for the simple beam systems are obtained from measured load-deflection 
curves for tests on a single simply-supported beams, by doubling the load at a 
given deflection. 
In Fig. 27a the load-deflection curve for beam BWolO.103 is compared 
with the load-deflection curve for a single element system based on the test 
results for the similar simply supported beam BWo16038 reported in Reference (3)0 
Beam BW.16·38 was loaded at midspan on a 9-ft span and had a lO.05-ino effective 
depth comparable with the lO.35-ino effective depth at the load point for beam 
BW.lO.103o Both beams had sufficient web reinforcement to develop their full 
strength and ductility. In Fig. 27b the load-deflection curves for beams 
BW.lO.073 and BO.lO.076 are compared with the load-deflection curve for the 
single element system based on the similar simply-supported beam Boll.20 reported 
in Reference (4). Beam Bollo20 was loaded at midspan on a 9-fto spano The 
properties of the beams are listed on the figure. Beam Boll.20 failed in shear 
but developed 98 percent· of its calculated flexural capacityo Beam BO.lO.076 
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failed in shear while beam BWolOo073 had sufficient web reinforcement to 
develop its full strength and ductilityo The curves show, that the continuous 
beam has a vastly improved strength and somewhat greater ultimate deflection 
than the comparable simply-supported beam structure 0 Moreover, for a similar 
midspan deflection a much greater load can be applied to the continuous beam 
than to the simply-supported beam structure. The following table lists ratios 
of deflection and load at various stages of loading for the comparable 
continuous and simple beam systems~ 
BWolOol03 BWolOo073 BOolOo076 
BWolbo3B Boll020 Boll020 
Load at firs t flexural cracking 1051 1.41 1040 
Deflection at first flexural cracking 0083 0077 0093 
Load at 0010 in. deflection 1066 1.62 1056 
Load at ultimate 1081 1052 1017 
Deflection at ultimate 1.24 0011 1022 
It should be pOinted out that even in the two-span continuous 
structures the advantages of continuity have been only partially utilizedo In 
Fig. 28 the theoretical ultimate moment diagrams are drawn for a simple beam, 
for one span of a continuous beam and for a fixed ended beam 0 If it is assumed 
that the beams are similarly reinforced in both the positive and negative 
moment regions and that plastic hinges can be developed at each maximum moment 
section, then the theoretical strength for the continuous beam is only 105 
times the strength of the simple beam whereas the fixed-ended beam bas a 
strength 2.0 times that of the simple beam 0 Ideally the amount of material is 
the same in all three beams 0 
504 Crack Patterns 
(a) Significance 
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A critical examination of the crack pattern in a reinforced concrete 
beam is necessary since the position, width} rate of development and shape of 
the cracks indicate the nature of the predominant stresses, the efficiency of 
the reinforcement, and the degree of bond between the concrete and the 
reinforcement 0 
Crack patterns at failure of the continuous beams tested, are shown 
in Figs 0 29 through 33. The relative widths of the cracks at failure are indi-
cated by the relative thickness of the lines in the diagramso The height and 
shape of the cracks at each load increment, were marked and recorded. Cracks 
were classified into two groups, designated as flexural and inclined tension 
or ~shearw cracks. Flexural cracks form as a result of excessive normal tension 
stresseso Inclined tension or ·shearw cracks result from excessive principal 
tensile stresses caused by the interaction of normal tension stresses and trans-
verse shear stresseso 
(b) Flexural Cracks 
Flexural cracks form at pOSitions where the normal tensile stresses 
caused by bending, exceed the modulus of rupture of the concrete 0 These 
stresses act parallel to the extreme fibers of the beam and are a maximum at 
these fibers. As a result, flexural cracks originate at the extreme fibers on 
the tension side of the beam, and propagate in essentially vertical directionso 
The loads and positions at which flexural cracking will occur can be calculated 
as outlined in Section 2030 In the beams tested, the nature of the longitudinal 
profile of the reinforcement and the manner of loading were such that flexural 
cracks developed first at the positions of maximum momento These points were 
under the applied cracks or over the center support 0 
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After the initial flexural cracks have developed in a beam, other 
flexural cracks can occur at positions where the horizontal tensile stresses 
exceed the modulus of ruptureo However, the spacing to the next position must 
be sufficient for bond between the concrete and the steel to develop the full 
tensile stress in the extreme concrete fiber at this positiono In the test 
beams, the flexural crack spacing varied between 6 and 9 ino As before, these 
additional flexural cracks originated at the extreme fiber in tension and 
propagated initially in a vertical directionu However, since all sections 
outside the maximum moment sections were subjected to shear stresses, these 
shear stresses affected the continued rate and direction of propagation of 
these flexural crackso The vertical propagation of a flexural crack reduces 
the concrete cross-sectional area and increases the unit shear stresseso The 
maximum prinCipal tensile stresses are increased and the crack bends over and 
aligns itself perpendicular to these stresses 0 In the test beams this action 
resulted in the flexural cracks bending over and propagating towards either 
the load points or the center support 0 
The height to which a flexural crack develops and its continued rate 
of development depend on the amount, position, and stress in the longitudinal 
reinforcement 0 If the moment on a section is in excess of the flexural crack-
ing moment, the flexural crack will develop to a height such that the prestress 
force and the moment supplied by it, are sufficient to restore e~uilibriumo 
In a beam with a low value of p/f~, the fulfillment of these conditions neces-
c 
sitates that once flexural cracking occurs the crack must immediately develop 
to a height in excess of the mid-depth of the beamo For a beam with a high 
value of p/f~ the crack may not even extend up as far as the longitudinal steelo 
c 
In both cases, the formation of the crack causes a loss in stiffness of the beam, 
a greater loss being associated with the smaller p/f~ valueo With further 
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increases in load the development of the flexural cracks, causes an increase 
in the rate of loss in stiffness, and in the rate of development of steel 
strains and concrete strainso In the latter case, provided the development of 
the cracks is essentially vertical, beam action is maintained and the distribu-
tion of the strain over the depth of the beam, remains approximately linearo 
(c) Inclined Cracks 
Cracks which develop as the result of excessive principal tensile 
stresses on planes inclined at angles to the centerline of the beam j are 
defined as inclined tension crackso By definition, inclined tension cracks can 
occur only in regions subjected to combined bending and shearo Inclined 
tension cracks can be further subdivided in accordance with the manner in which 
they developo Inclined cracks which develop from, or form as a result of 
flexural cracking have been termed ~lexure-Shear Cracks n (Refo(3D and the 
original flexural crack bas been termed the -initiating Cracko w Figure 34a 
shows flexure-shear cracks at the load point of beam BOolOoo43o Inclined cracks 
which form in the web of a beam in an otherwise uncracked section, have been 
termed nWeb-Shear Crackso" Figure 34b shows web-shear cracks around the point 
of contraflexure for beam BWolOol03. For both flexure-shear cracks and web-
shear cracks the effect of the development of the inclined crack is the same 7 
although the strength and behavior of the beam for the different types of 
inclined cracks may be differento The strain distribution over the depth of 
the section is no longer linear7 a redistribution of stresses is necessitated 
and beam action is destroyed ° If the development of the inclined crack is 
unstraineod, a premature shear failure will generally occur 0 In this case, 
inclined cracking marks the end of the useful life of the beam 0 If the 
development of the inclined crack is restrained by web reinforcement, beam 
action will be partially restored:o. and the strength of the beam increased ° 
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Flexure-Shear Cracks form as a result of the initiating flexural 
crack having raised the unit shear stresses in the beam 0 The conditions for the 
development of flexure-shear cracks necessitate that flexural cracking due to 
horizontal tensile stresses at the extreme fiber must occur before the stresses 
due to shear have raised the principal tensile stresses in the web sufficiently 
to cause inclined cracking directlyo Flexure-shear cracks therefore predominate 
in regions of relatively low shear 0 Conditions conducive to their development 
are moderate prestress, relatively thick webs and long shear spanso The 
positions at which they can develop are limited to the lengths of the shear 
spans over which flexural cracking can occuro The rate of development of a 
flexure-shear crack and its effect depend primarily on the value of p/f 9 at the 
c 
section and the position at which the crack occurSo 
The load at which flexural cracking-·will occur at a section is 
dependent on the relative contribution of the concrete and the prestress to the 
fictitious tensile strength 0 If the effective prestress in the longitudinal 
reinforcement is kept constant, then the contribution of the concrete will be a 
maximum for beams with low values of p/foo The difference between the loads 
c 
necessary to cause the initiating fle~xral crack and to develop the fle~lral 
capacity of the maximum moment section, will be s~~llo One flexural crack at 
the most will probably be able to develop, and the transition of this crack to 
a stage where it has bent over sufficiently to affect beam action is relatively 
slow. For beams with higher values of p/fu~ the contribution of the concrete 
c 
to the fi~titious tensile strength will be small. There will be a considerable 
difference between the load to cause the first initiating flexural crack and 
that re~uired to develop the flexural capacity of the maximum moment sectiono 
If it is possible to continue to increase the load) several flexural cracks can 
occur 0 The development of inclined cracks initiated by outer fle.xural cracks 
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is much faster than for inner flexural cracks and the effect of these cracks 
more disastrouso Thus the horizontal projection of the critical flexure-shear 
may be greater for a beam with a high value of p/f u than for a beam with a low 
c 
value of this ratioo 
Web-Shear Cracks form as a result of excessive principal tensile 
stresses in the web of a beam. Web-shear cracks are more likely to occur in 
regions with high shear to moment ratioso Conditions conducive to their 
development are high prestress, thin webs, and short shear spans. The load at 
which web-shear cracks will occur can be calculated directly as outlined in 
Section 2.3. Furthermore, for beams subjected to concentrated loads, the shear 
stresses over the full length of the shear span are fairly constant any 
variation being due to the dead load of the structure. Since shear stresses 
form the major component of the principal tensile stresses, once web-shear 
cracking is initiated, it will quickly spread with increase in load, throughout 
the length o~ the shear spano The angle of inclination of web shear cracks 
can be calculated directly (Section 203}0 In the test beams J the horizontal 
center-to-center spacing for web-shear cracks was found to vary between 2 and 
5 ino j the cracks being more closely spaced in beams with higher shear stresseso 
Because of the effects local vertical compressive stresses y web-shear cracks 
did not form close to the load points, but were restricted more or less to the 
area beyond a radial line at a 45~dego angle through the load pointo 
One effect of inclined cracking is to cause a much faster rate of 
increase of steel stress with respect to increase in load for the point at 
which the inclined crack crosses the longitudinal reinforcemento This increase 
in steel stress necessitates the development of higher bond stresses, o.rthe 
distribution of these stresses over a much greater length of the reinforcement 0 
In cases in which the longitudinal reinforcement passes through the web, the 
development of these higher steel stresses can cause splitting along the 
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reinforcement as a secondar.y effect of inclined cracking 0 In continuous beams 
this longitudinal reinforcement may be draped through the web in order to 
provide reinforcement at the most advantageous positions for alternate moment 
regions 0 If inclined cracking causes such splitting, this splitting marks the 
end of the useful life of the beamo The splitting action can be prevented by 
spacing web reinforcement along the length of the longitudinal reinforcemento 
Cd) Observed Crack Patterns for Beams with Bond Slip Failures 
Two of the test beams, BOo090058 and BOo080045 failed by bond slip 
of the prestressing wireso Several of the other test beams showed signs of 
bond distress at a critical section although the final mode of failure was not 
affected 0 This bond distress was most prevalent at sections were the nominal 
effective depth was 8-1/2 ino 
In all cases, the pattern of behavior was the same 0 Flexural 
cracking occurred at the section where bond distress developed, at or about the 
calculated flexural cracking load 0 The cracks developed extremely rapidly to 
almost full heighto Further increase in load caused little or no increase in 
crack heightJ but a marked increase in crack widtho If there was more than one 
flexural crack, this increase in width was localized at one of the crackso For 
both beams that failed in bond, only one crack developed in the moment region 
where bond slip final~ occurred 0 At failure, the width of this crack at the 
level of the steel was in excess of a 1/2 ino A photograph of this crack for 
beam BOo080045J immediately prior to bond slip is shown in Figo 35ao The 
numerals marked on the beam indicate the height of the crack at various load 
increments 0 The rapid rate at which the crack developed and its excessive width, 
can be seen clearly 0 
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(f) Observed Crack Patterns for Beams with Shear and Flexural Failures 
It 'Was found that the type of crack pattern that developed, depended 
primarily on the average ratio of longitudinal reinforcemento For beams with 
low reinforcement ratios, less than 000023 crack~ng was characterized mainly 
be the develoFment of flexural cracks. For beams with moderate reinforcement 
ratios, less than 0.0029 but greater than 0.0023, cracking was characterized 
mainly by the development of flexure-shear crackso For high reinforcement 
ratios, greater than 0.0029, cracking was mainly due to the formation of web-
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shear crackso Minor modifications in these limits could be ascribed to the less II 
pronounced effects of changes in web thickness and concrete strength 0 The 
manner of development of the crack patterns depended primarily on differences 
in the relative stiffness of the beam in the positive and negative moment 
regions and on the amount and distribution of web reinforcement. 
Up to flexural cracking, all the beams behaved elastically, regardless 
of the manner of failure, or the amount of longitudinal reinforcement. Flexural 
cracking o~curred simultaneously or in quick succession in both the positive and 
negative moment regions. Quite often the flexural crack would form a little to 
one side of the sections of maximum moment or sometimes cracks would form 
simultaneously on both sides of the sectiono This behavior could be attributed 
to the local effects of the draping saddles and the sudden change in direction 
of the prestressing wires. It was quite common for the crack at the section of 
maximum moment to d.eve lop at a higher load. 
A better unjerstanding of the pattern of crack development beyond 
flexural cracking can be obtained if the shape of the moment diagram is 
examined. In Fig. 36 the moment diagram for the load in excess of a flexural 
cracking load is shown by the solid line ABCDE. The flexural cracking strength 
of the beam is indicated by the broken lines FGH, JKL, MNO. It can be seen 
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that for the region of the beam between load points, a w~ch greater increase 
in load is necessary to extend appreciably the range of flexural cracking than 
for the portions of the beam outside of the load pointso This is due to the 
much steeper moment gradient between the center support and load point than 
between the load point and end supporto 
In the beams with low longitudinal reinforcement ratios, the initial 
flexural cracks penetrated quickly through the web and into the opposite flange 0 
For one beam BOo080035, with a high concrete strength, these cracks slowly 
increased in width with increase in load, but no additional cracks developed 
before crushing of the concrete occurredo In other beams with low concrete 
strengths, for example AOo130064 and BOolOoo43 further flexural cracks 
developed outside of the original flexural crackso As predicted from examina-
tion of the moment diagram these cracks developed most rapidly between the load 
point and end supportso Towards the end of the life of the beam some of these 
cracks, especially those in the region of the beam between the load pointsJ 
began to bend over and develop into flexure-shear cracks as a result of 
increased shear stresses. In general these cracks did not affect materially the 
strength of the beam since all these beams developed their full flexural 
capacities 0 A photograph of this general type of crack development for beam 
AOo130064 is shown in Figo 35bo 
In the beams with moderate longitudinal reinforcement ratios O~ 
thick webs, the increased load necessary for a flexural failure required the 
develop~nt of higher shearing stresses and resulted in inclined crackingo If 
the development of these flexure-shear cracks was unrestrained, the beam failed 
in shearo If these flexure-shear cracks were restrained by web reinforcement, 
cracking developed further and at higher loads, took the form of web-shear 
cracks 0 These web shear cra.cks eventually spread throughout the length of the 
beam between the load pointso 
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For the beams that failed in shear, differences in effective depths 
in the positive and negative moment regions had a marked effect on the crack 
patternse Flexural cracking causes a redistribution of moment and attracts 
more moment to the stiffer sectiono Since the moment of longitudinal reinforce-
ment was kept constant throughout the length of these beams the stiffer section 
was the section with greater effective depth. In beams with moderate longitudinal 
reinforcement ratiOS, inclined cracks developed usually from flexural cracks and 
consequently, the behavior of the beam beyond this stage, depended on the 
moment region in which the stiffer section was locatede 
If the stiffer section was in the negative moment region over the 
center support, then a sizeable increase in load was necessary in order to 
cause additional flexure-shear crack development at this section. This increase 
in load was generally sufficient to allow the development of flexural cracks in 
the less stiff section under the load pointe These flexural cracks would 
generally originate outside the load point and develop into inclined crackso 
Failure resulted from premature developments of inclined cracks in either moment 
regione In the negative moment region, failure was triggered by the inclined 
cracks bending down along the line of the reinforcement and causing splitting 
of the concrete around the wires from the negative to the positive moment 
region. Figure 37a shows this type of failure for beam BOo080079o Failure as 
a result of premature development of an inclined crack outside of the load 
point is shown by BO.08.079 (Figo 30). 
For beams in which the stiffer section was in the positive moment 
region, inclined cracking remained confined ·to this regione Failure resulted 
from premature development of an inclined crack, either outside BOe12.064 
(Figo 37b) or inside AOo13007S (Fige 38a) at the load pointo 
For beams with approximately equal stiffnesses in both the positive 
and negative moment regions, cracking was again mainly confined to the positive 
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moment regiono In the beam of this type in which web reinforcement was 
included BWolOo073 the cracking at lower loads was much more well developed at 
the load pOints, than at the central supporto It was only later in the test 
when the presence of the web reinforcement had increased markedly the strength 
of the beam that inclined cracks in the form of web-shear cracks spread through 
the region of the beam between load pointso 
From this discussion it can be concluded that the flexural crack 
pattern that results from the shape of the moment diagram, has an important 
effect on the behavior of beams with moderate percentages of longitudinal steele 
In the test beams the flexural crack pattern allowed redistribution of moment 
from the stiff to the less stiff section if the latter was at the load pointo 
If, however, the stiffer section was at the load point or if both sections had 
comparable stiffnesses, then this same crack pattern prevented moment 
redistribution 0 Inclined cracks in the negative moment region were thus less 
critical than inclined cracks in the positive moment region 0 
In the I-beams with high longitudinal reinforcement ratios, both 
flexure-shear and web-shear cracks developed. The higher the percentage of 
reip50rcement and the lower the concrete strength the earlier this latter type 
of crack developed. 
The s~ flexure crack mechanism as described previously again 
allowed the redis~~ibution of moments from center support to load point} but 
not in the reverse order. The crack patterns of beams AOo130078, BOo12:071, 
BOo08.o59 show this behavior 0 However, in beams without web reinforcement 
the early onset of web-shear cracking in the region between the load points 
led to primary failures of these beams as a result of the inclined cracks 
bending over and causing splitting along the reinforcemento The inclusion of 
web reinforcement prevented the propagation of this splitting, allowed tb~ 
development of additional web shear cracks in this regionJ and permitted the 
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beam to carr.y higher loads. The spacing of these web-shear cracks decreased, 
with increase in the load between the formation of the initial cracks and 
ultimate. This behavior is exemplified in beams BWolO.07l, BWolO.102, and 
BWolO.103o 
(g) Comparison with Results for Simply Supported Beams 
It has been hypothesized in Chapter 3, that the continuous beam can 
be considered to consist of a series of elemental parts or sections intercon-
nected in some manner 0 For the interpretation of the crack patterns, the 
maximum moment regions can be considered as the elemental parts and the regions 
on either side of the points of contraflexure, part of the interconnecting 
mechanism. The crack patterns observed at the maximum moment regions were 
essentially similar to those recorded for simply supported beams. The regions 
of contraflexure represent a speci81 condition. In these regions shear stresses 
can exist with little or no bending and no vertical compressive stresses. 
Consequently, the only cracks that could occur in these regions are web-shear 
cracks 0 
Splitting along the draped reinforcement initiated as a result of 
inclined cracking in the region between the load point and center support had 
a disastrous effect fo~ the continuous beams. Splitting had been observed in 
simply-supported beams with draped longitudinal reinforcement, but attention 
bad been concentra~ed primarily on the inclined crack that occurred immediately 
prior to cracking. However) it appeared from the observed crack patterns for 
the continuous beams} that if this splitting was not initiated the beams may 
have been able to carry additional load. For the continuous beams s~litting 
along the wires destroyed the connecting mechanism between the positive and 
negative moment regions and the beam failed. 
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For continuous beams which developed flexure-shear cracks, it was 
fo'~d that the shape of the moment diagram bad an important effect on the 
behavior beyond flexural cracking 0 This effect was a result of the indeter-
minacy of the structure 0 The shape of the moment diagram allowed redistribution 
from the stiff to the less stiff section if the less stiff section was at the 
load point, but prevented redistribution if the load point had a stiffer or 
comparable stiffness to the center support sectiono As a result inclined 
cracks in the negative moment region were less critical than inclined cracks 
in the positive moment region 0 
505 Modes of Failure 
A prestressed or reinforced concrete beam may fail in different modes 
depending on the properties of the materials used, the proportions of the 
member and the type of loading 0 In proportion to the relative influence of each 
of these factors the mode of failure is broadly classified as flexure, shear or 
bond 0 In a continuous beam] there are several critical sections and failure may 
be imrrdnent at a number of these sections in any one or in a combination of 
these modesa Rupture of the beam, at one of these sections constitutes failure 
and the corresponding mode of failure for the continuous beam is the mode of 
failure at this rupture sectiona 
Valuable design information can be obtained from an examination of 
the effect of the mode of. failure on the strength, degree of redistribution 
and the violence of failure of the test beamso The useful strength should be 
limited to that portion of the observed strength which is directly reproducible 
for similar beams, having the same mode of failureo For economy it is desirable 
that before failure as much redistribution as is necessary to develop fully the 
strength of as many components of a beam as possible should occuro For safety 
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the mode of failure should be such toot there is aIII.Ple warning of the impending 
failure, and that it is as gentle as possibleo 
(a) Flexural Failures 
A continuous beam is said to have failed in flexure if rupture occurs 
primarily as a result of the bending stresses. Of the 24 beams tested, 6 beams 
bad definite flexural failureso For a flexural failure, either the concrete 
must crush over the full depth of the compression zone, or the tension rein-
forcement must fractureo For a given beam and a given loading, the load and 
deflection developed for a flexural failure represent the maximum reproducible 
load and deflection for this beam 0 For optimum utilization of the strength 
and ductility of the materials cOIII.Posing a continuous beam, flexural failure 
should not occur before first crushing of the conc~ete or yielding of the 
longitudinal reinforcement at several sections in the beam 0 
The type of flexural failure, the warning of the impending failure 
and the violence of the failure depend primarily on the value of p/f v for the 
c 
beam at the failure sectiono If the value of this ratio at the section is 
extremely low, the steel may fracture before the concrete crushes 0 If the 
value of plf' is extremely high, the concrete may crush over the full depth of 
c 
the compression zone before the tension reinforcement yields. At intermediate 
values of this ratio both concrete crushing and steel yielding occuro 
If the steel fractures before the concrete crushes, the cracks in 
the beam are <lui te wide 0 There is ample warning of the impending failure but 
final rupture is <luite sudden 0 Beam BOo08.035 had a very low value of p/fvo 
c 
Fracture of the steel closely followed first crushing of the concrete and in 
general the beam exhibited all the failure characteristics mentioned above 
If the beam bas a moderate value of p/f v, the steel yields before 
c 
the concrete crushes over the full depth of the compression zone. There is 
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ample warning of the impending failure since the cracks are fairly wide .. and 
the defle ction increases quite rapidly 0 Provided the neutral axis lies '."':." .. 
in the compression flange, the failure is gentleo Beam BOo130050 bad a low 
value of F/f u and failed in this manner (Figo 31)0 
c 
If the neutral axis lies in the web, first crushing of the concrete 
reduces drastically the compression zone and failure is very violento 
Beam BWolOol03 had a bigh value of p/f u and failed in this manner (Figa 39a)o 
c 
(b) Shear Failures 
A beam is said to have failed in shear if rupture is initiated as 
a result of the development of an inclined crack 0 Of the 24 beams tested~ 
11 had definite shear failureso Shear failures result from a combination of 
bending and shearing stresses and can occur at any section in which both these 
types of stresses are presento 
Inclined cracking marks a very critical stage in the history of any 
beame In a beam without web reinforcement, the development of the inclined 
cracks is unrestrainedo Consequently, the behavior beyond inclined cracking 
may be unpredictatle. Often, the shear failure occurs immediately after the 
formation of the inclined crack 0 In a beam with web reinforcement, the 
develop~ent of the inclined cracks is partially restrainedo If sufficient web 
reinforcement is i~clined the beam may develop its flexural capacity 0 
The strength of a beam failing in shear is smaller tr~n that of a 
comparable ~eam fa~ling in flexureo Furthermore, the ductility corresponding 
to the shear failure may be considerably less than that for the flexural 
failure 0 Beams without web reinforcement may have an apparent increase in 
ductility due to the opening of the inclined crackso Since there is no clear 
division between shear and flexural failures, a test beam was said to have 
failed in shear if it appeared that the inclined cracking had destroyed appre-
ciably beam action. 
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In the test beams without web reinforcement, the shear failures 
could be subdivided into two categories~ (1) failure by shear-compression 
and (2) failure by the web distress. Failures by shear-compression were 
initiated by flexure-shear cracks and included the transitional type failures 
described later in this section. Failures by web distress were initiated by 
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web-shear cracking. I 
Shear-compression failures resulted from crushing of the concrete 
above an inclined crack or a combination of flexural and inclined crackso 
Conditions conducive to this type of failure were moderate longitudinal rein-
forcement ratios, thick webs and high concrete strengths. The higher the 
longitudinal reinforcement ratio, the thinner the web, and the higher the 
concrete strength, the quicker was the development of the inclined cracks, after 
flexural cracking and the more violent the failure. Shear-compression failures 
always occurred through flexure-shear cracks penetrating into the regions of 
the beam around the load points. Two of the beams BOo12.o64 and Bo.08.057 
failed through the development of flexure shear-cracks in the region of the 
beam between the load-point and end support. The failure of beam BOo12.064 is 
shown in Fig. 37b. Beam BOo08~057 with the greater longitudinal reinforcement 
ratio and higher concrete strength bad a more violent failure. Three beams 
AOo13.094, AO.13.079 (Fig. 38a) and BO.lOo053 failed through the development 
of flexure-shear cracks in the positive moment region of the beam between the 
load point and center support. For beam AOo13.094 with the higher longitudina~ 
reinforcement ratiO, the failure was the most violent and there was little 
warning. 
Web distress failures resulted from the development of web-shear 
cracks in the negative moment region of the beam or in some cases as a result 
of simultaneous formation of these cracks in both moment regionso An examination 
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of Figso 29 to 33 shows the pattern of development of these cracks 0 Web-shear 
cracks in the negative moment region formed initially on radial lines passing 
through the center support and inclined at about 45 degress to the horizontalo 
If the beam continued to carry load, an increase in load caused the formation 
of additional web-shear cracks, further away from the center support and 
inclined at progressively smaller angles to the horizontal. It has been shown 
in Chapter 2) that if a beam is to carry additional load beyond inclined 
cracking, high stresses must develop at the position where the inclined crack 
crosses the longitudinal reinforcemento In the test beams, the location of the 
longitudinal reinforcement in the web at the sections where the inclined cracks 
developed, and the progressive diminution of the angle of inclination of the 
inclined cracks and the reinforcement with distance from the center support 
made the development of these stresses extremely difficulto Splitting along 
the reinforcement resultedo Either the web of the beam was completely destroyed 
or the splitting caused excessive deflections of the span and a non-recoverable 
reduction in the load carried by the beam. 
Although the behavior of beams with web distress failures appeared 
to be erratiC} certain definite trends were detectedo The length of the negative 
moment region over which the web-shear cracks extented and the violence of 
failure varied primarily with changes in the longitudinal reinforcement ratioo 
Beam BOo08.079 had a relatively low percentage of longitudinal reinforcemento 
Prior to ~ailureJ the web-shear cracks had extended almost the full length of 
the nega ti ve moment region and bad opened very wide. When splitting was eventual-
ly initiated, there had been ample warning of the impending failure and the 
failure itself was relatively gentle (Figo 37a}0 Beams BOo12007l, BOo09.075 and 
BO.IOo076 had higher longitudinal reinforcement ratioso The web-shear cracks 
extended over a shorter length, did not open as wide and failure was much more 
violent. In beams BO.09.075 (Figo 39b) and BO.IOo076 failure was explosive 
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and completely destroyed the webo In beams BOo080115 (Figo 40a), BOo080059 
and BOolOo077 with high longitudinal reinforcement ratios the first web shear 
cracks that formed ~uickly initiated splittingo The failure was much more 
gentle and at a much reduced percentage of the calculated flexural capacity 0 
In the beams without web reinforcement the percentage increase in 
load carried beyond inclined cracking appeared to be primarily a function of 
the average longitudinal reinforcement ratio. The larger percentages of load 
increase occurred with the smaller average longitudinal reinforcement ratios. 
The actual values ranged from about twen~ percent for the beams with about 
0.0020 longitudinal reinforcement ratios down to about ten percent for the 
beams with about 0.0040 longitudinal reinforcement ratioso 
Changes in the position at which the first inclined crack formed, 
or in the location of the stiffer section, did not appear to alter this per-
centage increase in load. The only generalization that could be made was that 
rupture generally occurred at the stiffer sectiono 
Of the five beams tested with web reinforcement, only one beam had 
a definite shear failure 0 Two of the other beams) showed definite influence of 
the opening of the inclined cracks, but developed their calculated flexural 
capacities 0 
However, for these three beams) the basic modes of failure were the 
same as those for beams without web reinforcement. Two of the beams, 
BW.IOo072 and BWolO.102) had shear-compression failures resulting from the 
development of flexure-shear crackso The beam BWolOo075 (Figo 40b) that 
failed in shear had a web distress failure as a result of the development of 
web-shear cracks in the region without web reinforcemento 
For all three beams the addition of web reinforcement increased the 
strength and the reliable ductility of the structure, Moreover, the failures 
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were less violent than shear failures without web reinforcement and for beam 
BWolOol02, less violent than the expected flexural failureo 
(c) Transitional Failures 
Under certain circumstances a failure cannot be said to be either a 
definite shear or a definite flexural failureo In the test beams, it was not 
unusual for both the flexural and inclined cracks to be fully developed at the 
failure section and for final failure to occur by crushing of the concrete 
above a combination of these cracks 0 Some beams developed close to their 
calculated flexural capacities and yet appeared to suffer a partial loss in 
beam action due to inclined cracking 0 These failures could not be classified 
as flexure or shear-compression 0 They were classified as transitional 0 Of the 
24 beams tested, 5 bad transitional failureso 
In the beams without web reinforcement and transitional failures, 
AOo13oo64, BOo080057, BO.IOo053, final failure was quite violent and occurred 
along the plane of a newly developed inclined crack 0 In the beams with web 
reinforcement and transitional failures BWolOo072, BWolOol02, the inclined 
cracks at the failure section opened quite wide and final failure occurred 
along one of these cracks 0 The failure was less violent than would be expected 
for a flexural failure. 
(d) Bond Failures 
A beam was said to have failed in bond if there was complete slip 
of the longitudinal reinforcement between the zone of flexural cracking and 
the end of the beam. If such a slip occurs, the reinforcement is no longer 
anchored, the prestress is lost, and the wires move into the beamo There is 
a progressive failure of the beam under a steadily decreasing load. 
Two of the beams tested, BOo09.058 and BOo080045 failed in bondo In 
both beams there was complete slip of the reinforcing wires, between the 
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fle~~al cracking zone under the load point and the end of the beam. In both 
beams the behavior beyond flexural cracking for this load point section was 
erratic 0 
(e) Co~arison with Simply-Sup~orted Beams 
The modes of failure for the continuous beams were similar to those 
reported in References (2L (3) and (4) for simply-supported beams. However, 
it must be emphasized that in a continuous beam) there are several critical 
sections at which failure can occuro The actual mode of failure for the con-
tinuous beam was defined as the mode of failure at the rupture section. At 
failure} one span of the continuous beam was completely destroyed while the 
other span remained intact. For simply-supported beams, failure completely 
destroyed the beam. 
For both continuous and simply-supported beams two broad categories 
of failure have been distinguished~ flexure and shear. The latter category 
has been subdivided f~ther into shear compression and web-distress failures. 
Although there was some correlation between the web-distress failures for the 
continuous beams and the simply-supported beams, the exact nature of the failure 
was slightly ~ifferent. In the continuous beams the reinforcement was draped 
through the web of the beam between the positive and negative moment regionso 
The formation of i~~li~ed cracks in the region between the load point and 
central suppcrt initla~d. splitting along the reinforcement and resulted in a 
large and. non-recove:-a':.::e :-eduction in the load carried by the beam. For the 
continuous beams this splitting was a common mode of failure. The same split-
ting action was observed for simply-supported beamso However, this occurrence 
~as not common and if it did occur it completely destroyed the reinforcement 
anchorage and the ability of the beam to carry loado 
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The behavior of the test beams showed that shear failures in 
ccntinuous beams were more violent than in comparable simply-supported beams. 
This was a direct result of the fact that the magnitude of the shears deTeloped 
in the continuous beams was larger than that in simply-supported beams. 
5.6 Measured Strains 
In the analysis of prestressed or reinforced concrete sections 
subjected primarily to bending forces, two assumptions are commonly made. 
These assumptions are~ (I) Strains are distributed linearly over the depth of 
the section, and (2) failure will occur if the strain in the concrete reaches 
some useful limiting straino The applicability of these assumptions for 
analyses of sections in simply-supported beams, bas been discussed in 
References (2), (3) and (4)0 
One of the primary objects of this investigation is to extend the 
range of knowledge of behavior that is applicable to simply-supported beams to 
include continuous beams. As a result, an examination of the above two assump-
tions is a basic re~uirement. 
(a) Concrete Strains 
In all beams electrical resistance strain gages were used to measure 
the concrete strains at the extreme compression fibers at each maximum moment 
section. In addition, a lO-in. Whittemore gage was used to measure the dis-
tributions of the concrete strains over the depth of the beams at the same 
sections. In two beams, electrical resistance strain gages were also used to 
measure the strain distributions over the length and depth of the beam at 
intermediate sections. Details of the exact locations of these gages are given 
in Appendix Ao 
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Two types of plots were used to examine variations in the measured 
concrete strains at the extreme compression fiberso In one plot the increase 
in concrete strain was compared with the increase in load over the same 
incrementa In the other plot~ the increase in concrete strain was compared 
with the increase in midspan deflectiono 
A load-concrete strain relationship is similar in many respects to a 
load-defle ction relationship 0 Whereas the latter relationship is used to 
interpret the response of the beam as a complete unit, the former relationship 
can be used to interpret the response of a particular section. Changes and 
effects which may not be obvious from the load-deflection relationships should 
be reinforced by and duplicated in the load-concrete strain relationshipo Thus, 
load-strain curves are useful in estimating the contribution of each critical 
section. 
Figure 41 shows load-concrete strain curves for three different 
beams. In each case, the concrete strain is that recorded by a gage mounted 
at the load point in the failure spano All three beams, BOo12.064, 00.100053 
and BWolO.072 had the same effective depth, approximately the same concrete 
strength and the same cross-sectional shape at the load point. Beam BOo120064 
r~d a smaller effective depth at the center support, than the other two beams 
and beam BWolOo072 bad web reinforcemento Flexural cracking, inclined cracking, 
and first cr~shing are indicated on each ploto 
The load concrete strain curves of Fig 0 . 41 . a'r. e typical of those 
obtained for most beams. Each plot shows essentially the same characteristicso 
In any load-concrete strain curve, there are four stages of behavior (1) prior 
to flexural cracking, (2) between fle~al cracking and inclined cracking, 
(3) between inclined cracking and first crushing, and (4) beyond first crushing. 
There is an almost linear relationship between load and concrete strain up to 
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flexural cracking 0 The slight curvatures that do occur may be attributed 
to non-linearity in the stress-strain relationship for the concreteo At flexural 
cracking there is a change in slopeo The abruptness of the change depends pri-
marily on the difference between the flexural cracking moment and the ultimate 
moment at the sectiono Between flexural cracking and inclined cracking there 
is a gradual increase in the rate of development of concrete strains 0 Inclined 
cracking does not cause a sudden change in slope; however, beyond inclined 
cracking there is a range of loading over which the rate of increase in con-
crete strain is approximately constant 0 It is not until significantly higher 
loads that the rate of development of the concrete strains again increaseso 
Beyond first crushing, the concrete strain measurements are no longer reliableo 
Figure 41 shows the effects on the load-strain curve of differences 
in the mode of failure and amount of web reinforcemento Beams BOo120064 and 
BOolOo053 bad no web reinforcemento Beam BWolOo072 had web reinforcemento 
Beam BOo12.o64 failed in shear compression 0 Beams BOolOo053 and BW.lOo072 had 
transitional failures. Prior to inclined cracking the load-strain curves were 
essentially similar. After inclined cracking, the rate of increase in concrete 
strain depende~ on the rate of development of the inclined crackso In beam 
BO.l2006h th~ inclined cracks opened ~uickly. Higher strains developed at 
lower loads and failure soon occurred 0 In beam BOolOo053 the inclined cracks 
opened more slowly than in beam BOo12oo64 J but much faster than in beam BWolOo072 
with web reinforcement. The fact that beam BO.IO.053 was able to develop its 
flexural capaci~y ~~st be attributed to the confining effects of the load 
points. Beyond inclined cracking, the concrete strains developed in beam 
BWolO.072 were much lower than in beams BOo120064 and BO.lOo053 and the behavior 
of the beam was much more desirableo 
Concrete strain-load point deflection plots are essentially linear 
beyond inclined craCking. Because of this linearity these plots can be used 
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to determine i~ readings are consistent} and to estimate values of the strain 
at failu:re by extrapolation from the measured values 0 In the test beams,9 
~oncrete strains at the center support section were compared with the increase 
in the average of the load point deflections for the two spanso 
Figure 42 shows concrete strain-load point deflection plots for 
different gage positionso It can be seen that these plots show four 
characteristic stages of behavior 0 These stages correspond to behavior (1) 
prior to flexural cra~ki4g3 (2) between flexural cracking and inclined cracking, 
(3) betwe~n inclinea ~racking and first c~Jshing, and (4) beyond first crushiDgo 
The ease with ~~i~h these stages could be determined from any plot depended 
prirre.rily cz: the gage p~si tion 0 For gages at the sections of ID9.,YimlJ.!1l moment 
(cUI"'.[e~. A_, B and C) there is an almost linear relationship between deflection 
and concrete strair: up to first crushing 0 Beyond·-·first crushing the relation-
ship remained li~ear 0~~Y if the concrete at the gage p8sition was confined 0 
For gages at pcsiti:::ms intermed.iate between the :maxi..mUll1 :nom.ent sections .. 
(c;;1J.rves z,? E a::.::2 f') tt.e stages marked. distinct changes in the concrete strain-
deflect-ioI! ::·..L~!=S, H~·.,le-\ter.l beycnd. inclined cra(:king:, the; relationships were 
all eS5ent:"a2.l~r li~e3.:-, Cc-::::rete strain~deflection plr;:;ts showed no obvio1J.s 
effe':!t ~! t~s :i:'ffe!"-==~ -rariables. 
F:_g~e L:.~a S!:l~""5 9. ?lC)t of the !"elationship between the maximum 
C;;O:lcrete st:-air- a ~ fi!"s t ,:!"u.s:r.i.!1g and the concrete strengtho The plot indicates 
little variati~n in :t= ~b:erved crushing strain with concrete strength 0 
Furthen:n~T'e, i!1 a,:~o!"'c.:a.n':E l.lith p=evious test results References (2)" (3) and 
(4)) a reas~nable a?erage yalue for the concrete strain at first crushing was 
000040 
Fig.~e 43b sh~ws a plot of the relationship between the maximum 
concrete strain in the extreme compression fiber at fail,xre and the concrete 
strength for flexural and transitional failureso The extreme compression fiber 
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strain was obtained from extrapolation of the concrete strain~deflection plots 
mentioned previouslyo No definite conclusions can be drawn from this ploto 
However J it is obvious that extreme fiber strains greater than Oo004J were 
developed in order that these beams should fail in flexure 0 Moreover J the 
beams with transitional failures appear to have developed lower ultimate strains 
than comparable beams with flexural failureso Undoubtedly the ability of the 
concrete to develop strains in excess of about 00004 depends on the confining 
effects of the local application of concentrated loadso From the plot in 
Figo 43b, a reasonable minimum value of the extreme fiber strain for a flexural 
failure was about 000060 
In two beams BWalO.075 and BWolOol02 the variation in the extreme 
fiber strains on the compression surfaces of the beam was measured for the 
length or the beam between load pointso Figure 44 shows the variation for beam 
BWolO.075 and Figo 45 for beam BWolOol02o The solid lines indicate the strains 
in the positive moment region} and the broken lines the strains in the negative 
moment region 0 In an actual beam these strains OCC1~ en opposite surfaces of 
the beam for opposite moment regions J and they have been shown as one in the 
figures for convenienceo These two figures show definite trends correspcndL~g 
to different stages in the behavior of the be~ and to differences in the modes 
of failureo In both figures diagram (a) shows the strain distribution at 
flexural crackingJ diagram (b) shows the strain distribution after inclined 
cracking is well developedo In Figo 44J diagram (c) shows the strain distribu-
tion for beam BWolOo075 immediately prior to failureo The beam failed in 
shear 0 In Figo 45 diagram (c) shows the strain distribution at first crushing 
for beam BWolOol020 Diagram (d) shows the strain distribution at ultimateo 
The beam bad a tranSitional failureo 
In both figures diagram (a) shows that prior to first flexural cracking 
a section the strains are distributed almost linearly over the length of the. 
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beam 0 ~ter first flexural crackingJ there is a slight concentration of the 
strains at the c~acke~ sectiono Diagram (b) shows tr~t for the stage of loading~ 
in which inclined cracking is ae7eloped at each section of maximum moment, there 
has been a sharp increase in the strain concentrations at these sections 0 
However, over the rest of the length of the be~ where flexural cracks have not 
developed the strain distribution is still essentially linearo 
For the shear failure of beam BWolOo075, diagram (c) of Figo 44 shows 
that immediately prior to failure, there was a concentration of the strains in 
the side of the beam with the most pronoU-.'1.ced inclined cracks 0 In, contrast, 
diagram (c) of Figo 45 shows that at the load for which first crushing had 
developed at both loa1 points in beam BWolOol02 there had been no such strain 
con~entrations in either spano Diagram (d) of Figo 45 shows that at the load 
for which beam BWolOol02 developed its full flexural capacity, the strains had 
increased sufficiently fol" crushing to ba.ve occurred in each ID9.ximum moment 
region 0 The strain concentration at the right load point shows the increased 
development of the inclined cracks in the region of the beam between this load 
point a~d the enQ s~pporto The beam ~as said to have a transitional failure 
because of the effect of the development of these cracks 0 From observations 
of the behavic!" of the other test beams and from the measured concrete strains 
at the critical se,:tic!1s for these beams ,9 it is highly probable that the same 
strain distributi~D, cr.:.a!"ac::teristics could. rJ8.'Ve been observed in these other 
beams,~ bad the same measuremen~s been ms.c.e 0 
Seve:ral conclusions can be drawn from the measurements and plots of 
the concrete strains on the compression sUTfaces of the beamso The load~ 
concrete strain plots J concrete strain~deflection plots and the plots of dis-
tribut.ion ·of the concrete strains along the compression surfaces all showed a 
maximum of four critical stages terminated by flexural cracking, inclined 
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cracking, first crushing or rupture 0 The magnitude and rate of development of 
the concrete strains in each of these stages were indicative of the behaYior of 
the beamo Too fast a rate of development of concrete strains at one section in 
relation to the concrete strains at the other critical sections indicated that 
inclined cracking was affecting the behavior of the beam at this sectionu If 
this development occurred prior to a strain for which first crushing could be 
expected a shear failure generally resultedo If this development occurred after 
or at about the strain for first crushing, a transitional failure generally 
resulted 0 
(b) Distribution of Concrete Strains over the Depth of the Beam 
It has been pointed out that it is common to assume that strains vary 
linearly over the depth of the beam 0 Warwaruk (2) conclud.ed from measurements 
made in a constant moment region of simply supported beams that the strains 
measured in the compression zone varied linearly with the depth to the neutral 
axis 0 Furt~e~Grej that although disturbances occurred in the measured strains 
in the tension zone due to cracking, these strains were such that the average 
strain ~i5t~ib~tion 07er the depth of the beam, was linear or nearly linear 0 
In the ccntinuous beams tested, the strain distributions over the 
de~th of the be~ ~ere measured over a lO-ino gage length at each section of 
maximum m0~n:', Although disturbances occurred because of the distribution of 
cracks at the sections certain definite trends were detectedo These trends are 
best discusseQ in te~ of specific exampleso Fi~~es 46 and 47 show typical 
crack patterns and strai~ distributions for two beams j BOolOo053 and BWolOol02o 
Beam BOolO.053 bad a loy. lo~~itudinal reinforcement ratio and no web reinforce-
mento Beam BWolO.102 had a high longitudinal reinforcement ratio and web 
reinforcement 0 Both beams bad transitional failures 0 
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Figures 46 and 47 show that as long as the cracking was essentially 
flexural} the strain distribution over the depth of the beam was practically 
linear 0 The rate of development of tensile strains in the steel was much 
greater than the rate of development of compressive strains in the concreteo 
This result would be clearly indicated by the distribution of the strains 
over the central support for beam BOolOo053 in Figo 460 
However} once inclined cxacks developed outside the length over which 
the measurements were taken, the strain distribution became non-linear and the 
position of the neutral axis rose quickly 0 By the time these cracks had 
developed into full-fledges inclined cracks the position of the neutral axis 
bad stabilized and remained fairly constant throughout the remainder of the 
life of the beamo Beyond inclined cracking the rate of development of the 
concrete strains increased while the rate of development of the steel strains 
decreasedo Moreover} a comparison of Figso 46 and 47 shows that the presence 
of web reinforcement did not alter significantly this pattern of behavioro 
In beam BWolOo075 the distribution of the concrete strain over the 
depth of the beam} at sections intermediate between the maximum moment sections 
were also measured 0 Because of the limited nature of these measurements no 
generalization coulQ be made. However, as was to be expected from the manner 
of variation of the center of the compreSSion force j the position of the 
maximum compressive strain was no longer at the extreme fiber} but at some 
depth away tOward the center of the beam 0 Inclined cracking caused the depth 
at which this maximum strain occurred to increase markedly for sections between 
the inclined crack and the point of contraflexureo 
(c) Steel Strains 
Strains in the reinforcing wires were measured using electrical 
resistance strain gageso In the first ten beams tested strains were measured 
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at each maximum moment region and at the pOints of contraflexureo In the next 
twelve beams strains were measured at each maximum moment region and at 14 ina 
on either side of the maximum negative moment portiono In the last two beams 
tested, BWolOo075 and BWolO.102 strains were measured at each maximum moment 
region, at 14 in. on either side of the maximum negative moment position, at 
the points of contraflexure and at 14 ino away inside of the load points 0 
Details of the position and manner of application of these gages are given in 
Appendix Ao 
The positions of the gages were chosen so as to determine if a 
relationship existed between the strains measured by these gages and the 
behavior and mode of failure of the beamso Prior to cracking of the concrete, 
the strain in the steel should be equal to the strain in the concrete at the 
level of the steel. In the case of the gages at the points of contraflexure J 
cracking seldom extended as far as the gages unless it was extremely late in 
the life of the beam. Until this stage was reached, the chief purpose of these 
gages was to indicate shifts in the points of contraflexure or the length over 
which bond distress extended due to cracking at some other point in the positive 
or negative moment regiono The gages placed 14 ino away from the maximum 
moment pOSitions were at distances approximately equal to the maximum length 
of the horizontal projection of the first inclined crack in this moment region 0 
The purpose of these gages was to determine possible relationships between the 
steel strains at these positions and at the maximum moment pOSitions in crder 
that an understanding could be developed of the manner in which the steel 
strains varied over the length of the inclined cracko 
Two plots, similar to those made for concrete strains, were used to 
examine variations in the measured steel strains 0 In one plot, the increase 
in steel strain at a section was compared with the increase in loado In the 
-128-
other plot the increase in steel strain was compared with the increase in 
midspan deflectiono 
Figure 4b shows load-steel strain curves and the corresponding crack 
patterns for the center support section of two beams BWolOol02 andBOolOo076o 
Two curves are shown on each load-steel strain diagram o Curve 1 corresponds 
to the load-steel strain curve for the gage nearest the position of maximum 
moment (see crack pattern diagrams for location). Curve 2 corresponds to the 
load-steel strain curve for the gage approximately 14 ino away from the maximum 
moment positiono Flexural cracking at the section of maximum moment and the 
corresponding inclined cracking at the section 14 ino away are indicated on 
each diagramo The curves are typical of load-steel strain curves for the 
different beams testedo 
The gages at the maximum moment sections showed three significant 
stages of behavioro These stages were (1) prior to flexural cracking (2) 
between flexural cracking and inclined cracking, and (3) beyond inclined 
cracking. The gages at the sections 14 ino away showed three significant stages 
of behavior only if the inclined cracks developed slowly as flexure-shear cracks. 
In general, the development of cracking at this section was relatively rapid 
and the gages showed only two stages of behavior (1) prior to inclined cracking 
and (2) after inclined cracking 0 
Until just prior to first cracking at a section there was an almost 
linear relationship between load and steel strain 0 At this stage the steel 
strains began to increase at a faster rate until flexural cracking occurredo 
This change can be attributed to an initiation of the actual cracking phenomenon 
before it was observed. At observed flexural cracking there was generally an 
abrupt change in slope and beyond flexural cracking the steel strains increased 
at a much faster rate 0 For gages at the section of maximum moment the onset of 
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inclined cracking caused a decrease in the rate of development of steel strainso 
For gages 14 in. away from the maximum moment section the onset of inclined 
cracking caused a marked increase in the rate of development of steel strains. 
The relationship between the rates of development of the steel strains at the 
two sections, beyond inclined cracking is best discussed in terms of the 
specific examples shown in Figo 480 
Beam BWolO.102 had enough web reinforcement so that the inclined 
cracks at the section shown did not open significantlyo The beam as a whole 
had a transitional failureo Beam BOolO.076 had no web reinforcement and the 
inclined cracks at the section shown, opened significantly 0 The beam had a 
nweb distress" failureo For beam BWolOol02 which had sufficient web reinforce-
ment, the rate of increase in steel strain beyond inclined cracking is almost 
constant for both gageso Moreover, the rate of increase is almost the same 
for both gages 0 In contrast, for beam BOolO.076, the rate of development of 
the steel strains at the section of maximum moment tends to decrease progres-
sively beyond inclined cracking, while the steel strains at section 14 ino away 
tend to increase progressively 0 Moreover, the average rate of development 
14 ino away is much faster than the average rate of development at the maximum 
moment sectiono At failure, the strains at the two sections are comparable 0 
The relationships shown by the two curves in each diagram of Figo 48J 
are typical of the relationships shown by the same gages in other beams that 
had the same behavioral characteristicso From these relationships it can be 
concluded that in the beams tested, the rate of increase in steel strain beyond 
inclined cracking was approximately constant over tr2 length of an inclined 
crack provided this section bad sufficient web reinforcement to prevent the 
inclined crack opening significantlyo If insufficient web reinforcement was 
provided, the rate of increase in steel strain beyond inclined cracking increased 
with increase in distance from the apex of the cracko 
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Figure 49 shows steel strain-deflection curves for load point 
sections of three beams~ BOolOo043, BOolOo076 and BWolOol02o Flexural cracking 
and inclined cracking are marked on each curveo In addition, a third point is 
shown, corresponding to the formation of the next fle~~ral crack at the load-
point sectiono The curves shown are typical of the steel strain-deflection 
curves for the different beams testedo 
These curves show three significant stages of behavior for gages at 
the maximum moment sectionso These stages were (1) prior to first flexural 
cracking at the section (2) between first and second flexural cracking, and 
(3) between second flexural cracking and ruptureo For all three stages the 
steel strain deflection curves were essentially linear with abrupt changes in 
slope at each limito 
A comparison of the curv-es in Figo 49 shows that there does not 
appear to be any major variations in slope for variations in the mode of 
failure 0 Beam BOolOo043 failed in flexure,)l beam 000100076 bad a web distress 
failure and beam BWolOol02 had a transitional failureo However, beyond 
inclined cracking the ell-ryes do show the effect of changes in the longitudinal 
reinforcement ratio 0 Beam BOolOoo43 had the smallest reinforcement ratio and 
showed the largest increase in steel strain for comparable deflections 0 
Beam BWolOol02 'With the largest longitudinal reinforcement ratio showed. the 
smallest increase in steel strain for comparable deflectionso 
A comparisoE of the strain in the concrete at the level of the steel 
as shown by the measured concrete strain distributions for beam BWolOol02 in 
Figo "47 with the measured steel strains for the same beam in Figo 48 shows that 
there is close agreement between the two valueso L~ some beams, the agreement 
was not as good, the measured values beir~ less than the comparable concrete 
strain valueso However, in all cases the same trends and variations with 
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flexural and inclined cracking were apparento In the cases where the agreement 
was not as good, the gages on the steel were usually several inches away from 
the actual crack and undoubtedly part of the stress in the steel bad been 
transferred to the concrete 0 From this agreement it can be concluded that for 
most of the beams there was "good bond between the concrete and steel at all 
stages of loadingo 
Cd) Relationship between Concrete Strains and Steel Strains 
The moment-curvature relationship for any section of a beam depends 
on the relation between the concrete strain and the steel strain at that 
sectiono If the relationship between concrete ~~d steel strains can be pre-
dicted accurately, the moment-curvature relationship can be calculated 0 
Furthermore} a comparison of the measured concrete and steel strains at a 
section provides a better understanding of the behavior of the beam fu~d the 
significant stages in the moment-curvature relationship 0 
Figure 50 shows plots of concrete ":versus steel strain for the 
center support section of several beamso The curves shown are typical of 
these cur-~es for maximum moment sections in other beams testedo The initiation 
of flexural and inclined cracking is marked on each curveo 
The CU7~es are plotted using the local concrete strain as measured 
by electrical resistance strain gages on the compression surface of the beam 
and local steel strains at the same section as measured by electrical 
resistance strain gages on the reinforcing wireso 
These curves show three significant stages~ (1) prior to flexural 
cracking~ (2) between flexural cracking and inclined cracking, and (3) beyond 
inclined cracking 0 In beams toot did not deyelop inclined cracks the third 
stage did not existo In beams with web reinforcement, these three distince 
stages still existed 0 
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Up to flexural cracking the ·:,u.r'yes were essentially linear 0 Both 
the concrete and steel strains at fle~lral cracking could be calculated 
directly on the basis of an uncracked section as outlined in Chapter 20 At 
flexural cracking there was an abrupt change in slope after which the curve 
was again approximately linear u~ to inclined ~rackingo Tr~ slope of the 
curve between flexural cracking ar.d inclined cracking appeared to depend pri-
marily on the p/f 1 ratio of the beamu Moreover, the c~ye appeared to have 
c 
approximately the same slope as a line joining the strains at flexural cracking 
to the calculated strains at ultimate for flexural failure at the section 0 
Beyond inclined cracking the manner in :'-Jhich the concrete strain~steel strain 
curve developed was primarily a functiofi cf the amount of we~ reinforcement at 
the sectiono For beams with sufficient web rein£orcement at the sections 
where the measurements were made there was an almost li~ear relationship 
between ·;;oncrete strain and steel strain up to failure 0 For beams in which 
the section had insufficient web reinforcement or no web reinforcement the 
concrete strain-steel strain relationship was initially linear but with further 
increase in load the concrete strains developed at an increasingly faster rate 
until failure occurredc 
These characteristics of the concrete strain-steel strain relationship 
are clearly illustrated in Figc 50a which shows a comparison of these curves 
for three beams c All three beams bad fle101.Tal failures.9 although web reir..force-
ment had to be provided. in beams BWolOo073 a!1Q BWolO.103c Beam BOolOco43 bad 
the smallest longitudinal reinforcement ratio and inclinei cracks did not 
develop lxotil immediately prior to the failure of the beam. Beam BWolOcl03 
had the largest longitudinal reinforcement ratioo Flexural cracking developed 
later in the life of the beam and inclined cracking earlier than in the other 
three beams. Although not illustrated in the diagram the steel strains {beyond 
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inclined cracking) generally developed at a slightly faster rate in the beams 
with the smaller longitudinal reinforcement ratioso However; this effect was 
by no means as marked as the change in slope caused by inclined cracking 0 
Figure 50b shows a comparison of these curves for the center support 
of two similar beams BWolOo073 and BOolOo076o Although the two beams had the 
same percentage of longitudinal steel, beam BWolOo073 had sufficient web 
reinforcement at this section and the beam failed in flexureo Beam BOolOo076 
had no web reinforcement and the beam had a ~web distress" shear failure near 
the section shown 0 Prior to inclined cracking and for a short while after, 
the two curves are comparableo At ~his stage the inclined cracks in beam 
BOolOo076 began to open significantly and the concrete strains increased at 
a faster rate than the steel-strainso Failure soon followed 0 
Figure 51 illustrates the relationship between concrete and steel 
strains for different points along the length of the beamo The curves shown 
are for beam BWolO.102 which had a transitional failureo The solid lines are 
for gages in the positive moment region and the broken lines are for gages in 
the negative moment regiono Curve A is the concrete strain-steel strain 
relationship at the maximum moment position and curve B the same relationship 
at a distan~e away, toward the point of contraflexure, approximately equal 
to the length of the horizontal projection of the inclined cracko In the 
positive coment region the actual separation was 14 ino, almost exactly equal 
to the horizo~~l projection of the inclined crack, and in the negative moment 
region the actual separation was 12 ino, slightly less than the horizontal 
projection of the inclined cracko 
For the relationships at the maximum moment sections (curves A) there 
were three distinct stages of behavior as described previously in section (c)o 
The difference between the two curves (solid and broken) gives some idea of 
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the scatter possible in this type of plato For the relationships at the I 
sections at the end of the inclined crack (curves B)J there were again three I stages although these stages were not as distinct as at the maximum moment 
sections. The important feature was that beyond inclined cracking, the relation- II 
ship between concrete and the steel strains at these sections at the end of 
the inclined crack showed little or no increase in concrete strain at the I 
extreme compression fiber in contrast to which there was a rapid increase in 
steel strain at the same section. Similar relationships were exhibited by I 
other test beamso I 
To recapitulate J the test beams generally showed three distinct 
stages in the relative rates of development of concrete and steel strains at I 
a sectiono These stages were terminated by flexural crackir~ or inclined 
cracking at the section; or by rupture of the beamo For concrete strains I 
alone J readings beyond first crushing were not necessarily reliableo These I 
characteristic stages of development occurred irrespective of whether the beam 
had web reinforcement o~ noto However, from the strain measurements it I 
appeared that if the beam had sufficient web reinforcement to ensure a fleA~al 
failure, then after inclined cracking the rate of in~rease in steel strain over I 
the length of the ho~izontal projection of the crack, was approximately I 
constant. Moreover; the co~crete strain at the end of the inclined crack 
remained almost constant beyond inclined cracking. If the beam had insufficient II 
web reinforcement the rate of increase in steel strains beyond inclined crack-
ing increased with distar.~e away from the apex of the inclined cracking and the 
concrete strains over the top of the inclined crack, increased rapidlyo . 
5·7 Moment-Curvature Relationships 
The basic problem in the analysis of any structure is to determine 
the response of that structure under applied loadso In members of ordinary 
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proportions movement between different sections is due almost entirely to 
bending deformationso In determinate structures, if the relationship between 
the bending moment and the unit curvature can be established from the properties 
of each section, the relative movement between sections for different loading 
patterns, can be determined 0 In statically indeterminate structures, the dis-
tribution of the unit curvature determines the moment at each section, and the 
moment-curvature relationship assumes an added significanceo The moments at 
the different sections must be such that they produce unit curvatures, the 
distribution of which satisfies the geometrical conditions imposed by the 
indeterminacy of the structure 0 Such structures cannot be analyzed unless 
moment-curvature relationships are known or assumed 0 
For these tests, moment-curvature relationsbips, hereafter called 
M~ relationships, were determined (at the maximum moment sections) in the 
following manner~ (1) The moment at the section was calculated using the 
measured reactions and known loadso (2) The unit curvature at the section 
was calculated using the measured concrete strain distributiono The unit 
curvature ~, was defined as the increase in concrete strain e in the 
ca 
extreme compression fiber over the depth to the center of rotationo The 
method used to determine the distribution of concrete strains over the depth 
of the section has been previously described and discussed in Section 506(b)o 
Concrete strains were observed to vary linearly in the compressed concreteo 
The depth to the center of rotation was defined as the depth at which these 
measured concrete strains became zeroo Before flexural cracking the center 
of rotation is coincident with the centroidal axis of the section and after 
flexural cracking it is coincident with the neutral axis positiono The 
increase in concrete strain in the extreme compression fiber was obtained 
by extrapolation and the depth to the neutral axis by interpolation from 
the measured concrete strain distribution 0 
-136-
It should be noted that if there is a linear distribution of strain 
over the depth of the selection, the I~urvature defined in this manner is also 
equal to the increase in steel strain € over the effective depth less the 
sa 
depth to the center of rotationo If the distribution of strain over the depth 
of the beam is non-linear then the unit curvature based en the steel strains 
will be different to the unit curvature based on the concrete strains 0 
In Figo 13 the broken line represents a typical theoretical M~ 
relationship for a section subjected to pure flexureo It can be seen that this 
curve bas three distince stages gAy' ACy and CDo Stage OA is terminated by 
flexural cracking;> stage AC by initiation of inelastic strains in the reinforce-
ment, and stage CD by rupture of the beamo In stage OA, there is an almost 
linear relationship between moment and curvatureo Large increases in applied 
moments cause small increases in curvatureo At flexural cracking Aj there is 
a change in stiffness of the sectiono In stage AD cur1,.-atu:res develop at a 
much faster rate for e~ual increments in momento The rate of development of 
curvatures decreases with increase in the difference between the ultimate and 
the flexural cracking moments 0 As a result within anyone series in the test 
beams) the rate of development of unit curvature decreased with increase in the 
longitudinal reinforcement ratio 0 At the onset of inelastic straining in the 
longitudinal reinforcement;> GJ the cur~e beco~es about horizontalo In stage CD 
large increases in curvature result from small increases in applied :moment~ 
The solid line, originatip~ at position BJ indicates the effect of 
inclined cracking en a M~ relationship based on strains in the compressed 
concrete. Curvatures d.evelop at a faster rate than in a ~omparable section 
(broken line) without inclined crackingo As a result of inclined cracking the 
strain distribution over the depth of the beam becomes non-linear 0 The neutral 
axis rises and concrete strains are concentrated at the maximum moment position o 
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The unit-curvature defined as the increase in concrete strain over the ,qepth 
to the neutral axis develops at a faster rateo 
In the test beams the M~ relationships calculated on the same basis 
sho~ed that inclined cracking had a more marked effect as the longitudinal 
reinforcement ratio was increased 0 Theoretically, if the beams bad not 
developed inclined cracks the curvature C at the onset of inelastic straining 
in the longitudinal reinforcement should have varied over a relatively 
restricted rangeo The possible range of variation for the test beams can be 
visualized in the following mannero 
The curvature at WyieldW ~y if the beams had not developed inclined 
cracks would have been given approximately by the following equation: 
cp = y 
€ - € sy se 
d - k d 
u 
The neutral axis depth at yield would not be significantly different from the 
neutral axis depth at ultimate 0 The effective prestrain was app'roximately 
constant 0 For beams with similar effec tive depths any ,change in the curvature 
cP would be c.'.le to changes in neutral axis depth 0 For the longitudinal re-y 
inforcement ratios used the maximum variation in neutral axis depth would have 
resulted in a ma.ximum yariation in ~ of only twenty percento In the beams y 
which developed inclined cracks the observed variations in ~ were greater than y 
a hundred percent. 
Fi~~e 52 shows measured moment-curvature relationships for different 
sections in beams with flexural or transitional failureso The longitudinal 
reinforcement ratios ranged from 0000191 for beam BOo130050 up to 0000388 for 
beam BWolOol03o Flexural cracking and inclined cracking are marked on each 
curve 0 The solid lines represent the portions of the curves based on measure-
ments of the concrete strain distribution and the broken lines the portions 
-138-
extrapolated from deflection measurements 0 As shown) the relationships were 
established directly for moments up to eighty-eight to ninety-seven percent 
of the ultimate momentso 
The curves show a definite transition in behavior with increasing 
longitudinal reinforcement ratioso For beams AOo130064 and BOo130050 with 
low longitudinal reinforcement ratios J yielding of the steel closely followed 
inclined cracking 0 There was no apparent effect of inclined cracking 0 For 
beam BWolOo072 with a moderate longitudinal reinforcement ratio the M-~ curve 
appeared as if it might have been influenced to seme extent by inclined cracking, 
but the effect was not obviouso In contrast) for beams BWolOo073 and BWolOol03 
with high longitudinal reinforcement ~atiosJ inclined cracks were well developed 
and their effects were obviouso There were marked cr~~ges in slope and 
character of the curves beyond inclined crackingo-
The curves for beams AOo13oo64 and BO~130050 are essentially similar 
to the theoretical curves for sections subject to p'.u-e flexure 0 However, for 
beams BWolOo073 a:r..c.. BWolOol03 the curves are similar only up to inclined 
cracking 0 Inclin~d cracking introdliced a fourth stage in the M-~ relationship 0 
From Figo 52.0 it can be seen that this fourth stage bas two major 
characteristics (1) the slope of the M~ curve ~as esser-tially linear for seme 
distance after inc~ined cracking (2) the onset of plastic straining was delayed 0 
In the later case, for reasons stated previously~ the theoretical variation 
between the cu~ratures at plastiC straining for beams BOo130050 and BWolOol03 
should have been less than twenty percento The curres show the variation to be 
greater than one hundred percento 
Figure 53 shows a comparison of M~ Cllr"'!es for sections with similar 
properties in beams BOo12oo64 and BOolOo076 (solid li~es) which failed in shear 
and beams BWolOo072 and BWolOo073 (broken lines) which bad transitional and 
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fle~~al failures respectively 0 Beams BWolOo072 and BWolOo073 had web 
reinforcement 0 For all beams final collapse of the beam occurred at the 
section shown 0 It can be seen that the curves for beams with similar longi-
tudinal reinforcement ratios are essentially similar up to inclined crackingo 
Beyond inclined cracking, the beams failing in shear developed higher curva-
tures for comparable momentso This behavior was typical of that obtained in 
the other test beams and is a logical result of the ~~estrained development 
of inclined crackso 
508 Deflection Profiles 
The deflection profile of a beam provides an indication of the 
distribution of curvature along the beamo Plots of this profile at different 
stages in the life of the beam indicates the manner in which the distribution 
of curvature changes. 
In the test beams, curvature was concentrated at the sections of 
maximum momento The profiles were checked by dial gages placed at the third-
points of the length of the beam between the load points and center support. 
Figure 54 shows the deflection profile and crack pattern for beam 
BOo080035 0 The beam developed flexural cracks only 0 These cracks were confined 
to the regions of maximum momentso The beam failed in flexure through fracture 
of the wireso Deflection profiles are drawn for load increments 5J 9 and 120 
Load increment 5 (62% of ultimate) was reached immediately prior to flexural 
cracking 0 The deflections were small and the profile agreed closely with that 
computed from elastic theory 0 By load increment 9 (92% of ultimate) the cracks 
were fully developedo The deflections were much greater 0 Concentrations of 
curvature occurred at the center support and at the load pointso At load 
increment 12 (99% of ultimate) these concentrations of curvature had become very 
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acute 0 The cracks developed faster and earlier in the life of the beam in the 
west than in the east span~ Tne differen~e in deflection between the two spans 
indicates the range of defle·ctions possible for thecretically similar sections 0 
Figure 55 shows the deflection profile and crack pattern for beam 
BWolOol02o The beam had a high percentage of longitudinal steelo A large 
number of both inclined and flexural cracks developeo.o The beam cad sufficient 
web reinforcement to develop a transitional failureo Deflection profiles are 
drawn for load increments 4J 77 10 and 120 Load increment 4 (52% of ultimate) 
was reached i~diately pTior to· flexural cracking 0 The corresponding profile 
agreed with elastic theory 0 Load increment 7 (72% of 1iltimate) was reached 
immediately after the development of inclined crackso The deflections were 
still relatively small but concentrations of cur"at'lre r~d developed at the 
maximum moment se ctions 0 Load increment 10 (89% of ul tirna te) i.;ras reached 
immediately after crushing developed at the load pointsc The concentrations of 
curvature at the maximum moment sections tended to spread out over" a greater 
length 0 By load iD~~ement 12 (97% of ultimate) these cUY7atures had spread ove~ 
a slightly greater lengtho Crushing had extended mor'e thaI'l f:i::e inches on 
either side of the load pOints 0 Failure occurrec. in the :o!€;st span.~ 
Figur'e 56 shows the deflection pr::Ji'ile and. ·:rac;k pattern foX' beam 
BOo120071o The beam failed in shear as a result of web dist~esso The iiltimate 
deflections were leSS than in comparable beams failing i~ flexureo Marked 
differences occurred between the two spans because of the irregular crack 
development 0 Loa~ increment 5 (60% of ultimate; was reached immediately after 
flexural cracking 0 The profile agreed closely with the calculated elastic 
profile 0 Load increment 8 (89% of ultimate) was reached immediately after 
inclined cracking o Load increment 10 (ultimate) was reached at the initiation 
of splitting along the wireso Concentration of curvature had occurred at the 
maximum moment sections 0 
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A comparison of Figso 54 through 56 shows that the deflection profile 
is primarily dependent on the crack pattern o Differences in the crack patterns 
between the two spans altered markedly the magnitude of the deflectionso Beyond 
flexural cracking, the spread of the concentrations of curvature depended on 
the spread of the crack patterno If the crack pattern did not change signifi-
can tly , the concentrations of curva ture:" a t the maximum moment se ctions in-
creased with increase in loado If the crack pattern varied s~gnificantly the 
curvature was spread over a greater length increasing with increase in the 
length of spread of the crack patterno 
509 Load Distribution over the Center Support 
Measurements were made in several beams to determine if there was any 
relationship between the load distribution over t?e center support and the 
magnitude of the load and the crack pattern on the beamo Details of the instru-
mentation and calibration of the central bearing plate are given in Appendix Ao 
Figure 57 shows a comparison of measured strain distributions in the 
central bearing plate~for beams BOo080079 and BOo090075 at different load 
levels 0 Three diagrams are shown for each beam corresponding to the strain 
distributions at flexural cracking, diagram (a), at inclined cracking or when 
the flexural cracks are well developed, diagram (b), and immediately prior to 
failure, diagram (c)o In each diagram, the solid Cllrye refers to the measured 
strain distribution and the broken lines to strain distributions corresponding 
to a uniform loading on the plate or to a symmetrical edge loading as indicated 0 
From these diagrams it can be seen that up to flexural cracking, 
diagram (a), the measured strain distributions were less than either of the 
calibration strain distributionso There was little distribution of lead along 
the length of the plate and the beam acted as if it were supported directly by 
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the central rollero From diagrams (b) it can be concluded that by the time 
inclined cracking occurred or the flexural cracks had becom~ well developed, 
the load was distributed uniformly along the length of the plateo From 
diagrams (c), it can be concluded that close to failure the strain distribution 
was intermediate between the lll1iform and edge loading conditions Q In beam 
BO.080079 inclined cracking was well developed and the strain distribution 
approximated closely the edge loading condition 0 In beam BOo090075 inclined 
cracking had not occurred and the strain distribution approximated more closely 
the uniform loading condition 0 
5010 Moment-Load Relationships 
Recognition of the inelastic behavior of prestressed concrete bas 
lead to the ultimate load theory for individual sections of a given structureD 
Recognition of the effect of inelastic behavior on a continuous st~~cture as 
an integral unit is a logical step in the direction of limit designo However, 
the universal applicability of limit design to such st~~ctures depends on a 
recognition of the factors that affect inelastic beoo7ior' 0 A visualization of 
the degree of inelastic behavior in a given st~~cture can be obtained from an 
examination of the interrelation of the moment-load relationships for the 
maximum moment sections of the structJ...u"e v 
In a two-spar.: ·-;8nti~,1.1ous beam loaded at the midpoi:r:t of each span.9 
the ma.xirrrum moments according to elastic; theorys occurs over the central 
support 0 At low loads, a two-span continuous prestressed concrete beam behaves 
in an elastic ma~~ero HoweverJ once flexural cracking occurs at any section 
in the structure there is a considerable loss in stiffness, and moment redistri~ 
bution may oceura At higher loads J this redistribution will lead to the 
development of moments at the maximum moment sections which will differ from 
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the moments predicted by the elastic theory 0 This result is contingent on 
the distribution of moments at these sections differing from the elastic 
distribution 0 For test beams, a comparison of the moment-load relationships 
for the maximum moment sections permits a check of the pattern and magnitude 
of the redistribution and the determination of the principal factors affecting 
the redistribution 0 Once the moment-load relationships have been established 
for a given beam, they can be used to determine the contribution of each of 
the individual sections to the load-carrying capacity of the beam 0 In con-
junction with the load-deflection curve, they can be used to determine the 
effect of the pattern of redistribution on the deflection developed by the 
beamo 
Moment-load relationships for the positive and negative moment 
sections of all the specimens tested are given-in Appendix Co Beams with 
similar major variables have been grouped togethero Comparisons between 
figures reflect the effect of these variables 0 Comparison within a given figure 
reflects the effect of changes in the amount of longitudinal reinforcemento In 
all figures the solid line represents the moment-load relationship for the 
negative moment region (over the central support)o The broken lines represent 
the same relationship for the positive moment region (under the load point). 
The moments shown are obtained using the average of the measured end reactionso 
Flexural and inclined cracking at each section are indicated on the curves 0 
(b) Idealized Curve 
The moment-load relationship for the maximum positive and negative 
moment sections of a two-span continuous beam can be idealized as shown in 
Fig. 58 for a flexural failureo This figure can be derived using the idealized 
moment-curvature relationships of the types shown in Figo 13 for both moment 
regions~ Figure 58 shows that the moment-load curve can be idealized into five 
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stages; stages AB, Be, CD j DE and EFo The transition from one stage to 
another corresponds to a change in the pattern of moment redistribution 0 
Since redistribution was caused only by changes in relative stiffness between 
the positive and negative moment regions, these stages must correspond to 
distinct changes in stiffness in either moment regiono It bas been pointed 
out in Section 507 that such changes can be caused by flexural cracking or 
yielding of the longitudinal steelo In beams of normal proportions these 
changes follow alternatively in opposite moment regions 0 
In the first stage AB, the distribution of moments is in accordance 
with elastic theory and there is a constant rate of increase in moment in both 
moment regions for a given increase in loado Flexural cracking in either 
moment region marks the end of this stage. In the second stage, Be following 
first flexural cracking, moment is redistributed --from the cracked section to 
the stiffer uncracked sectiono For convenience Figo 58 shows the less stiff 
section to be located over the center supporto It is equally possible for the 
beam to be proportioned such that flerural cracking occurs first under the 
load-point and for moments to be redistributed to the center support section. 
Stage Be is usually terminated by flexural cracking in the other moment regiono 
The abruptness ~ith ~hich moment is redistributed at both Band C depends 
primarily on the lo~itudinal reinforcement ratio at each maximum moment 
sectiono The ac:-uptness increases with decrease in the longitudinal reinforce-
ment ratio. 
In the thi~ stage CD, both maximum moment regions are cracked and 
the manner in which ~oment redistribution occurs depends on the shape of the 
respective M~ relationships for the two sections. In general, there is a 
constant trend; the moment M , in one region tending to increase at a faster 
m 
rate than the moment Mc in the other regiono Stage CD, can be terminated by 
yielding of the longitudinal steel in either moment region 0 Since the steels 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
-145-
used for ~restressing do not have an abrupt yield point, the stage at which 
plastic straining in the steel begins, is not as obvious for prestressed 
concrete structures as it is for reip~orced concrete structureso 
In the fourth stage DE, the moment at the section where the steel 
has yielded, section C in Figo 58 increases only slightly with further 
increase in load 0 On the other band the moment in the stiffer section, 
section M increases rapidly for the same increase in loado The stage DE, is 
terminated by yielding of the longitudinal steel in this stiffer moment 
region Mo 
The fifth stage EF, is short and corresponds to the behavior after 
the longitudinal reinforcement has yielded at both sectionso Since the in-
crease in moment between yield and failure is small the total increase in load 
beyond yielding at both critical sections is also smallo 
In Section 507 it has been shown that inclined cracking alters the 
stiffness of the beamJ and it can be hypothesized that inclined cracking will 
also alter the shape of the moment-load relationshipo However, examination of 
moment-rotation relationships shows that the general change in stiffness 
caused by inclined cracking is by no means as severe as the changes in stiffness 
due to flexural cracking or yielding of the steelo In contrast to flexural 
cracking, the cv~nge in stiffness caused by inclined cracking appears to 
increase with increase in the longitudinal reinforcement ratio 0 
(c) Measured Moment-Load RelationShips 
Because of the proportions of the test beams) all five stages of the 
idealized moment-load relationship were not evidento Figures 59, 60, and 61 
show moment-load relationships for beams BOo120071J BOo08u036 and BWolOol02 
respectively 0 In addition, two other sets of curves are drawn on these figures 0 
The light solid lines that start from the origin represent the theoretical 
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moment-load relationships for purely elastic behavioro Two stages are shown 
for these lines corresponding to the dead load and applied load relationshipso 
The light broken lines near the upper part of the actual curves represent 
moment-load relationships assuming the moments at the critical sections are 
in the same ratios as the theoretical ultimate moments at these sectionso 
Prior to flexural cracking, the measured moment-load curves are in 
good agreement with the theoretical elastic moments 0 Furthermore, soon after 
flexural cracking is complete at both moment sections, the actual moment-load 
curves closely approximate the curves based on the theoretical ultimate 
moments 0 Prior to flexural cracking the beams behave elastically 0 Deviations 
of the measured from the theoretical moments can be attributed to errors in the 
positioning of the supportsQ A£ter flexural cracking the more erratic behavior 
of the beams can be attributed to the pattern of-crack development 0 
The measured moment-load C1XFVes exhibited only three distinct stages 
of behavioro These stages were (1) elastic behavior prior to first flexural 
cracking in the negative moment region, (2) moment redistribution between 
first flexural cracking and second fle~~al cracking in the positive moment 
region, and (3) moment redistribution between second fle~xral cracking a~d 
failure of the beam. 
Redistribution as a result of inclined cracking or yielding of the 
longitudinal steel has not affected visibly the measured relationships. 
Undoubtedly this behavior can be attributed to the manner in which the beams 
were reinforcedo Since a constant amount of longitudinal steel was used 
throughout the length of the beam and the variation in concrete strength along 
the beam was small, the shapes of the M~ curves were essentially similar for 
both maxiwlm moment sectionso In such cases no redistribution at yielding of 
the. longitudinal steel can be expectedo In some cases inclined cracking does 
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appear to have bad a short-lived effecto However, in the beams with larger 
longitudinal reinforcement ratios where the effect of inclined cracking CQuld 
, be expected to be more pronounced, inclined cracking in one moment region was 
quickly followed by inclined cracking in the other moment region 0 The result-
ing M~ curves were again essentially similar and redistribution as a result 
of inclined cracking neutralized itselfo 
(d) Effect of Variables 
Comparisons of curves in Appendix C shows that there is little effect 
on the over-all shape of the moment-load curves due to variations in the amount 
of longitudinal steel, in the concrete strength, or in the web thicknesso 
Major variations in the shape were due to changes in the ratios of'the effective 
depths at the critical sectionso 
For comparable beams, an increase in the amount of longitudinal steel 
raises the load at first flexural cracking and thus extends the range of 
elastic behavior of the beams. Similarly, an increase in the amount of longi-
tudinal steel raises the ultimate load and extends the range of behavior beyond 
second fle~~al cracking 0 Neither effect changes the over-all shape of the 
curves. Less obvious effects of increasing the amount of longitudinal steel} 
are a reduction i~ the rapidity with which redistribution follows flerural 
cracking and a l~ss erratic behavior beyond flexural cracking 0 The first effect 
is due to the less abrupt change in slope of the M4 curve at flexural cracking 
for increasing lo~~itudinal reinforcement ratioso 
Alteration in the web thickness of the beams did not appear to have 
any significant effect. HoweverJ an increase in web thickness should delay 
inclined cracking and, for certain proportions of beams J an alteration in web 
thickness could be expected to cause a change in the redistribution patterno 
Increase in the concrete strength of a beam also delays inclined cracking and 
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may be hypothesized to have an effect, if inclined cracking has an effect. 
Increasing the concrete strength decreased the erratic behavior of the curves 
beyond flexural cracking. The addition of web reinforcement decreased the 
change in stiffness caused by inclined cracking and increased the range of the 
curves beyond inclined cracking. 
From the preceding discussion of the idealized curve for the test 
beams, it follows that the factors which will have the greatest influence on 
the shape of the measured moment-load curves are the ratio of the elastic 
moments, the ratio of the ultimate moments and the interrelation between the 
elastic and ultimate moment at a section. This latter factor, which is a 
measure of the degree of redistribution necessary in a beam, may b~ conveniently 
expressed in terms of the ratio of the ultimate and elastic moment ratios at 
the two critical sections. Since a single pattern of loading was used for all 
the tests, the theoretical elastic moment ratio was the same for all beams. 
Furthermore, since the area of steel, and the yield point of the steel was the 
same at both critical sections, the theoretical ultimate moments were dependent 
almost directly on the effective depths at the critical sections. 
For all test beams, the ratio of the theoretical elastic moment at 
the center support to the theoretical elastic moment at midspan was 1.20. The 
test curves definitely show that up to flexural cracking, the moment over the 
central support increased at a faster rate than the moment at midspan. However, 
there was a considerably scatter either side of the theoretical value. These 
variations were caused by incorrect initial adjustments of the support levels. 
Beyond flexural cracking the behavior is best discussed in terms of specific 
examples. 
Figure 59 shows the moment-load curve for beam BO.12.071 which had a 
relatively high longitudinal reinforcement ratio. In this beam, the ratio of 
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effective depths at the critical sections was approximately the inverse. of the 
ratio of the elastic moments at these sectionso Some inelastic action appears 
to have occurred prior to flexural cracking 0 Flexural cracking itself probably 
occurred at an earlier load than that at which it was detectedo After first 
flexural cracking there was a smooth redistribution of moment such that the 
ratio of the measured moments rapidly approached the ratio of the ultimate 
moments. 
Figure 60 shows the moment-load curve for beam BO 0 08 0 036 0 The beam 
had a moderate longitudinal reinforcement ratioo The ratio of the effective 
depths at the critical sections was approximately the same as the ratio of 
the theoretical elastic moments of the same sectionso Prior to flexural 
cracking there was good agreement between the measured and theoretical elastic 
moments 0 Flexural cracking caused a sharp but-short-lived change in the dis-
tribution of moment 0 After flexural cracking was complete at both sections, 
the ratio of the measured moments was again in close agreement with the ratio 
of the ultimate moments 0 Inclined cracking had no tangible effecto 
FiS~e 61 shows the moment-load relationship for Beam BWolOol02o 
The beao hac a high longitudinal reinforcement ratio and equal effective dept~~ 
at both crit.ical sectionso Again, the rat.io of the moments after flexural 
cracking qt::'c}2y approached the ratio of the ultimate moments 0 
Table 6 l:'sts pertinent moment ratios at the critical sections for 
the various tes: te~o In particular, it lists both the measured ultimate to 
elastic mome~t ra:ios and the theoretical ultimate to elastic moment ratioso 
The table shows that there was good agreement between the measured and computed 
ultimate moment ratios, even though the beams bad different modes of failureo 
Some beams developed as little as eighty percent of their computed ultimate 
capacity 0 This feature shows undoubtedly the rapid nature of the redistribution 
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that follows flexural cracking. The agreement between the measured and theo-
retical ultimate to elastic moment ratios is not as good, principally because 
of disagreements between the measured and theoretical elastic moment ratios. 
However, since the former quantity is a measure of the ability of the beam to 
redistribute moment, the important factor is that while the theoretical ratios 
ranged from 0.62 to 1.08, the measured ratios covered a comparable range from 
0.62 to 1.12. 
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60 EVALUATION OF TEST RESULTS 
601 Introductory Remarks 
Strength as well as the desired deflection characteristics determine 
the size and shape of a load-carrying member. The strength and deflection 
depend on three distinct phenomena that affect the response of each section of 
the member 0 These phenomena, which are related to properties of the section, 
are flexural cracking, inclined cracking, and failure. The manner in which the 
development of any. one of the phenomena at any given section in the member affects 
the behavior of the member depends on the continuity conditions that interrelate 
the response of each section of the membero 
In this chapter, the strength and deflection characteristics for the 
two-span continuous test beams, computed in accordance with the methods outlined 
in Chapters 2 and 3, are compared with the observed behavior reported in 
Chapter 50 In Section 602 observed and computed prestress losses are evaluated 0 
Flexural cracking is discussed in Section 6~3 and inclined cracking in Section 
6040 Previous expressions for the inclined cracking load presented in 
References (3) and (4) are re-evaluated and an expression for a lower bound to 
the inclined cracking load is postulated 0 The effectiveness of the web re-
inforcement used is discussed in Section 605 and the effect of the drape of the 
longitudinal reinforcement in Section 6060 In Sections 607, 608 and 609, the 
measured and computed moment-rotation, moment-load and load-deflection relation-
ships are compared 0 In Section 6010, the maximum load-carrying capac.i ty and the 
prediction of this value for the test beams is discussedo 
6.2 Prestress Losses 
The prediction of the flexural cracking load and the inclined cracking 
load requires that the effective prestress at the time of test be known with a 
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high degree of precisiono The loss in stress bet~een the initial stress 
imparted to the wires and the stress at the time of test is influenced by a 
large number of factors among which are included the level of prestress, the 
shape and properties of the cross section of the member, the properties of the 
concrete} the time that elapses between each phase of the operation] and the 
loading or support conditions to which the member is subjectedo Accurate 
evaluation of the prestress losses. presents many problems 0 Measurements of 
prestress losses even under laboratory conditions are difficulto For the test 
beams measured values of the prestress l·osses were obtained from observations 
of the change in strain of the concrete at the level of the steel for the mid-
span and center support sectionso In this section these measured values of 
prestress losses are compared with computed values obtained utilizing informa-
tion given in Reference (22}0 
Prestress losses may be considered as the summation of several 
effects 0 For the test beams as is also t~~e for actual beams) if it can be 
assumed th~t the grips on the prestressing wires do not slip prior to 
release of the prestress J then the losses tv..a t occur proior to release are due 
:primarily to relaxation in the prestressing wireso At rel.ease of the prestress 
and immediately on transfer of the force in the wires into the concrete;.- ar 
elastic loss occurs be-:ause of the cr.ange in strain in the concrete 0 Between 
this transfer cond.i tion and the time of testing further J..~sses occur due to 
creep of the concrete under the applied prestressing force in addition to 
relaxation and shrinkage effects. 
For the test beams prestress losses during and after release were 
determined from measurements of the change in distance bet~een gage plugs 
attached to the surface of the beam at the level of the reinforcement, Further 
details as to the pOSitiOning of these gage plugs and the method of measur.ement 
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of the deformations are-given in Appendix A. The plugs were attached to the 
beam at least one day and not more than three days after casting of the beam 
and before release of the prestresso Measurements of the deformations were 
continued up to the time of test. The deformations thus recorded, included 
the elastic and creep losses, but only a part of the effects of relaxation. 
Computed values of the prestress losses were obtained utilizing 
relaxation, shrinkage and creep data given in Reference (22). The relaxation 
data reported in this reference was obtained from measurements on prestressing 
reinforcement with characteristics similar to those used in this investigation 0 
The shrinkage and creep data was obtained from measurements of strains for 
concrete cylinders made from mixes with similar proportions and utilizing the 
same aggregates as those used in this investigation. 
Computation of the prestress losses1.nvolved four main steps: 
(1) determination of the losses between tensioning and release of the prestress j 
(2) determination of the elastic losses at transfer, (3) determination of the 
creep losses between transfer and test, and (4) determination of the relaxation 
losses between transfer and testo 
The possible" relaxation losses between tensioning and release of the 
prestress were de"termined directly from the information given in" Reference (22) 0 
where 
The elastic loss at transfer was computed from the formula 
fst 
f . Sl 
1 + nA 
s 
1 
1 2 (- +~) A I 
steel stress after transfer 
f. = steel stress prior to transfer Sl 
n 
"E 
s 
= E 
c 
, where E 
c 
= modulus of elastiCity of the concrete at 
transfer. 
(40) 
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The creep losses were computed from the informatipn given in 
Reference (22)0 Corrections were made for the differencesi~ concrete strength, 
and the level of stress between that of the test cylinders in Reference (22) and 
that at the level of the reinforcement for the test beams 0 ~Qr concrete 
strength, corrections were made on the basis of the ratios ot the moduli of 
elastici ty of the concretes for the different strengths 0 . - .. 
The relaxation losses between transfer and test were estimated from 
the same data as that used to estimate the relaxation losses prior to transfero 
In Table 7, measured and computed steel stresses immediately after 
transfer and at the time of test are listed for each of the test beamso The 
stress values both at midspan and over the center support are given 0 Prestress 
losses were measured for only half of the total number of test beams 0 This 
table shows that the computed percentage loss in pre~tress between the initial 
stress and the stress at the time of test ranged from six to .twenty-one percent 
of the initial stresso For any given beam, the computed loss in prestress was 
greater for the section with the greater eccentricity 0 The measured values 
gave a somewhat smaller difference with eccentricity than the computed valueso 
The percentage loss in prestress increased with increase in ~e p/f~ value of 
the beam 0 
A comparison of the measured and computed steel stresses at transfer 
shows toot good agreement was obtained in every case 0 A comparison of the 
measured and computed steel stresses at test shows that the agreement is not as 
good as that at transfer but that it is still reasonableo In general, the 
measured steel stresses at test are less than the computed stresseso From this 
table it can be concluded that the method of computation of the prestress 
losses that was used was reasonable, and that for the beams in which measure-
ments were not made the computed values are suffiCiently accurate estimates of 
the actual prestress valueso 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
-155-
603 Flexural Cracking 
The development of flexural cracking at any section in a prestressed 
concrete beam marks the end of the welastic· stage of behavior of the beam. 
In a simply supported beam, flexural cracking can be detected readilyo Its 
occurrence at any section in the beam causes a sharp decrease in over-all 
stiffness of the beam and deflections develop at a much faster rate. The 
detection of flexural cracking in a continuous beam is more difficult. In a 
continuous beam, moment regions of alternating sign occur, and although flexural 
cracking at a section in one moment region causes an increased rate of develop-
ment of rotations in this region, the indeterminacy of the structure and the 
development of these rotations causes moment to be transferred from the cracked 
moment region to the uncracked regiono The development of first flexural 
cracking does not cause as an appreCiable decrease in over-all stiffness in a 
continuous beam as in a simply supported beamo However, in a continuous beam 
flexural cracking marks the stage at which moment redistribution begins or a 
stage at which the pattern of moment redistribution changeso 
For simply supported beams, numerous previous investigations have 
established that Eqo 202 can be used to determine the moment at a section at 
flexural cracking with a sufficient degree of precisiono Although there is 
little reason to doubt the applicability of this equation to continuous struc-
tures, several previous investigators (see Chapter 4) have reported increases 
in flexural cracking moments for continuous beams 0 In this section, the 
observed flexural cracking moments for the continuous beams reported in this 
investigation are compared with cracking moments computed from Eqo 20 
Equation 2 is examined to determine possible limitations to its applicability 
which may cause differences between observed and computed values 0 Errors in 
the computed values of the flexural cracking moments can be caused by errors in 
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the assumptions made in the derivation of Eqo 2, by errors in-the quantities 
used in Eqo 2 or as a result af uncertainties in the exact conditions prevailing 
at the section where flexural crackin"g is computede Obviously it is impractical 
to attempt to discuss all the possible sources of errore However, it is worth-
while to consider several of the mare significant assumptions that were made in 
the use of Eqo 2 and to indicate the possible errors that could resulto 
In the derivation of Eqo 2J the assumption is made that concrete 
has a linear stress-strain relationship with the same modulus of elasticity both 
in tension and in compression 0 Linearity of the stress-strain relationship for 
concrete in compression at flexural cracking is reasonable since the compressive 
stress seldom exceeds the WelasticW range of the stress-strain re1ationshipo 
However} the assumption of linearity of the stress~strain curve for concrete 
in tension at fle~~ral cracking is not correcto The ~tress-strain curve for 
concrete in tension should be similar to that in compression, except that the 
minimum stress in tension should be about 1/10 to 1/15 of that in compressionJ 
and the ul tiroa. t.e strain about 0000020 This means that iIDI!lediately prior to 
flexural cracking at a given section, the stress in the concrete in the tension 
zone of the section wi.ll not vary linearly with depth from the neutral axis J 
as assuID<::d but wi~l show a more or less parabolic variation with depth" 
If; howeve=. ~he contribution that the tensile stress block makes to 
the actual ~esis~iug w~=ent of the beam at flexural cracking is considered it 
can be seen that tbe error introduced by tbis assumption is small 0 In a rein-
forced concrete beaw w::h a symmetrical cross section, the tension zone at 
flexural cracking covers approximately half the depth of the beam and the error 
introduced by this assumption could be significant 0 On the other hand.9 in a 
similarly shaped prestressed concrete beam; the tension zone at fle~~al cracking 
may cover less than a quarter of the depth of the beam and the error introduced 
is considerably rec.uc.edo 
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In order to calculate the flexural cracking moment from Eq'a 2 it was 
assumed that the tensile strength of the concrete in the beam in flexure was 
e~ual to the modulus of rupture as measured from tests on standard control beam 
specimens~ Obviously, there need be no direct relationship between the tensile 
strength of the concrete in the test beam and that in the control beam. The 
modulus of rupture is affected by the length and shape of the specimen and the 
type and rate of loadingo The control beam specimens were loaded to destruction 
in a time period not exceeding several minutes 0 In the test beams, the time 
period between initial loading and flexural cracking was as great as several 
hours 0 In the control beams there was a region of constant moment and flexural 
cracking could occur anywhere within this region. In the continuous beams, 
flexural cracking was predicted for one particular section in each moment region 0 
At the best the modulus of rupture as measured from the control beams is only 
a rough approximation of the tensile strength in flexure of the concrete in 
the beams 0 
The prestressing force in the longitudinal reinforcement was assumed 
equal to the measured or, if not available, the calculated stress shown in 
Table 70 It bas been pointed out already in the previous section that the 
probable error in these values of the prestressing force is small 0 However, it 
should be noted that the terms involving the prestressing force in Eqo 2 con-
tribute between 60 and 80 percent of the fictitious tensile strength of the 
concrete in the test beams. It is obvious that errors in the determination of 
the prestressing force would have a more significant effect on the computed 
flexural cracking moment than comparable errors in the assumed tensile strength 
of the concrete 0 
The gross properties of the cross section rather than the transformed 
properties were used. Since the area of the prestressing reinforcement was in 
all cases relatively small, the error introduced by this assumption was small 0 
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Uncertainties as to the conditions at the section where flexural 
cracking was predicted arose primarily as a result of the manner of loadingo 
For the test beams the sections at which flexural cracking was predicted were 
also sections at which concentrated loads were appliedo Bearing plates were 
provided under these loads so that effectively these loads were spread out over 
a finite distanceo The actual applied moment and the position of the maximum 
moment depended on the manner in which these bearing plates distributed the 
load to the beamo Measurements of these variations as reported in Chapter 5 
showed that depending on the crack development, the distribution of load over 
the length of the plate was intermediate between that of a uniform distribution 
over the length of the plate, and concentrations at the edges of the plateo In 
order to indicate the possible errors introduced by this uncertainty in the 
manner of loading two values of flexural cracking moments were computed, the 
first corresponding to a concentrated load at the center of the plate and the 
second to two equal concentrated loads applied at the edges of the plateo 
Theoretically it had to be assumed that the weakest section corresponded 
also to the maximum moment sectiono For beams with constant moment regions J this 
assumption is of little Bignificanceo For beams such as these continuous test 
beams; where there was no const&~t moment region the weakest section is not 
necessarily at the maximum moment sectiono Statistically; such beams should 
show higher a'Terage flexural cracking moments than similar beams with constant 
moment regions 0 
It bas been pointed out that the detection of flexural cracking in 
continuous beams will be inherently more difficult than in simply supported 
beams 0 For the test beams particular care was taken in order to obtain as 
accurately as possible the flexural cracking moments in each maximum moment 
region a Flexural cracking was said to have occurred when a crack could be 
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detected at the surface of the beam a Magnifying glasses were used to aid in 
the detection of crackso 
In addition two other methods of crack detection were employed at 
various stages in the investigation a For some beams sound recordings of the 
beams were madeo Although these recordings were successful in aiding in the 
detection of cracks at later stages of loading, the noise level associated 
with first flexural cracking was extremely low and it was found that this method 
of detection ws not practicalo In other beams the horizontal movements of the 
end supports were measured and attempts made to correlate these movements with 
flexural cracking 0 This approach proved to be quite successful 0 
Figure 62 shows plots of the horizontal movements of an end support 
versus the applied load for beams BOolOo053 and BWolOol02o Flexural and 
inclined cracking are indicated on each ploto It can be seen that at the lower 
stages of loading there is a linear relationship between the applied load and 
the end movement and that beyond flexural cracking the end movements increase 
at a progressively faster rateo Examination of these and similar plots for the 
other test beamE indicated that in general flexural cracking was not detected 
until a load slightly greater than that at which the end movements started to 
deviate from the initial linear relationshipo Moreover, it was found that in 
general, the increase in load beyond the point of deviation was greatest in the 
beams with the widest margins between the observed and computed flexural 
cracking momen~s. 
Table 6 shows values of theoretical and measured flexural cracking 
moments at both midspan and center supporto As outlined previously, the 
theoretical flexural cracking moment was calculated from Eqo 2 using the 
measured value of the modulus of rupture for that section as indicated in 
Table 5, and the measured or if not available the computed value for the 
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prestress as listed in Table 70 The two values of the measured flexural 
cracking moment shown in Table 8 correspond to the two limiting assumptions 
regarding the manner in which load was distributed to the beamo For the first 
value J the loads are considered as point loads and for the second value J the 
loads are considered as consisting of two equal point loads applied at the edges 
of the bearing ~lates or padso 
The first assumption gave ~asured values about 15 percent higher 
than the co~uted values and the second assumption gave measured values five 
percent higher than the co~uted values 0 More significantly, the standard 
deviation which is a measure of the degree of scatter was substantially reduced 
for the second as opposed to the first value tabulated 0 
It is of interest to compare these values with results obtained from 
tests on simply-supporte1 beams in which a similar loading configuration of a 
single concentrated load applied at midspan was usedo Warwaruk (2) has reported 
measured and computed flexural cracking moments for such tests 0 These tests 
showed that if the loading was considered as a point load at midspan the 
measured values of the fle~~al cracking moment averaged nine percent higher 
than the computed values" If the loading was considered as two equal point 
loads applied at th~ edges of the loading blocks, the measured values averaged 
six percent higher than ~he computed values and the standard deviation was 
reduced 0 
Examir~tion of the crack patterns in the continuous beams indicated 
that in only a few cases did flexural cracks form first directly on the line of 
the concentrated loadso As reported in Chapter 5j the first flexural cracks 
formed usually several inches on either side of this position, at or slightly 
beyond the edges of the loading plateso This observation would indicate J that 
the actual loading on the beam resembled more closely the assumption that the 
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loading acted as equal concentrated loads applied at the edges of the loading 
blocks and that the weakest section in this region was not at the computed 
maximum moment section but at some distance away from ito 
It can be concluded that whereas at face value Table 8 indicates an 
increase in the flexural cracking moments over those computed from Eq. 2, 
this increase is not a result of continuity, but is a result of the loading 
configuration 0 An equivalent increase would be expected for tests on simply-
supported beams subject to a similar loading configuration. 
6.4 Inclined Cracking 
Inclined cracking has been distinguished as one of the fundamental 
phenomena which when occurring at any section in a beam~ can affect critically 
the response of the beam 0 Inclined cracks mayor may not occur before failure, 
inclined cracks mayor may not develop before flexural crackso. Most commonlYJ 
inclined cracking follows flexural cracking, but occurs before failure. The 
development of inclined cracking destroys beam action and beyond inclined 
cracking the load on a beam is carried by arch actiono In a beam' without web 
reinforcement, the additional load that can be carried beyond inclined cracki~~ 
is limitedo As can be seen from the discussion in Chapter 2, the reSisting 
mechanism of the arch action is extremely sensitive and failure can occur in a 
variety of ways, soon after inclined crackingo If web reinforcement is included, 
the strength of the beam at failure is increasedo With sufficient web reinforce-
ment, the resisting moment supplied by the arch mechanism and the web reinforce-
ment is sufficient to develop a ~trength comparable to that predicted for a 
flexural failure at the maximum moment sectiono 
Inclined cracking cau~es a change in stiffnesso Beyond inclined 
craCking rotations develop at a faster rateo The effect of inclined cracking 
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on the deformations is not as marked as the effect of flexural crackingu A 
limited amount of moment redistribution can be expected as a result of inclined 
crackiDgo In the following section) predicted of the inclined cracking load 
and correlation of the theory with the observed inclined cracking loads in the 
two-span continuous test be~ are discussedo 
From observations of the development ,of inclined cracks in test beams) 
two types of cracks have been distinguished (1) web-shear cracks Figo 5, and 
(2) flexure-shear cracks Figo 60 As the name implies, a web-shear crack 
originates in the web of the beam in the shear span before flexural cracks 
develop in the same vicinityo Flexure-shear cracks originate in the web of the 
beam in the shear spanj only after an ~initiatingJi flexural crack bas developed 
in the tension face of the beam at some distance away from the section under 
discussiono It can be hypothesized that the effect of this initiatip~ flexural 
cr-ack is to raise the shear stresses in the web and thus to trigger inclined 
cracking in tbe vebo For beams with low principal tension stresses in the web, 
for example in beams with low p/f u values~ and thick webs flexure-shear 
c 
cracking will occuro For beams with high principal tension st:resses in the web:; 
for- example in beams with high pJfu values 0 and thin webs web-shear ~racki~ 
. C .-
will OCS;Ul'" 0 At these t-wo extreme ranges of web stresses a. ::lear distin:;tion 
can. be made b~tween the two ty'pes of incl·±ned cracking 0 
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In bet~ee~ these two extremes and for most beams of normal proportions J II 
it is difficult to distinguish clearly the manner in which the inclined crack 
has'developedo A small micro-crack in the flange could be sufficient to create I 
cracking in the webo The crack in the web may be clearly visible but the I 
crack in the flange may not be visible illltil a higher load 0 Al terna ti vely J the 
most likely position for web cracking is at the junction of the web and tension I 
flange 0 In addi tio!l to the stress concent:ration that occurs at this junction.9 
I 
I 
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a longitudinal tension stress also existso The maximum principal tension 
stress in the web will occur at this positiono If cracking is triggered at 
this position, the resulting redistribution of stresses may cause the crack to 
propagate back to the tension flange, and give the final inclined crack the 
appearance of a flexure-shear cracko To recapitulate, it appears from observed 
crack patterns that as the web stresses in a prestressed concrete beam are 
increased; inclined cracking shows two clear stages of behavior with a transition 
range in between. For beams with low web stresses, inclined cracks develop as 
a result of flexural cracks in the tension face of the beam 0 They are hence 
dependent on the flexural cracking load at some distance away from the maximum 
moment section in the direction of decreasing moment plus some additional factor 
which determines how much this flexural crack must develop before it triggers 
inclined cracking. For beams with high web stresses; inclined cracks originate 
in the web of the beams. They are hence dependent on the magnitude of the 
principal stresses to cause cracking in the web of the beamo In the transi-
tion range in bet~een either type of cracking may occuro The shear to cause 
flexural cracking and web cracking are comparable and the exact nature of the 
cracking is not important. 
In order ~o develop a generalized equation for inclined cracking, 
two approaches can be adopted 0 A formula can be developed embodying the 
concept that inclined cracking depends on both flexural and web cracking or 
plots can be made of the inclined cracking load versus the principal variables 
that affect flexural and web cracking and a formula can be developed from 
these plots. 
Both of these approaches have been used previously in References (3) 
and (4)0 There are certain advantages to either approach as will be seen from 
the following discussion. However, the former approach has one distinct 
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advantage in that fo~~s developed in this manner are wsemi=rationalo W It 
is this approach which is adopted in the main in this investigation 0 
A critical appraisal of the fundamental concepts involved in the 
idea. that inclined cracking shows a transition from a de~relop1Jlent dependent 
essentially on fle~lXal cracking to a development dependerrt on web cracking 
suggests several factors that need to be considered 0 These factors are (1) 
the distanc·e a'Way from the ms.ximum moment position at which initiating flexua:al 
cracking should be calculated j (2) the increase in shear necessary to cause 
inclinei cracking after the development of initiating flexural crackingj (3) 
the possibility of the existence of a shear value below which inclined cracking 
does not occur even if initiating flexural cracks do developJ and (4) the 
position at which web cracking should be calculated 0 
First~ consider the position at ~hich initiating flexural cracking 
should be calculatecL In Reference (3).9 measured values of the shears at which 
initiating fle~~al cracks developed in test beams wereusedtc compute the 
distance at w?:li':!h these cracks should have occurred 0 From these computations 
it was suggested that initiating flexural cracking should be ~omputed at a 
distance {aJ6 ~ h/4) away from the section consideredo An alternative approach 
is to use the dista~ces to the initiating cracks observed in the tests and to 
attempt t8 co~~elate these distances with alterations in the principal variableso 
Figure 63 sho";.!s a plot of the distances to the initiating flexural 
crack as obser-r~d iI'. the test beams reported in this investigation and. in 
References (3) and (4) versus the shear span length 0 Beams with a~d without 
drape~ re~nforcement are included in this plot 0 The beams shown had effective 
depths ranging from 0070 to 0092 of the over-all depth of the beamo Three 
different n0minal cross-sectional shapes are distinguished 0 The squares 
i~dicate beams with recta~~ar cross sections j the circles~beams with 3-ino 
web (bib = 005) and the triangle~beams with 1~,/4-ino webs {bg/b = Oo3)~ 
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The broken line indicates the relationship suggested in Reference (3). The 
solid line indicates the relationship for an initiating crack at a constant 
distance of 10 ino away from the section consideredo For all the beams shown 
the over-all depth of the peam was 12-ino Of all the plots made including most 
of the principal variables, this plot showed the least scatter. 
The plot indicates that there is a slight tendency for the distance 
to the initiating crack to increase with increase in the shear span length 
but that this trend is small. The plot indicates also that this rate of 
increase in distance appears to be affected by the shape of the cross section 
of the member, being somewhat greater for the thicker than for the thinner web 
members. If the initiating flexural crack can be treated as any other fleXural 
crack, then variations of this type would be predicted theoreticallyo In the 
--
test beams) the first flexural crack developed general~ at the load point or 
maximum moment section. Then, the distance to the initiating crack should vary 
according to the length required for the bond between the concrete and the 
steel to develop the full tensile stress in the extreme concrete fiber at the 
initiating crack.positiono The rate of build-up of this tensile stress should 
be a function of both the area of the concrete in tension and hence the shape 
of the cross section and the moment gradient. However, this figure indicates 
that the effect of this variation was small 0 
The essential conclusion that can be reached from Figo 63 is that 
for the range of shear span lengths to over-all beam depths tested(2 ~ alh ~ 605) 
the mean distance to the initiating crack position from the maximum moment 
position showed little variation with alteration in the shear span lengtho 
The mean distance remained approximately constant at 10 ino slightly less than 
the over-all depth of the beam. The same trend has been observed for the 
reinforced concrete beams reported in Reference (7)0 For these beams, the 
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over-all depth of the beam was a variable] values of 12 ino, 16 ino, and 20 ino 
being usedo Again the distance to the initiating flexural crack was about 10 ino 
for the l2-ino deep beamso For the l6-ino and 20-ino deep beams the distance 
was slightly less than the over-all depth of the beam, averaging about 13-ino 
for the l6-ino deep beams and l6-in~ for the 20-ino deep beamso For the above 
discussion the initiating crack was termed to be that flexural crack which 
developed subsequently in such a manner that it caused an appreciable loss in 
beam actiono 
Secondj consider the question of the increase in shear necessary to 
cause inclined cracking after the development of initiating flexural crackingo 
When the computed initiatIng cracking shearj Vf , is only slightly less than 
the web-cracking shear V ~ there should be little or no increase in the load 
s 
that a beam can carry between the development of the .initiating crack and the 
inclined cracko It would appear that the increment of shear that should be 
added to the initiating cracking shear Vf to obtain the inclined cracking 
shear V should be a function of the difference between the shear at web 
c 
cracking VsJ and the shear at the formation of the initiating crack Vfo 
In addition it can be reasoned also that as the shear to cause the 
formation of the initiating flexural crack is decreased progressively the ratio 
This limitation can be combined with the previous limitation to give an expres-
sion for the shear at inclined cracking as followsg 
1 - V (41) 
where 'W" is a function of W' - V Vv and is equal to unity when V Iv = 00 
sf's c s 
The function W can be evaluated from test resultso 
Figure 6~ shows a plot of the variation in V IV with the ~uantity 
c s 
(Vs - Vf )/ Vs for beams reported in this investigation~ and in References (3) 
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and (4)0 The shear at the formation of the initiating crack Vf is that computed 
for flexural cracking at a distance of 10 ino from the maximum moment positiono 
The shear at the formation of the initiating crack Vf is that computed for 
flexural cracking at a distance of 10 ina fran the maximum. moment posi tiono 
The shear at web cracking Vs is that computed at the centroid of the beamQ The 
shear at inclined cracking V is the measured shear <> The broken line joining 
c 
v Iv equal to unity to (V -vf)/v equal to unity represents a condition under 
c s s s 
which inclined cracking would occur Simultaneously with the formation of the 
initiating cracko The outer broken line represents the equation proposed in 
Reference (3) 0 It can be seen that a mean curve (solid line) drawn through 
the pOints plotted shows a parabolic variation passing through unity on the 
ordinate scale for (V -vf)/v equal to zero and through unity on the abscissa 
s s 
scale for V Iv = 00 This mean curve is tangent at the center to the plot of 
c s 
the equation proposed in Reference (3). 
The equation of this mean curve is 
v -V 2 
1 (s f) 
4' V 
s 
(42) 
The important concept in this discussion is not the form of the above equationo 
It is the concept implied by Eqo 41 for which Eqo 42 is the solution for the 
particular beams testedo However, because of the wide range of variables 
involved in the beams tested, there is little reason to doubt that Eqo 42 is 
of quite general applicability 0 
An examination of Figo 64 shows that, for the beams tested, values of 
v Iv less than 0025 were not observedo This figure would indicate that there 
c s 
may be a value of shear below which inclined cracking will not occur 0 This was 
the third question posed by theconcept of inclined cracking that was developed 0 
If the shear span length is extremely long, shear stresses in the web will be 
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low and it is doubtful if the occurrence of flexural cracks in the shear span 
and their subse~uent development would destroy significantly beam action. 
In order to examine the possibility of the existence of a lower bound 
to the inclined cracking shear plots of the type shown in Figo 64 are not 
suitable. To investigate this question it is necessary to use the alternative 
approach suggested originally for the derivation of a generalized equation for 
inclined. cracking 0 Plots are made of the inclined cracking loads versus the 
principal variables that affect flexural cracking Vf and web cracking V~o 
an examination of the equations for these two quantities Eqa 11 and 13 in 
From 
Chapter 2; it can be seen that both quantities depend on the variables f t and 
F /A ~t. Other variables that enter into these equations are b U, d and ho 
se 
Fi~JIe 65 shows a plot of V IftbUd versus F /A~ft for beams with cY se ~ 
3-ino webs and involving the variables of shear span length and effective 
depth 0 Beams i:t2dicated in. this fiS"...1re-.arereporled in Ref'erences(3), 
(4) and (5)0 The beams represented by the solid circles bad 54-iDo shear spans 
and a lO-1!2-ino ncminal effective depth 0 The beam£ represented by the solid 
s~uares had 36-iLo shear spans and a lO-1/2-ino nominal effective depth 0 The 
beams represeDt~d by the tallow squares bad 36-ino shear spans and an 8-1!2-ino 
nominal effe~ti're depth. The broken lines are straight lines drawn to indicate 
the trend of t~e test resultso It can be seen that test results for beams with 
the same shear span le~b are approximately on the same straight lineo Less 
scatter is sha\,J!l ty the beams with the 54-ino shear span length than those with 
the 36-in. span leng~h. This may be attributed to the fewer number of results 
in the former case or to the larger contribution of the tensile strength of the 
concrete and hence the greate~possible inherent errors in the latter caseo It 
can be seen also that tr2 beams with the 8~1/2-ino effective depths are in 
general. slightly above the straight line indicating the trend of the test results 
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for beams with 36-in. shear spans 0 • Finallyi it can be seen that the lines 
indicating the trend of the test results for the two different shear span 
lengths converge on a~proximately the same ~oint on the vertical axes. 
Figure 66 shows a plot of VcfftbUh versus Fse/A-ft for the same 
beams as plotted in Figo 65Q The legend for this is the same as in the previous 
figure. The broken lines are again straight lines indicating the trend of the 
test results. From Fig. 66 it can be seen that in spite of the fact that the 
scale of this figure is smaller than that of Fig. 65, the scatter is greater. 
The deviation shown by the beams with the 8-1!2-ino effective depth is signifi-
cantly larger than that shown in Figo 650 A comparison of Figs. 65 and 66 
would indicate that the inclined cracking shear is dependent on the effective 
depth rather than the over-all depth of the beami but that this effect is not 
extremely marked. This conclusion would not seem unreasonable if it is inter-
preted as implying that the shear carried beyond initiating cracking is a 
function of the effective depth rather than the over-all depth of the beam. 
Figure 67 shows a scatter plot of Vc/ftbUd yersus Fse/A.,ft for beams 
reported in References (3), (4) and (23) and in this investigation. The legend 
accompanying the figure indicates the significant properties of the beamso 
Straight lines are drawn through the test results for beams with a given shear 
span length and web thickness 0 This figure indicates that for a give~ value 
of these variables there is an almost linear relationship between Vc/ftbUd 
and Fse/A f t up to a value of Fse/Acft which would correspond to the value at 
which web-shear rather than flexure-shear cracks developed. This trend is 
clearly indicated by the uppermost group of test results on the figure. The 
~lots show also that as either the shear span length decreases or the web thick-
ness decreases the slope of the linear relationship between Vc/ftbUd and 
F I A f t in:;reases. se 
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The most important conclusion that can be dra.wn from Fig 0 67 is tha. t 
apparently the lines indicating the trends of the results for each series of 
beams converge at a single point on the ordinate V /ftbUdo The value of 
c 
V'C/ftb'ld at this point is 00220 Thus~ for a beam withQut prestress; a lower 
bound to the shear at inclined cracking is 
Two other interesting conclusions can also be drawn from Figo 670 
First~ the figure shows that for the series of beams with the lowest web 
stresses J as indicated by the hollow circles,l) the rate of increase of V jftbVd 
with F fA f t was quite slow 0 This would tend to indicate that this lower se 
bound as expressed by Eqo 43 should be used irrespective of the amotmt of 
prestress 0 Second~ the figure shows that this projected lower bound is sig-
, 
nificantly lower than a~y of the observed values ofVc!ftbUd for beams with no 
prestress 0 However J it should be mentioned that this does not imply that a 
low prestress would lower the inclined crackir~ loadJ but that the shape 
factor is not e'valua ted correctly by the parameters of tl:e plot 0 
It is of interest to compare the lower bound. value of Vc as exp:ressed 
by E~o 43 with the lower bo~d value for V proposed by the ACI~ASCE 
c 
Committee 326 on Shear and Diagonal Tension 0 This Committeeos recommendation 
is based on Vc values reported from tests on reinforced concrete beamso 
The expression proposed by Committee 326 is as follows 
v 
-- = 
JF c 
1,,9 + 2500 ~~ 
c 
(44) 
The lower bound value to this equation is 
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Since the beams used in the tests on which the equation proposed by 
Commdttee 326 is basedhanessentially the same size large aggregate as that 
used for some of the prestressed beams reported in Reference (4), it can be 
concluded that for these beams j 
Therefore, 
(46) 
It can be seen that whereas Eq. 46 gives a lower bound value equal 
to or less than the observed values for beams without prestress shown on 
Figo 56 it gives a value 50 percent greater than the projected minimum for 
the prestressed concrete beam results shown on the same figureo 
. --. 
The fourth question that arose in the discussion of the inter-
pretation of inclined cracking was the position at which web-shear cracking 
should be computed 0 In Reference (3)j it was concluded that web-shear cracking 
should be computed at the centroidal axis if the latter lay in the webo This 
conclusion was based on two observationsg first, that web shear cracks 
appeared to originate at the centroidal axis in simply-supported beamsj and 
second, that the computed values of the prinCiple tensile stresses along the 
~rofile of the observed inclined cracks did not vary significantlyo For the 
continuous beams reported in this investigation, the same trends were not 
observed 0 
Figures 68 through 73 indicate the nature of tre web-shear cracks 
observed in the continuous beams. On each diagram the :profiles of the cracks 
as they were first observed are indicated as thick solid lineso The shear at 
which each crack formed is shown enclosed in a box close to this cracko The 
computed shears to cause web-shear cracking at 1.A-ino intervals over the 
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depth of the web and at 6-ino intervals over the length of the web between 
load points are indicated on each diagramo These computed values are obtained 
usi~ the average of the midspan and center support values for the tensile 
strength and the effective prestresso The computed directions for the web 
shear cracks at the positions 6 iDo away from the maximum moment section and 
at the centroidal axis are indicated by short -solid sloping lines at each of 
these locations 0 The vertical scale used is two and one~ha.lf times as great 
as the horizontal scale 0 On each diagram a broken line is placed passing 
through the center of each span in order to indicate the slope of a 45-degree 
line for the scale usedo 
If the values for the computed shears for web-shear cracking axe 
examined it can be seen that in some cases the values closest to the tension 
flange of the beam at sections close to the maximum moment sections range as 
much as t~e~ty percent lower than the values at the centroidal axiso It is 
cbvious that in such cases the question-: as to the position of which web-shear 
cra.cking sh~ulG. be ~0!Dputed because important 0 An examL'I'la tion of the crack 
patterns for tte web-shear cra~ks as represented in these figures indicates 
that f·or a.r:.y given ser:t.icn the web-shear cracks tende4 to originate at the 
positic~ in t~t sectiou ~here the calculated shears to cause inclined cra~king 
were -least 0 ~is be~7ior can be seen most readily in the beams with web 
reir..forcement. For tl:ese beams the web reinforce::nent restrain.ed the opening of 
the in~lined cracks and as a result the cracks did not propagate as quickly as 
in beams without ~eb rei~orcemento A second piece of evidence that also 
supports the contention as to the origin of the inclined cracks is the 
observed directions of these creckso At sections close to the maximum moment 
section where the first inclined cracks formed and the variation in the calcu-
lated web-shear cracking shears was the greatest j the direction of the cracks 
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agreed closely with the computed direction for the crack at the position with 
the lowest computed cracking shear. Finally, the figures indicate that for 
those maximum moment sections at which web-shear cracking occurred before 
flexure~shear cracking, the point of origi.n of the web shear crack appeared 
to be about 10 ino away from the maximum moment sectiono 
Comparisons of the computed shears at a distance 10 ina away from 
the maximum moment section indicated that these shears were on the average 
:four percent lower than the observed cracking shears 0 In turn these observed 
cracking shears were ten percent lower than the predicted shears for cracking 
at the centroidal axiSo Obviously for beams in which web~shear cracking rather 
than flexure-shear cracking is probable ~ the shear to cause web cracking should 
be computed not at the centroidal axis but on the tension side of the web at 
a distance slightly less than the over-all depth of the beam away from the 
maximum moment sectiono For computations of the shear to cause flexure-shear 
cracking in accordance with Eqo 42 it would seem reasonable to use for V the 
s 
value of the shear to cause web cracking computed at the centroidal EL~so 
Much less work would be entailed and the error involved would be small 0 
In Tables 9, 10 and llJ measured and computed values for the shear 
at inclined cracking at various sections in the test beams are listedo Table 9 
is for the section to one side of the load point, in the direction of the end 
support 0 Table 10 is for the section to one side of the load point in the 
direction of the center supporto Table 11 is for the section on one side of 
t_he center support. The measured ~uanti ties recorded in this table are the 
lowest values of the observed cracking shears for either of the two spans 0 
Columns (2) and (3) in each table list the shear at observed 
initiating flexural cracking and the distance to the position of this cracko 
Column (4) lists the computed shear for initiating cracking at a distance 10 ino 
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away from the maximum moment sectiono This computed value was obtained using 
the obse~Ted value of the flexural cracking moment at the corresponding maximum 
moment section 0 The observed value used in this case was the second value 
listed in Table 8J the load being assumed to act as two-point loads at the edges 
of the loading or bearing plateo Suitable corrections were made in the cases 
where the longitudinal reinforcement was draped 0 In column; (5)j the computed 
shear for the development of web cracking at the centroidal axis position is 
listedo In Tables 10 and 117 column (5a) lists the computed shears to cause 
web cracking at a distance 10 ino away from the maximum moment section on the 
tension side of the beam at the junction of the web and flangeo These values 
are listed only for those beams in which the computed initiating cracking 
shear was close to the computed web-shear cracking shearo In column (6) of 
each table the predicted inclined cracking shear is shown 0 For cases in which 
flexure-shear cracking was predicted this value was calculated from Eqo 420 
Column (7) lists the measured inclined cracking shearo This value is the shear 
for which the first inclined crack at that section could be said to have 
developed sufficiently to destroy beam actiono In column (8) the ratio of the 
observed to the computed inclined cracking shears are liste~o In column (9) 
the ultimate shear on that section at failure of the beam is listedo 
It can be seen from the average of the measured to computed inclined 
cracking shears that the method of calculation used gave results in good agree-
ment with the observed inclined cracking· shears 0 The method was conservative 
giving average measured to co~uted values ranging from 1003 to lG01 for the 
different sections, with an average of 1005 and a mean deviation of 00060 
605 Effectiveness of Web Reinforcement 
One of the primary objects of this investigation was to determine the 
applicability of knowledge obtained from tests on simply-supported prestressed 
I 
I 
I 
I 
I 
'. 
\1 
I 
I 
I 
I 
I 
) 
I 
I 
.,' 
I' 
I 
I 
-175-
concrete beams to the analysis of the strength of continuous beams 0 Our 
understanding of some of the phenomena affecting the strength of reinforced 
concrete beams is not general enough to allow its extrapolation without sup-
porting e~erimental evidenceQ 01~ current knowledge of the effectiveness of 
web reinforcement belongs in this categor,yo 
Two previous investigations, References (3) and (9), of the strength 
of simply-supported prestressed concrete beams with web reinforcement have been 
made in conjunction with ~The Investigation of Prestressed Concrete for Highway 
Bridgeso n From these investigations, criteria were developed for the evaluation 
of the effectiveness of web reinforcement in simply-supported beamso One of 
the objects of this investigation was to determine the applicability of these 
criteria to the design of web reinforcement for continuous beamso 
Five beams with web reinforcement were testedo In four of these 
beams sufficient web reinforcement was included, in accordance with the rules 
derived from the tests on the simply-supported beams, for these beams to fail 
in flexure 0 Two of these beams bad flexural failures and the other two beams 
had transitio~al failures 0 L~ the fifth beamJ insufficient web reinforcement, 
according to the simply supported beam clat...a.9 was incill.dedo This beam failed in 
shear 0 
The ~~mainder of this section is set out in the following manner~ 
First, the methods used for the design of the web reinforcement are outlined 0 
Second, the actual test conditions are correlated with the design ~onditions 
and the 6bs~rYed behavior of the beams with the existing criteria for the 
evaluation of the effectiveness of the web reinforcemento Finally, the relation 
between these existing criteria and the concepts outlined in Chapter 2 are 
discussed 0 
The expression used to determine the amount and spacing of the web 
reinforcerrent was tp~t given in Reference (9). This was as followsg 
where 
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V_V=2Af~ 
u c 4 v y s 
v = ultima. te shear corresponding to flexural failure u 
V = shear corresponding to inclined tension c 
A = cross sectional area of one stirrup v 
d = effecti~e depth of the beam 
s = spacing of the stirrups 
f = yield point of the stirrup wire y 
cracking 
In order to determine the quantities V and V it was assumed that by the time 
u c 
inclined cracking had developedi the moments at each critical section were in 
the proportions of the strengths of each of these sectionso This assumption 
was in accordance with the behavior observed for the beams without web 
reinforcement 0 Furthermore~ the strength of each-.cri tical section was assumed 
to be slightly higher than the computed flexural strength 0 This was done by 
assuming an ultimate reinforcement strain equal to 0001 plus the computed 
ultimate strain for each sectiono This precaution was also taken on the basis 
of the obse~Jed strengths for beams without web reinforcement failing in flexureo 
In the computation of V and V 7 a nominal concrete strength of 3500 psi was. 
u c 
assumedo Losses i~ prestress were estimated on the basis of the data obtained 
from beams without web reinforcement cast previouslyo 
The upper diagrams of Figures 74 through 78 show the design conditions 
for the continuous beams with web reinforcemento Shears of alternating sign 
have been plotted on the same side of the base reference line for convenienceo 
The ordinates of these diagrams represent values of shear in kipso Complete 
shear profiles for the length of the beam} starting close to one end support 
and finisbing close to the other end support are shown 0 The position of the 
load-points and the center support are indicatedo Each diagram shows four 
separate shear profileso The uppermost solid line represents the design 
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ultimate shear 0 The thin broken line immediately below this first solid line 
represents the ultimate shear developed in the actual testo The thick broken 
line represents the design inclined cracking shear 0 The stepped solid line 
represents the assumed contribution of the web reinforcement calculated from 
the right-hand side of Eqo 47 for the amount and spacing of the web reinforce-
ment used in the test beams and plotted using the design ultimate shear as the 
base line. 
The variations in the profile of the design inclined cracking shear 
correspond to variations in the type of cracking predictedo For the sections 
where the profile varies parabolically flexure-shear cracking was predicted 0 
The shear at inclined cracking for these cases was calculated according to the 
formula given in Reference (4)0 The diagrams indicate that flexure-shear 
cracking was predicted for sections between the load points and end supports, 
inside the load points and either side of the central support 0 For those 
sections between the center support and midspan where the profile does not vary, 
web-shear cracking com;puted_::~ at the centroidal axis was predictedo 
The step variations in the profile for the design strength of the web 
reinforcement correspond to changes in the stirrup spacing 0 Details as to the 
amount, strength and spacing of the web reinforcement are given in Appendix Ao 
Originally, the amount of web reinforcement was calculated from Eqo 47 for the 
difference between the design ultimate and inclined-.cracking shears as 
indicated on Figso 74 through 780 
For the design of the web reinforcement several simple rules were 
followed 0 The required amount of web reinforcement for the maximum moment 
sections was calculated first and this spacing maintained for a distance equal 
to half the effective depth of the beam in the direction of decreasing momento 
The amount of web reinforcement required at the end of this distance was again 
-178~ 
calculated and this latter spacing maintained again for a distance equal to 
half the effective depth of the beam 0 In this manner the web reinforcement 
was carried for a distance equal to half the effective depth of the beam 
beyond the extreme position at which incl~ned cracking was predicted 0 Some 
variation in the spacings calculated in this manner were made in order to 
smooth out the change from one stirrup spacing to the nexto At any section the 
spacing of the stirrups was not increased beyond half of the effective dept~ 
at the maximum moment section~ ,",;: ~'" ',: .. 
As indicated in Figo 78 there was one beamJ BWoIOo075, in which no 
web reinforcement was placed in the central 18-ino length between the load 
points and central support 0 Web reinforcement was omitted over this length in 
order to gain further information on the effectiveness of the drapeo This test 
will be discussed in greater detail in the next sectiono However j for the 
portions of the beam outside of this region the same design procedure as that 
outlined above ~as followed 0 
Exa~ination of these diagrams for the design conditions for the web 
reinforcement indicate that if Eqo 47 could be applied to the design of con-
tinuous beams 3 this procedure should have given for the test beams an amount 
of web reinforcement sufficient to reach too flexural capa:r:i tyo For a strict 
application of E~o 47J the same spacing of the web reinforcement should have 
been maintaine~ far a distance equal to the effective depth of the beam ratber 
than half the effective depth of the beamJ beyond the position for which this 
spacing ,was calculated 0 On the ot.her band this discrepancy was compensated for 
by an overestimation of the ultimate load the beam would carryo 
The lower diagrams of Figso 74 through 78 illustrate the effect.iveness 
of the web reinforcement under the test conditionso The shear profiles plotted 
on these diagrams are similar in many respects to those on the diagrams for the 
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design conditionso However, in this case the contribution of the web reinforce-
ment was calculated according to the following modification of Eqo 47 
v - V u c (48) 
and the predicted inclined cracking loads were calculated as outlined in the 
previous sectiono Equation 48 was that suggested in Reference (3) for the 
design strength of the web reinforcement and the change in the constant on the 
right-band side of the equation from that in Eq. 47 was made as a result of 
knowledge obtained from additional tests carried out after the investigation 
from which Eqo 47 was developed 0 
In these diagrams for the efficiency of the web reinforcement under 
the test conditions, the uppermost solid line represents the measured ultimate 
shear 0 This profile was also shown as the thin broken line 'in the upper 
diagram of each figureo The stepped solid line represents the measured inclined 
cracking shearso This profile bas a constant value for the length of the 
horizontal projection of inclined cracking at a given value of shearo The 
stepped thick broken line represents the design strength of the web reinforce-
ment calculated according to Eqo 470 These profiles were plotted using the 
measured ultimate shear as the base lineo The thin broken line represents the 
computed inclined cracking shear under the test conditionso 
An examination of these diagrams indicates that for the regions close 
to the maximum moment sections reasonable agreement was obtained between the 
measured and computed inclined cracking shearso For the central region of the 
beam between the load-point and central support inclined cracking occurred 
much later than predictedo This behavior is discussed in greater detail in the 
next sectiono 
A comparison of the profiles for the extent of inclined cracking, and 
the corresponding design capaci.ty of the web reinforcement for beams BW.IOo072 
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and BWolOol02 as opposed to beams BWolOo073 and BWolOol03J shows that there 
is a closer agreement between the profiles for regions adjacent to the maximum 
moment sections (for the two former beams) than for the two latter beams 0 In 
one or more of these regions for the beams BWolOo072 and BWolOol02J the 
observed inclined cracking shears were greater than the design strength of the 
web reinforcemento Beams BWolOo072 and BW.10ol02 bad transititional failures 
whereas beams BWolOo073 and BWolOol03 bad fle~~al failureso 
It is interesting to note the relation between the observed widths 
of the L~clined c~acks and the proximity of the profiles for the obser~ed 
inclined cracking shears and the design strength of the web reinforcemento In 
most beams tr~ inclined cracks were widest in the regions outside the load-
points in the direction of the end supportso The closest agreement between the 
two profiles was also obtained in this regiono In- contrast J inclined cracks 
in the central portion of the beams between the load points and central support 
did not develop until a much later stage of loadingJ than that at which 
inclined cracks developed outside the load-points and the cracks did not open 
significantly" The largest difference between the two profiles occurred in 
this region 0 
It can b~ concluded.. from these diagrams that the present methods for 
the design of ~eb rein!or~ement as expressed by Eqc 48 can be extrapolated to 
the design of web reinforcement for continuous beamso This conclusion is also 
supported by the test ~esults reported in Reference (6)0 However, it would 
appear from the tests ~eported here, that further knowledge both on the inclined 
cracking shears and the efficiency of the web reinforcement is required in the 
region where the longitudinal reinfor~ement is draped 0 
In the development of Eqso 47 and 48; even though se'lferal other 
approaches were tried, the tests on simply-supported beams indicated that the 
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most significant variable governing the amount of web reinforcement necessary 
to prevent a flexural failure was, as indicated above, the difference between 
the ultimate shear and the shear corresponding to inclined crackingo These 
tests on continuous beams have provided additional experimental evidence which 
bas confirmed this concept 0 However, this concept still requires a sound 
theoretical explanationo Logically, if V represents the ultimate shear that 
c 
can be carried by a beam without web reinforcement, then if web reinforcement 
is added, the ultimate shear should increase in proportion to the amount o~ 
web reinforcement added 0 Unfortunately, theoretical considerations of the 
equilibrium of the region crossed by the inclined crack fail to indicate as 
simple a trend as the experimental evidence would imply 0 Moreover, ECl 0 48 has 
shortcomings with respect to the concepts for beams with inclined stirrups or 
with draped reinforcemento 
Previous tests on reinforced concrete be~ with inclined stirrups 
(24) have indicated an increase in efficiency of the web reinforcement in pro-
portion to the sine of the angle of inclination of the stirrupso The shear 
concept embodied in EClo 48 would indicate that there should be a reduction in 
efficiency with inclination of the stirrupso 
Obviously, the analysis outlined in Chapter 2, is too sensitive to 
the different variables involved in the design to be applicable for practical 
purposes 0 HO"Ylever, it does indicate that the effect of web reinforcement on 
the strength of the structure should involve a moment rather than a shear 
concept 0 Furthermore, it indicates that two other variables should affect the 
efficiency of the web reinforcement, the horizo~tal projection of the inclined 
crack j and the stress-strain relationship for the longitudinal reinforcemento 
Equation 29 indicates that the contribution of the web reinforcement should 
depend on the moment of the web reinforcement that crosses the horizontal 
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projection of the inclined crack and the differences in steel forces in the 
longitudinal reir-forcement between either end of the inclined cracko The 
concept that the effect of the web reinforcement should depend on the moment 
of the web reinforcement that crosses the inclined crack agrees with the results 
obtained for reinforced concrete beams with inclined stirrups 0 The concept of 
the differences in steel forces between either end of the inclined crack 
would indicate that the expression for the effectiveness of the web reinforce-
ment should include terms involving the angle of inclination of the inclined 
crack~ and the angle of drape of the longitudinal reinforcement 0 
It can be concluded that whereas there is little reason to doubt 
that E~~ 48 can be used to evaluate the effectiveness of vertical web reinforce-
ment in continuous or simply-supported beams with symmetrical cross sections] 
it is quite probable that some modification of the- concepts of this equation 
are necessaryo The validity of the expression needs to be investigated for 
beams with inclined web reinforcement and with different cross sectional 
shapes 0 
6u6 Effectiveness of the Draped Reinforcement 
The effectiveness of draped longitudinal reinforcement in Ricarrying 
shear~ is of particular significance in continuous beams where it is common for 
at least some of the longitudinal reinforcement to be draped 0 Obviously, it 
is desirable that the shear carrying capabilities of the draped reinforcement 
should be used to the fullest advantageo Previous test results for simply 
supported beams, Reference (3), baye indicated that an additional shear carrying 
capacity e~ual to the vertical component of the effective prestressing force is 
developed in regions where web-shear cracking is predictedo However, the 
~uestion has been raised (25) that if the crack development is such that the 
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stress in the longitudinal reinforcement is increased] then should be effective 
prestressing force be relied on or, can some other force be used, a force perhaps 
as bigh as that corresponding to yielding of the longitudinal reinforcemento 
In Figso 71 to 73 the shears corresponding to principal tensile stresses 
equal to the tensile strength of the concrete (based on two-thirds of measured 
modulus of rupture) are shown for various points on the test beams having web 
reinforcement 0 In the same figures, the observed inclined cracking shears are 
also indicatedo From a comparison of the calculated and observed shears along 
the span of the beams} it is seen that there is good agreement between these 
two quantities near the maximum moment sections while the observed values are 
significantly bigher than those calculated near the points of contraflexureo 
The ratios of the observed to the calculated values ranged from 12 percent at 
the centroidal axis for beam BWolOo072 with the l~ast amount of longitudinal 
reinforcement to 28 percent of beam BWolOol03 with the largest amount of 
longitudinal reinforcement 0 This trend was fairly consistent for progressive 
alterations in the amount of longitudinal reinforcemento The difference between 
the observed and calculated values compared to the vertical component of the 
effective prestressing force ranged from 50 percent of the vertical component 
for beam BW.10.072 up to 100 percent for beam BWolO.103o 
~na~ion of Figso 68 through 71 for the beams without web 
reinforcement that developed web-shear cracks shows that the same trends were 
present but that they were not as consistent 0 
Figure 79 shows a f~ee body diagram of the region between the load 
point and central support for one of these test beams after inclined cracking 
bad developed both over the central support and under the load point. At these 
cracked sections A-A and B-B the stress in the longitudinal reinforcement bas 
increased 0 Since a finite bond length is necessary for this increased stress 
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in the reinforcement to be transferred to the concrete there is an increase 
in the effective ~restressing force on sections within 'this length 0 The 
vertical com~onent of the stress in the longitudinal' reinforcem:nt is greater, 
and hence for sections within this length the shear to cause web cracking is 
greater~ If J however, the section at the ~oint of contraflexure is considered, 
section X-X, it can be seen that there is no change in the effective ~restressing 
force on this section from that which existed before load was applied to the 
beam 0 Logically, web cracking should occur at this section simultaneously with 
that at sections A-A and B~B if the cracking at these latter sections can be 
assumed to originate at the centroidal axisQ In the test beams} this did not 
occur 0 The progressive development of the web-shear cracks from the maximum 
moment sections towards the point of contraflexure indicated that in some way 
this effect of the longitudinal reinforcement requiring a finite bond length 
altered the pattern of crack developmento Possibly, the fact that at the 
maximum moment sections the web-shear cracks tended to originate on the tension 
side of the centroidal axis may be one explanation 0 These cracks would tend 
to raise the stress in the longitudir~l reinforcementj their rapid development 
over the complete length of the region would be restrained by the presence of 
the web reinfor~ement; and step-by-step development of the web-shear cracks 
towards the point of co~traflexure could. resulto 
These t~o fea~ures} a reliance on the inclusion of sufficient web 
reinforcement and a finite bond length, are in agreement with the observed 
bebavioro Beam BW.lO.072 showed the least increase in the shear to caUBe web 
cracking at the point of contraflexure 0 This beam bad the ~east amount of web 
reinforcement} and the least amount of longitudinal reinforcemento Beam BW.IOol03 
showed the largest increase in the shear to cause web cracking 0 This beam had 
the largest amount of web reinforcement and the largest amount of longitudinal 
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reinforcernento The narrow width of the web would necessitate that the bond 
length in the latter case should be greater and the larger amount of web re-
inforcement would place a greater restraint on the crack development 0 
Beam BWolO.075 was designed specifically to investigate the question 
of the effectiveness of the drape once cracking had developeda Web reinforce-
ment was omitted for the central 18 ina of the region of the beam between the 
load points and central supporto The mode of failure of the beam indicated that 
it is necessary for ~eb reinforcement be placed over the complete length of the 
distance for which web cracking is predicted. This web reinforcement is essential 
in order to tie the beam togethero 
From Fig. 72 it can be seen that up until the stage that web cracking 
developed in that portion of the beam without web reinforcement, the pattern 
of development of the web cracks and the shears-at. which these cracks developed, 
were essentially the same as those in the comparable beam BW.lO~073 with web 
rei~~orcement over the complete length of the reg~~n between the maximum moment 
sections a However, once the cracks in beam; BWolO.075 developed in the region 
of the beam without web reinforcement any resultant increase in stress in the 
longitudinal reinforcement that occurred, bad no beneficial effect in reSisting 
the applied shears. There was nothing to tie the portion of the beam without 
web reinforcement together and failure followed immediately 0 
It can be concluded from these test beams, that some increase in the 
effectiveness of the drape can occur over that corresponding to the conditions 
for a force in the longitudinal reinforcement equal to the effective prestressing 
force 0 However, any such increase is conditional on the amount of web reinforce-
ment, and the bond length required for the increased stress in the longitudinal 
reinforcernento Once inclined cracking develops in a region without web reinforce-
'ment, no increase in the effectiveness of the drape can be expected. Thus, it 
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would be advisable to limit the effectiveness of the drape to that corresponding 
to the effective prestressing force, until the factors affecting the pattern of 
web crack development are investigated furthero 
These concepts on the effectiveness of the draped reinforcement are 
in agreement with the theory outlined in Chapter 20 It was indicated that the 
effect of web reinforcement was to maintain the stress gradient along the length 
of the longitudinal reinforcemento Draped longitudinal reinforcement can be 
effective as web reinforcement only insofar as it retards inclined crackingo 
Once inclined cracking develops web reinforcement w~st be provided to maintain 
the required stress gradient in the longitudinal reinforcemento Draping. the 
reinforcement cannot fulfill this function 0 
607 Relation Between Concrete and Steel Strains -
The determip~tion of the relation between the increase in the critical 
concrete and steel strains is the fundamental step in the determination of the 
moment-rotation relationship at a particular section and hence of the moment-
load and load~~eflection relationships for the complete st~~ctureo It ~~s been 
pOinted out in Cha~ter 2 that this relation between the increase in concrete 
and steel strains can be described satisfactorily by determining strains at 
several critical stages of loading as outlined in Sections 203 and 2040 In 
order to construct this relationship it was assumed that there is a linear 
relation between the concrete and steel strains for each loading stageo In this 
sectionJ plots of the increase in concrete and steel strains determined in this 
manner for repTesentative test beams are describedo The si&~ificance of these 
plots is discussedo They are compared with the observed crack patterns and} 
where available J with the observed relation between t~~ increase in concrete 
and steel strainso 
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Figures 80 through 87 show the increase in concrete versus the 
increase in steel strain relationshi~ for a number of beams without web rein-
forcemento Figures 88 through 91 show the relationships for beams with web 
reinforcement 0 The relationships shown are for sections at the edges of the 
loading or bearing plateso For calculations of the moment-rotation relation-
ships it was assumed that these sections were the critical sections, since the 
relationships calculated for these sections gave the best correlation with the 
observed behavioro In each figure two reference lines are drawno The hori-
zontal line drawn through a concrete strain of 00006 corresponds to the assumed 
limiting strain in the concrete 0 The vertical line drawn through a steel strain 
of about 00006 corresponds to a value of one percent strain in the longitudinal 
steel, approximately the yield strain of this reinforcemento The exact position 
of this vertical line alters depending on the prestrain in the reinforcemento 
In each plot the solid circles indicate calculated concrete and steel 
strain values. The thin broken lines represent the relationship assuming a 
linear variation betwee:l one calculated value and the next 0 For example, the 
solid circle near the origin of the plot represents the calculated concrete 
and steel strains for flexural cracking 0 The lower-most broken line represents 
the relation between the increase in concrete and steel strains assuming a 
linear variatio~ bet~een flexural cracking and flexural ultimateo 
The solid b~oken line represents the complete calculated relationship 
taking into account the development of inclined crackso For example, this com-
plete relationship follows the line representing the assumed linear variation in 
concrete and steel strains between flexural cracking and flexural ultimate until 
inclined cracking occurSo Following the development of inclined cracking the 
relationship follows the line representing the assumed linear variation in 
concrete and steel strains between the strains at the formation of this inclined 
-188-
crack and the corresponding shear ca~acity for this crack until it is reached 
or a new inclined crack is calculated to develop. 
The solid line drawn on the figures represents the measured increase 
in concrete and steel strain relationship for the section in the actual test 
beam. For these relationships the concrete strain is the local concrete strain 
at the section as measured by the electrical strain gages on the concrete j the 
steel strains are values calculated for the observed distribution of strains of 
the depth of the beam. The maximum values shown for these measured relation-
ships do not corres~ond to those at failure since the experimental procedure 
made it impossible to continue these measurements up to failure. 
In several of the figures the complete theoretical relationship for 
each stage of behavior is not shown. In many of the fi@~es the horizontal 
scale precludes the plotting of the point corresponding to flexural ultimate. 
This procedure had to be adopted in order that the earlier and more significant 
portions of the relationship could be distinguished. However, the extent in 
the horizontal direction to reach flexural ultimate can be visualized if it is 
remembered that this point for flexural ultimate lies at the intersection of the 
lowermost line with the horizontal line corresponding to the limiting concrete 
strain of 0.0060 For the limiting values at other stages in the behavior wbich 
are not shown the same procedure can be adopted 0 For the interpretation of the 
significance of these plots these limiting values are not important. 
Figures 80 and 81 show the relationships between the increase in 
concrete and steel strains for the midspan and support sections respectively 
of beam BOo08.036. It can be seen from Fig. 80 that inclined cracking at the 
midspan section is not predicted until the steel strain is considerably in 
excess of that at yielding and the section bas already developed close to its 
maximum moment. From Fig. 8lJ it can be seen that inclined cracking at the 
center support section is predicted at a strain less than that corresponding to 
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yielding of the reinforcement. However7 it can be seen that this cracking 
should have little effect as the corresponding change in the slope of the 
concrete and steel strain relationship is not significant 0 The ultimate steel 
strain is considerably in excess of the yield strain and hence the ultimate 
m~ent would not be reduced significantlyo 
From an examination of the crack pattern for beam BOoo8.036 as 
shown in Figo 29 it can be seen readily that there is a reasonable correlation 
between the observed crack pattern as shown in this figure and the pattern as 
predicted from these increase in concrete and steel strain relationshipso 
Furthermore, if the effect of this pattern of crack development on the load 
carrying capacity of the beam is investigated it is found that the effect 
of the cracks as predicted from these increase in concrete and steel strain 
relationships is in good agreement with the observed effectso 
For the midspan sections of the beam inclined cracking outside of 
either load point did not occur 0 Inside the load point inclined cracks did 
not develop until shortly prior to failure and the crack that did develop 
had no obvious detrimental effecto At the center support section inclined 
cracking as predicted occurred earlier than. at the midspan sectiono Although 
the center support cracks opened wide prior to failure they did not appear 
to affect materially the strength of the beamo 
Figures 82 and 83 show the relationships for the midspan and center 
support sections. respective~ of beam BOolOo053o In Figo 82 the development 
of two inclined cracks at the midspan section is predicted, the effect of the 
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strain is still in excess of the yield strain and it can be deduced that the 
strength of this section should not be reduced markedlyo In Figo 83 the 
development of two inclined cracks at the center support section is predicted) 
the increase in steel strain after the development of the second inclined 
crack being almost negligibleo However, this figure indicates that the effect 
of this second inclined crack will not be marked 0 This crack is not predicted 
until after yielding of the reinforcement and at a stage when the beam bad 
developed close to its computed strength as a result of the development of the 
first inclined cracko 
For the comparison of these relationships with the observed behavior 
of the beam, it should be noted that since the beam had the same effective 
depth at both critical sections, with the longitudinal reinforcement draped 
be~ween the load point and center support, the relat~onship shown for the 
center support section is applicable also to the section inside the load pointo 
Thus~ if Figo 32 for the observed crack pattern is examined it can be seen 
that the predicted behavior is in accordance .with the observed behavioro Cracks 
in the region outside the load points extended to about 16 ino away from the 
lc:ad point as predicted. Two IlB,jor inclined cracks formed. over the central 
support and inside the load point 0 In spite of the development of these 
cracks~ the strength of the beam was not affected materially and it showed a 
transitional failure. 
Figures 84 and 85 ~how the relationships for the midspan and center 
support sections of beam BO.IO.076o This beam was similar in most respects to 
beam BOolOo053 but contained a larger amount of longitudinal reinforcemento It 
can be seen that the predicted relationships for the two beams are similar in-
sofar as the predicted crack development is concerned} but that the effect of 
these cracks is much more marked in beam BOolO.076 with the larger amount of 
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longitudinal reinforcemento For both sections of the beam the calculated 
ultimate steel strains are less than the yield s·trains 0 In :particular the 
increase in steel strain beyond second inclined cracking for the center sup~ort 
se'ction is very small and the increase in concrete strain is excessive 0 It 
would be extremely doubtful that the.: section could undergo the deformations 
required" Excessive concentration of concrete curvatures at the maximum moment 
section and an excessive concentration of steel curvatures at the end of the 
inclined crack would be predicted 0 Even if the sections could undergo these 
deformations, the increase in strength beyond the development of second inclined 
cracking would be negligibleo 
Examination of Figo 32 for the observed crack pattern shows that 
inclined cracking extended to about the predicted positions outside the load 
. -
points 0 Furthermore as the relationships would indicate the beam failed through 
the development of the inclined cracks between the load point and central 
support 0 The beam had a .:sudden. web distress failure 0 From observations of 
similar trends in the relation between concrete and steel strains in other 
beams, it was concluded that when the slope of the ~redicted relationship becomes 
almost vertical, as shown in Fig. 85 the beam cannot conform to the deformations 
required and a web distress failure, as indicated in this case by the shear and 
splitting failure, rather than a shear compression failure will occuro 
Figures 86 and t37 show the relationships for the midspan and center 
support sections of beam BOo12.o64o It can be seen that for this beam the 
critical region is the midspan section outside the load pointo In this region 
two inclined cracks, as opposed to one inclined crack, over the central support 
are predicted 0 The increase in steel strains beyond the development of the 
second inclined crack is small. If the crack :pattern for this beam is examined, 
Figo 31, it can be seen that·this predicted behavior is in agreement with the 
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observed behavioro A single inclined crack formed at the central support and 
the beam failed through the development of a second inclined crack outside the 
load pointe The failure was in shear compressiono However, as would be sug-
gested by the slope of th~ relationship between the concrete and steel strain 
for the midspan section the beam could not conform to the required deformations 
and did not develop a deflection comparable to that computed using the complete 
strain relationshipo 
Figures 88 through 91 show the relationships for the center support 
sections of the beams with web reinforcemento For the derivation of these 
relationships the procedure was simplified considerably by assuming the theo-
retical relationship to be given by a line joining the position for the first 
predicted inclined crack to the position corresponding to the strength for the 
outermost inclined crack that could form 0 From the ~receding figures for the 
beams without web reinforcement it can be visualized that this procedure is 
slightly in error, but that it is conservative 0 It should result in a slight 
overestimation of the rotations immediately after first inclined cracking, 
but the strength and ultimate rotation should not be affected 0 
It can be seen that the effect of tr£ addition of web reinforcement 
was to make the ultimate steel strain close to that corresponding to yielding 
of the longitudinal reinforcemento A measure of the cr~nge in this relation-
ship for the increase in concrete and steel strains can be obtained by a com-
parison of Fig. 85 for beam BOolOo076 without web reinforcement with Fig~ 89 
for the comparable beam BWolO.073 with web reinforcemento The slope of the 
relationship beyond inclined cracking for the beam with web reinforcement is 
reduced markedly. 
For beams BW.lO.102 and BWolOol03 the procedure would predict that 
insufficient web reinforcement was added for the beams to develop yield in the 
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longitudinal reinforcemento However, it ~n be seen that these relationships 
predict that the beams should have developed a strength considerably in excess 
of their strength as beams without web reinforcement and comparable almost to 
their yield strengths. 
Unfortunately, no attempt was made in these tests to vary the amount 
of web reinforcement for similar beams. However, the analysis of Chapter 2 
would indicate that the effect of additional web reinforcement should be to 
decrease further the slope for the relationship beyond inclined cracking. It is 
obvious that a suitable criterion for the amount of web reinforcement, would be 
that which reduces the slope sufficiently that yielding of the longitudinal ~e­
inforcement would be predicted. Under these circumstances the strength of the 
beam would not be materially less than the flexural strength, and the slope of 
the relationship would indicate that shear comPression rather than web distress 
failures would occur. 
A comparison of the predicted relationships as shown by the thick 
broken lines, with the measured relationships as shown by the solid lines for 
Figs. 82 through 91 shows that in general good agreement was obtained. The 
measured relationships show the same trends as the predicted relationShips and 
give more commonly values slightly less than the predicted values. Some dis-
crepancy between the relationships is to be expected since the observed relation-
ship requires that localized strains which are extremely difficult to measure 
be determined accuratelyo 
To recapitulate, it was found that there was a close correlation 
between the behavior as predicted from the calculated relationships for the 
increase in concrete and steel strains, and the observed behavior. The calcu-
lated relationship illustrated graphically the degree of damage resulting from 
the deve~opment of each inclined crack. It was found that for similar types of 
cracking the degree of damage as a result of a specific inclined crack increased 
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as the p/f cr value for the beam increasedo It was found that if the final slope 
c . 
of the relationship was almost vertical such that large increases in concrete 
strain would be calculated, for little or no increase in steel strain, then the 
failUre mode was likely to change from one of crushing of the concrete above 
the apex of the inclined crack to a web distress failure. Inclusion of web 
reinforcement reduced markedly the degree of damage as a result of an inclined 
crack 0 A reasonable criterion for the amount of web reinforcement to be used 
appeared to be that to cause yielding of the longitudinal reinforcement. 
6.8 Moment-Rotation Relationships 
Figures 92 through 98 show measured and computed moment-rotation 
relationships for the beams for which strain relationships were evaluated in 
the previous section. The thick lines on each figure represent measured moment-
rotations relationshipso The solid portion of each line represents the 
relationship as determined directly from the measured reactions and the 
measured distribution of strain over the depth of the beam at the particular 
section. The broken portion of the line represents the range over which the 
rotations were deterwined from the measured deflectionso The solid circles 
represent calculated values of the moment and rotation obtained using the 
relation for the inc~ease in concrete and steel strains presented in the 
previous section. A ~hin b~oken line is drawn through these calculated values 
to indicate the treni o~ :he computed relationshipo Both the measured and 
computed relationships sho·wn on these figures are for sections at the -edges of 
the loading or bearing plate 0 Thus j the midspan moment shown is the measured 
value of the end reaction multiplied by the distance from the centerline of 
this reaction to the outermost edge of the loading pla te at midspan 0 
Examination of these figures indicates that for the beams without 
web reinforcement very good agreement between the measured and computed 
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relationships was obtained except for those two beams in which the final slope 
of the strain relationship was extremely steep for a considerable range of 
concrete strain. These two beams were BO.IO.076 and BO.12.064. For both 
beams the measured ultimate rotations were considerably less than the computed 
rotations but the measured and computed ultimate moments were in good agreement. 
This behavior would imply that failure of the beam resulted from 'inability. of 
the failure section to conform to the required deformations. 
Examination of the plots for the beams with web reinforcement 
indicates that good agreement both for the ultimate moments and for the rotations 
up to failure was obtained in all cases. 
609 Moment-Load Relationships 
Fi~~e 99 shows measured and computed moment-load relationships for 
three of the test beams. One beam f's shown for each of the three nominal 
. 
patterns of reinforcement. Beam 000:12.064 had a nominal 8-1/2-in. effective 
depth at the central support and a 10-lj2-in. effective depth at midspan. 
Beam BOo05.036 had a nominal 10-1/2-ino effective depth at the central support 
and an 8-lj2-in. effective depth at midspan. Beam BWolO.073 had the same 
nominal lO-lj2-in. effective depth at both critical sections. 
The thick solid line on each figure represents the measured moment-
load relationship for the center support section and the thick broken line 
the relationship for the midspan section. The solid circles on each figure 
represent calculated values of moments and load and the thin broken lines 
drawn through these circles indicate the trend of the results. 
It can be seen that good agreement between the measured and computed 
relationships are obtained in each case. The major discrepancies arise-in the 
initial elastic portion of the relationships where slight inaccuracies in the 
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adjustment of the height of the central support have affected markedly the --
measured relationshipsG 
6GIO Load-Deflection Relationships 
Figures 100 through 105 show measured and computed load-deflection 
relationships for each of the beams analyzed in Section 6080 The solid line on 
each figure represents the measured applied load-deflection relationship except 
for Figo 100 where the solid line represents the relationship for the failure 
span and the thick broken line the relationship for the alternate spano The 
solid circles on each figure represent computed values of the load and the 
deflection 0 A thin broken line is drawn through these circles to indicate the 
trend of the computed relationshipo 
It can be seen that good agreement was obtained between the trends of 
the measured and computed relationships in each case 0 In general, both the 
measured ultimate load and the measured ultimate deflection are slightly greater 
than the computed values. The three exceptions are beams 000080036, BOolO.076 
and EO 012 00640 
For beam BO.06,036 shown in Figo 100 reasonable agreement between the 
measured and computed relationships was- obtained for the failure span but not 
for the alternate span. The reason for this discrepancy is obvious if the crack 
pattern for the beao as shown in Figo 29 is examined 0 In the failure span a 
crack pattern in agreerrent with that. for the computed strain relationShip was 
developed 0 In the alternate span no inclined cracks developed and the ultimate 
deflection was considerably lesso 
For beams EO 0100076 and EO 012 0064 the measured and the computed load-
deflection relationships are in reasonable agreement up to close to the ultimate 
capacity of the beamso Although the measured and computed ultimate capacities 
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are in reasonable agreement there is a considerably discrepancy between the 
measured and computed ultimate deflections. This discrepancy follows naturally 
from the corresponding discrepancy in the moment-rotation relationships for the 
critical sections of these beams. It results from the inability of the beam to 
conform to the deformations necessitated by the relation between the increase 
in concrete and steel strains for the crack pattern developed. From these 
figures it can be concluded that ~or these beams} conservative estimates of 
the strength and ultimate deflection can be obtained if the values of these 
quantities are limited to those at the initiation of the unfavorable crack 
pattern which leads to failureo 
6011 Prediction of the Mode of Failure and the Ultimate Capacity 
The method for the determination of the.strength and.deflection of 
continuous beams outlined in Chapters 2 and 3 bas been used successfully in 
the previous sections to predict the behavior of a selected group of the test 
beams 0 Although the method was not intended to be able to predict the mode of 
failure it is clear from the results reported in the previous sections that it 
is possible to infer from the nature of the relationship between the .increase 
in concrete and steel strains whether the structure would have a reasonable 
chance of undergoing the required deformationso 
If the final slope of the strain relationship was moderate or values 
in excess of yield strains in the longitudinal reinforcement were reached 
before an extremely steep portion of the relationship was encountered then 
failure occurred by crushing of the concrete and the beam developed both its 
computed strength and deflectiono 
If the final slope of the strain relationship was very steep and 
values in excess of the yield strain in the longitUdinal reinforcement were not 
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reached before this stage developed, then the failure was abrupto The beam 
developed its computed strengthJ but the deflection developed was markedly less 
than its computed ultimate deflection 0 
Obviously, the use of· the final slope of the strain relationship as an 
indication of the mode of failure does not provide a clear-cut division between 
the two broad categories of failure outlined aboveo At seme sections failures 
of the first type would be clearly predicted and at others; .fai~ureB of the 
second type would be predicted but in between there is a range in which it is 
not possible to state exactly the type of failure to be expected 0 
Failures in the first category must of necessity be relatively gentleo 
They can take the form of flexural failures or shear compression failureso It 
would be inferred from the analyses outlined previouslY,that it is impossible 
for a 1feam with a single point loading to have truly flexural failure once 
inclined cracks have deve1opedo 
Failures in the second category must be more violento They must all 
be shear failures., but dep~'nding on the resisting mecr...anism they CEl-n be shear 
compression or web distress failures J with the latter type of failure predomi~~­
tiIlgo 
Table 12 shows comparisons of measured and cOIDp1.lted. ultimate moments 
at the two cri ti cal se c-l: ions J midspan and center support r. In order too t there 
should be a uniformity in th~ nature of the moments listed in this table) the 
values given are those assuming the moment diagram to be composed of straight 
line segments with sharp breaks in the slope at the centerline of a~plied loadso 
This procedure is adopted since in some cases the computed values are calculated 
from section properties at the edge of the loading or bearing plate and in other 
cases from section properties at the centerline of these plateso 
Col'~s (2) and (8) of Table 12 list the measured values of the 
moments 0 These values are computed from the measured rea~tions and loads and 
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are suitably corrected for the dead load of the structureo Columns (3)"and 
(9) list the ultimate flexural resisting moments computed on the basis of the 
section properties at midspano Columns (4) and (10) list the ultimate flexural 
resisting moments computed on the basis of the section properties at the edge 
of the loading or bearing plate 0 In this case it is assumed that the concen-
trated load applied at the critical section act as two equal concentrated loads 
applied at the edges of the plateso There is no increase in the real moment on 
the sections within the width of the plate, but there is an increase in the 
moment listed in the table above that given in columns (3) and (9)0 For this 
approach the moment shown is a fictitious and not a real moment. Columns (5) 
and (ll) show the computed ultimate shear reSisting momento This moment is 
calculated using the procedure outlined in Chapters 2 and ,. As in columns (4) 
and (10), the moment listed is a fictitious moment, and is obtained aSSuming a 
continuation of the linear moment relationship through the section for which 
the moment is calculated at the edge of the loading or bearing plate] to the 
centerli~e of the applied load. Columns (6) and (12), and (7) and (13) list 
ratios of the measured moment to the computed flexural moment for a section on 
the centerline of the applied load and the measured moment to the computed 
shear reSisting ~oment. 
ExarrUnation of the columns for the ratios of measured to computed 
ultimate ~owents sho~s that the measured moment ranged from 1005 to 0.80 of 
the computed flexural moment for the midspan section and fram 1012 to 0078 for 
the center support section. By comparison the measured moment ranged from 
1009 to 0.90 of the computed shear moment for the midspan section and from loll 
to 0097 for the center support section. In the interpretation of the signifi-
cance of these figures, it must be remembered that the two sections cannot be 
considered independently. For example, for beam BOo080059 which had the lowest 
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ratio of measured moment to computed shear moment for the midspan section, the 
corresponding ratio of the measured to computed shear moment at the center 
support is 10030 Failure would be predicted at the center supporto 
Table 13 lists the measured and computed strengths of the test beamso 
The measured strengths including the dead load of the sttructure are listed in 
column (2)0 The flexural strength of each beam was computed on the basis of 
two different assumptions about the distribution of the central reaction and 
of the applied loadso The flexural strengths based on the assumption that the 
reaction and loads are concentrated at the center of the bearing plate are 
presented in column (3)0 The flexural strengths based on the assumption that 
the reactions and loads are concentrated at the two edges of each bearing plate 
are tabulated in column (4). For each assumption, the properties of the. 
section were different in addition to the effective span length 0 The shear 
strengths) calculated as described in Chapter 3, are listed in column (5)0 
For the computation of the flexural strengths it was assumed that 
full redistribution occurred and the ultimate moment were developed at each 
critical sectiono For an exact computation of the shear strength complete 
moment-curvature relationships for each critical section should be usedo 
Ho~ever) such a procedure is tedious and an observation made in the experimental 
phase of this investigation was used to facilitate tb~ computation 0 It was 
reported in Cabpa~er 5 that the tests indicated that for beams in which the 
amount_of longitudinal reinforcement was kept constant throughout the length 
of the beam; redistribution of moment from the elastic to the plastic distribu-
tion followed closely flexural cracking 0 Thus the shear strength was computed 
assuming that the ultimate shear resisting moment was developed at the failure 
section and that at the other critical section a moment was obtained which was 
in the same ratio to this moment as the ratio of the computed ultimate flexural 
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resisting moments at these two sectionso It was found that for the beams 
analyzed in Sections 607 through 6010 this procedure gave a computed strength 
which was the same as that obtained using complete moment-curvature relationshipso 
In columns (5) and (6) ratios of the measured strengths to the 
computed strengths for full redistribution calculated by the two methods outlined 
above are tabulated 0 It can be seen that the measured strengths range from 0078 
to 1007 o~ the computed strengths for fuIl redistribution listed in column (2). 
Similarly, it can be seen that the measured strengths range from 0075 to 1.02 of 
the computed strengths for full redistribution as listed in column (3). If the 
ratios listed in columns (5) and (6) are compared it can be seen that for the 
beams in which flexural failures were observed,(column{~) the strength computed 
on the assumption that the loads can be considered as line loads applied on 
their centerline (column (2)) tends to underestimate the strength, and the 
strength computed on the assumption that the loads can be considered as line 
. loads applied at the edges of the loading or bearing plates (column (3)) tends 
to overestimate the strength 0 The measured results tend to be in slightly 
better agreement with the strength computed on the second rather than on the 
first ass1Jl11ptioDo 
In column (7) ratios of the measured strengths to the computed strengths 
as listed in column (3) are tabulated 0 It can be seen that the measured strengths 
range form 1012 to 0099 of the computed strengths with an average ratio of 
mea.sured to cOIDp'J.ted of 1. 04 a.hd!~ a mean de"l"ia tion of 0.025 0 
In columns (8) and (9) the predicted and observed modes of failure as 
listedo The predicted mode of failure is determined as outline earlier in this 
sectioDo A type I mode of failure corresponds to failure in which the final slope 
of the relation between the increase in concrete and steel strains is relatively 
moderate 0 The beam can be expected to develop both the 'computed strength and 
-202 <a> 
the failure will be relatively gentle 0 A type II mode of failure corresponds 
to one in which the final slope of the relation between the increase in 
calcrete and steel strains is very steep 0 The beam can be expected to develop 
its computed strength but not its computed deflectiono The deflection should 
be limited to the value corresponding to that at the onset of the unfavorable 
steep portion of the strain relationship 0 Failure will be in shear and can be 
either a shear-compression or a web distress failureo If the predicted modes 
of failure classified in this man...'1.er and listed in column (8) are compared 
with the observed modes of failure listed in column (9) it can be seen that 
reas~nable agreement is obtainedo It is obvious that for beams without web 
reinforcement that as the value of p/f a was progressively increased for any 
c 
one of the four different test series the mode of failure changes progressively 
from flexure through transition and shear compression to the combined splitting 
and shear or web-distress failure 0 
To summarize, it ca.n be conc1:lded from Tables 12 and 13 that the 
method of analyses outlined in Chapters 2 and 3J has been fo~d to give 
reasonable results for the test beams <> The analysis can be used to determine 
the characteristics of the failure} the strength of the beam and its ultimate 
deflectiono 
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70 SUMMARY 
701 Object and Scope 
This report summarizes the results of a stu~ on the strength and 
behavior o:f two-span continuous prestressed concrete beams 0 The primary 
ob jecti ves of this report are ~ 
(1) to determine the range of applicability to continuous beams 
of experience and knowledge on shear strength derived fram tests of simply-
supported beams 0 
(2) to re-examine the basic concepts used in the analysis of 
simply~supI>orted beams 0 
An analysis for the strength and deformation characteristics of a maximum 
moment section in a region subjected to combined bending and shear is developed 0 
The analysis is extended to perIni t the determination of the stren~h and 
deflection of two-span continuous beamso The results of the tests by previous 
investigators are summarized and the results of tests carried out at the 
University of Illinois of 24 two-span continuous beams are presented and 
compared with the predictions of the analysis 0 
The analysis for the strength and deformation characteristics of a 
section subjected to combined bending and shear, the procedure used to apply 
this analysis to continuous beams, and the results of the tests at the 
University of Illinois are summarized in the following sectianso 
702 Analysis of the Strength and Deformation Characteristics of a Section 
Subjected to Combined Bending and Shear 
A limiting strain theory was used together with conditions of 
equilibrium and strain geometry to derive relatio~hips for the strength of a 
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I 
maximum moment section in a region of combined bending and shear in which I 
inclined cracks have developed 0 The rela.tionships are expressed in terms of I 
the properties of the materials J the geometrical properties of the cross section 
and the profile of the inclined cracko I 
The equilibrium conditions are used to develop expressions for the 
variation in steel stress and neutral axis depth over the length of the region I 
crossed by the inclined cracko The deformation condition that the rotations I 
based o~ the concrete straip~ and the rotations based on the steel strains must 
be equal over the length of the inclined crack is used to relate the concrete I 
strain in the extreme fiber in compression to the steel strain at the maximum 
moment sectiono Expressions are derived for two limiting cases (1) a beam with= I 
out web reiIl..f'orcement, and (2) a beam with web reini'orceme:w.to The equations I 
for these two cases are re~examined to shaw the manner in which they indicate 
possible modes of failure other than those given by a limiting strain theoryo I 
The determination of the deformation characteristics of the maximum 
moment section involved the use of complete moment versus curvature relation= I 
ships 0 The determination of the moment'"'cllr"IJature rela.tio11Ship was divided I 
into three stage;3~ (1) prior to flexural cre,c.king,~ (2) between first flexural 
crackj.ng and fir~t inclirred crackingj1 and (3) between first inclined cracking I 
and ultimate.. The determination. of the relationship was simplified by making 
use of an oDser-red l.iIlear relatior'd3hip between the increase in concrete and I 
steel strains for each stage in the behavioro I 
In order to apply these procedures several variableB derived 
experimentally had to be usedo These variables included the usef'ul limit of I 
strain for the concrete E J the effective strength of the concrete f J the 
u cu 
strain compatability factor F for sections failing in flexure} and the ratio of I 
the depth of the compressive' force· to the depth, of the neut.ral axia J ~o_~ Reasonable I 
I 
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values for the ~uantities were assumed in accordance with the test results 
reported here and by other investigatorso 
703 Analysis of the Strength and Deformation Characteristics of Two-Span 
Continuous Beams 
The method for the determination of the strength and deformation 
characteristics of two-span continuous beams involved the use of the strength 
and deformation analysis for the maximum moment sections and a knowledge of 
the distribution of curvature along the length of the beamo 
Relationships were presented for this distribution of curvature in 
a region of pure bending and in a region of combined bending and shearo For 
the latter case distinctions were made between the distributions before 
inclined cra.cking and after inclined cracking, __ and between curvatures based 
on the concrete strains and curvatures based on the steel strainso 
From. this information the distribution of moment along the length 
of the beam to satisfy the restraint conditions was computed using the standard 
methods of geometry 0 The load was calculated from this moment distribution 
USing statics and the deflections from the curvature distribution using 
geometry 0 
7.4 Tests at ~he University of Illinois 
The results of tests on 24 two=span continuous prestressed concrete 
beams were presented, discussed and compared with the results of the analysis. 
Three of the beams were rectangular beams and 21 were I-beams with 2-5!8-ino 
webs 0 Five beams had web reinforcement consisting of vertical stirrups 0 Four 
of the beams had sufficient web reinforcement in accordance with the data from 
simply-supported beam tests to develop their full flexural capaci tyo In 
addition to web reinforcement and cross-sectional shape the other major 
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variables involved were~ the longitudinal reinforcement ratio which ranged 
from 0.19 to 0.49 and the concrete strength whi.ch ranged from 3,020 to 
8,150 psi. The effective prestress varied from 100,000 to 125;000 psi and 
the web reinforcement ratio based on the flange width from 00043 to 
0.41 percento The stirrup spacing varied from 2 to 5025 inc All beams were 
loaded symmetric~ at the mid-point of each of two nine~foot spans. 
Of the 19 beams without web reinforcement~ 4 beams were observed 
to fail in flexure, 10 in shear, 3 in a n transi tional!1 failure and 2 in bondo 
Of the 5 beams with web reini'orcement, 2 beams were observed to fail in 
flexure J 1 in shear and 2 in a "transi tional~ failure 0 The behavior of the 
beams is discussed in detailo At each critical section several stages in 
behavior depending on the type of crack pattern developed were ob served 0 
Before inclined cracking, the beams all behaved in a similar fashion with 
ttelastic" behavior before flexural cracking; and moment redistribution and 
an increasing rate cf deflection after flexural crackingo Moment redistribu-
tion after flexural cracking was very rapid~ The moments at the critical 
sections approached the ratio of the ultimate flexural moments at these 
sections. For be a::::l.S without web reinforcement inclined cracki.ng caused a 
rapid loss of be~ a:tion ~~d failure soon followedo 
Flexural failures occurred by cnhshing of the concrete over the 
full depth of the ca::pr~ssion zone at one of the maximum moment sectionB or 
in beams with low- p/~! ·.~alues by fracture of the longit".ldinal reinforcemento 
Shear failures resulted !'rCI:1 crushing of the concrete above the end of an 
inclined crack y or as a result of the development of web cracks in the 
central region of the beam between the load-poin~ and central support causing 
splitting along the draped longitudinal reinforcemento 
It was found that the moments at flexural cracking could be 
calculated from Eqo 20 From the data for the continuous beams and from a 
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re-examination of the data for simply-supported beams an empirical. expression 
for the shear at inclined cracking ECl. 41 and a lower bound to this shear" 
EClo 43, were derived. The average ratio of the measured to predicted inclined 
cracking shears was 1.05 with a mean deviation of 0006. 
It was found that for the beams "with web reinforcement the empirical 
expression, EClo 48, derived from tests on simply supported beams could be 
used to determine the amount of web reinforcement necessar,y to ensure a flexural 
failure. 
Application of the analysis developed showed that the moment-rotation} 
the load-deflection and the moment-load relationships for the beams which had 
shear-compression, transitional or flexural failures could be determined with 
a high degree of precision. It was also found that for the beams with web 
distress failures the same relationships could--be determined with su:fficient 
accuracy if the deflections were limited to those at the onset of the unfavora-
ble crack development leading to failureo The ratio of the measured to 
computed strengths of the beams was 1 .. 04 with a mean deviation of 0.025. 
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TABLE 1 
PROPERTIES OF TEST BEAMS IN PREVIOUS INVESTIGATIONS 
Investigator Mark fV Untensioned Effective Reinforcement 
c Prestressing Steel Steel Depth Ratio (cuhes) A f f fi A f d d Pm Pc s se y s m ym m c 
psi . 2 ksi ksi ksi in2 ksi . 2 in2 % % In In 
Go Magne1 .8140 0.96 103 173·5 206 16.18 10.65 0061 0·92 
T. Y. Lin A 8200 0.96 120 228 260 9097 11.46 1.20 1.00 B 8420 0·96 120 228 260 0.47 46 9097 11.46 1.20 1000 
Al 7100 0036 130 170 220 1038 8074 5·30 0084 
7100 0036 130 220 0012 34 1030 8082 5065 0083 I Yo Guyon A2 170 (\) B 7100 0036 142 170 220 0.12 4 6026 3·35 1017 2019 l-' 3. l-' 
C 7100 0036 136 170 220 0012 34 2091 8008 2052 0·91 I 
C1 5680 . 0024 136 242 264 00122 35·5 ::4092 4092 1024 1024 Go Macchi C2 7530 0024 136 242 264 0.122 3$.5 6041 6.41 0095 0095 C3 5960 0024 136 242 264 00122 35·5 6.41 6.41 0095 0095 
A5&6 67W 0065 101 250 280 00120 4500 13075 15·50 0014 0052 
A7&8 7500 0065 101 250 280 00120 45·0 13075 15·50 0014 0052 
B5&6 7585 0065 101 250 280 00120 45·0 18075 19·00 0043 0043 
A. M. Ozell B7&8 7270 0065 101 250 280 0.120 4$.0 ·18075 19·00 0.43 0043 
C5&6 7470 0054 101 250 280 00264 4500 15·00 15000 0030 0030 
C7&8 7750 0054 101 250 280 00264 4$.0 15·00 15.00 0030 0030 
(cylinder) (center support) 
TABLE 1 (Cont t d) 
Investigator Mark f' Untensioned Effective Reinforcement 
c Prestressing Steel Steel De;Eth., .~ Ratio (cubes) A f f f' A f d d Pm Pc s se y s m ym ill c 
psi 2 ksi ksi ksi in2 ksi . 2 in2 ~, ~ in l.n 
1 8000 0025 125 206 236 3·9 3·9 1060 1.60 
2 9240 0025 125 206 236 3·5 501 1079 1.23 
3 8000 0025 125 206 236 404 300 1043 2009 
4 8890 0025 125 206 236 4.8 200 1031 3014 
5 10000 0025 125 206 236 00126 206(8) 409 2.2 1028 2085 
6 9430 0025 125 206 236 00155 4D(s) 409 201 1028 2085 
7 744D 0025 125 206 236 00126 . 206(s) 400 404 1057 1043 
8 9550 0025 125 206 236 00063 206(L) 400 309 1057 1061 
9 76fIJ 0025 125 206 236 00063 206(L) . 400 403 1057 1045 
10 7500 0025 125 206 236 303 304 1090 1084 H 
11 7420 0025 125 206 236 405 008 1039 7085 I\) ~ 12 8030 0025 125 206 236 306 402 1074 1049 e 
13 7920 0025 125 206 236 305 501 1079 1023 
14 7820 0025 125 206 236 304 501 1085 1023 
Po Bo Morice 15 8260 0025 125 206 236 409 109 1028 3030 
and HoEo Lewis 16 7250 0025 125 206 /236 407 202 1034 2085 
17 8100 0025 125 206 236 0.126 206~L~ 308 401 1065 1053 18 7970 0025 125 206 236 00126 206 L 306 501 1074 1023 
19 8030 0025 125 206 236 00126 206(L) 405 202 1039 2085 
20 8620 0025 125 206 236 00126 206~S~ 309 403 1061 1046 21 8130 0025 125 206 236 00126 206 s 304 409 1085 1028 
22 7870 0025 125 206 236 00126' ~06(s) 408 202 1031 2085 
23 &J70 0025 125 206 236 Oq39. ~~~~ 308 401 1065 1053 24 8060 0025 125 206 236 0039. 304 408 1085 1031 
25 7580 0025 125 206 236 0039 4o(L) 502 108 1021 3049 
26 8160 0025 125 206 236 0078 4D(S) 
27 76&J 0,,25 125 206 236 0039 4D(s) 305 409 1073 1028 
28 7730 0025 125 206 236 0078 4D(s) 408 201 1031 2099 
- .. ------------------
TABLE 1 (Cont~d) 
. Investigator Mark f' Untensioned Effective Reinforcement 
c Prestressing, Steel Steel Depth Ratio (cubes) A f f f' A f d d Pm Pc 8 se y s m ym m c 
2 ksi ksi ksi . 2 ksi . 2 in2 % % in In In 
3 4610 0.119 38.7 217 237 6017 5g00 0.48 0.60 
:4 5020 0.063 8208 226 250 6.17 5·00 0.26 0032 
5 4425 0;119 78·5 217 237 6.17 5·00 0.48 0.60 
6 5870 0.119 83·6 217 237 ' 6.00 4.00 0·50 0·75 
7 5150 0.119 69.1 217 237 6000 4.00 Og50 0075 
Io Zekaria 8 5900 0.119 10003 217 237 6.00 4000 0050 0075 9 5540 00178 6606 217 237 6000 4.00 0·75 1012 
10 6700 0'.063 132 226 250 6000 4.00 0026 0039 
11 6800 0.,119 0 211 231 6.00 4.00 0·50 0·75 
12 6310 00178 7l. 217 231 7·10 5000 0.63 0.89 I ~ 13 6220 00238 3007 217 237 7·10 5000 0084 1019 \...N 
14 6850 00119 99 2~7 237 7010 5·00 0042 0060 I 
( cylinders) 
London Test 5680 0075 140 206 235 0"-33.,, 34 8ee Figure 
8~~1 6630 0.936 150 251 280 2.0 6504 21.8 24 0011 0.76 
8 2 6590 00936 150 251 2&J 2~'0 6504 2108 24 O~111 0~~76 
8~3 6500 00936 150 251 280 2~~0 6504 2108 24 O~:ll O~'76 
s4 6620 0·936 150 251 2&:l 2~0 6504 2108 ,24 O~lll 0076 
S 5 6070 00936 150 251 280 20'0 6504 2108 24 O~lll 0~'76 
8,6 6350 00936 150 251 280 2~'O 6504 2108 24 0~:11 0~!76 
A.H. Mattack s7 6330 00936 150 251 280 2~:0 65·4 2108 '24 0~:11 Oo~16 
and P oH. Kaar 8,'8 6860 00936 150 251 280 2~'O 6504 2108 24 ot:ll O~:76 
S/9 6510 00936 150 251 280 2~'0 6504 2108 24 0~:11 O~176 
S10 6270 00936 150 251 280 20'0 6504 2108 24 0~11 0~16 
S11 6210 00936 150 251 280 2~:0 6504 2108 24 Ooli O~76 
S12 6580 00936 150 251 280 2;~0 6504 2108 24 0:~11 Od76 
(center support) 
TABLE 1 (Cant t d) 
Investigator Mark f' c Prestressing Steel ( cubes) A f f £1 
s se y s 
. 2 ksi ksi 1':5i In 
~ 
S13 64')0 00936 150 251 2tb 
AoRo Mattock 321 6720 00936 150 251 280 
and PoRe Kaar 822 6600 00936 150 251 280 
( cylinde~s) 
I 
Untensioned Effective 
Steel Depth 
A f d d 
m ym m c 
. 2 ksi . 2 . 2 In In In 
200 65 04 2108 24 
2i;0 4701 2108 24-
2~lb 4701 2108 24 
(ce,n;ter ~upport) 
Reinforcement 
Ratio 
:Pm Pc 
%. % 
0011 0076 
O~ill 0';76 
O~'ll 0~176 _ 
I 
f\) 
~ 
8 
- - - .- - - - - - - - - - - - - - - -
lrABLE 2 
MEASURED AND COMPUTED CAPACITIES FOR PREVIOUS INVESTIGATIONS 
Investigator Mark Flexural Inclined Ultimate Bending Moments Ultimate Meas. Mode of Failure** 
Cracking Cracking Lond Point Support Capaci ty Calc. 
Load Load Calc. Meas. Calc. Meas. Calc. MeaS'. 
kips kips k-in k-in k-in k-in kips kips 
G.Magnel 27.7(L) 33·0 2760 1615 59.4 8 
T.Y.Lin A 14.8(s) 1610 1}80 1980 1920 41.5 39.2 0.94 sc 
B 15.8(8) 1780 159Q 2160 2280 45.8 45.8 1.00 SC 
Y.Guyon Al 3 .. 25(L) 26 .. 1 553 7.46 7·71 1.03 F 
A2 4.41(S) 4108 573 8.27 8.40 1.01 F I (\) 
B 7050(L) 382 151 11.50 11.90 1.03 F t--J V1 
c 6.16(s) 126 514 9.60 11.00 1.14 F I 
G.Macchi C1 501(L) Values 247 247 247 184 12 .. 7 11.1 0.88 F 
C2 7.3(L) not 338 338 338 244 16.8 14.7 0.88 F 
C3 7·9(L) reported 354 354 354 207 18.9 14.8 0.78 F 
A .. MoOzel1 A5&6 3206 Values 1440 54 s 
A1&8 30.0 not 13,30 36 s 
B5&6 42.0 reported 1760 60 8 
B7&8 42 .. 0 20120 52 8 
c5&6 25.0 131 0 42 s 
C7&8 22.0 13140 46 8 
TABLE 2 (Continued) 
MEASURED AND COMPUTED CAPACITIES FOR PREVIOUS INVESTIGATIONS 
Investigator Marl{. Flexural Inclined Ultimate Bending Moments Ultimate Meas. Mode of Failure** 
Cracking Cracking Load Point Support Capacity Calc. Failure 
Load Load Calc 0 Meas. Calc. Meas 0 Calc. Meas. 
kips kips k-in Ie-in k-in k-in kips kips 
P.B.Morice 1 5.60 Values 116 113 7.60 8.50 1.12 F 
& H.E.Lewis 2 5·60 not 103 184 8.60 9·05 1.05 F 
3 5.60 reported 137 74 7.65 8·50 1.11 F 
4 5.60 167 42 8.40 9·30 1.11 F 
5 6.16 180 112 10.40 10050 1.01 ·F 
6 5.60 174 164 11.30 '1008$ 0.96 F 
7 5.60 113 155 8.40 9040 1.12 F 
8 5.60 150 125 9·35 9·75 1002 F 
9 3·40 130 130 8.55 9·20 1.07 F' 
10 4050 85 90 5·70 6070 1.17 F I 
11 4.50 134 54 6.00 7005 1.18 F ~ 0\ 12 5·00 101 113 126· 125 7·20 7·75 1.08 F i 
13 5.60 93 87 170 173 7·90 7·85 0.99 F 
14 6.20 89 92 170 157 7·65 7.85 1.03 F 
15 . 3040. 164 162 33 40 8.00 8.15 1.02 F 
~6 .3 .. 40 144 150 40 37 7·20 7·50 1.04 F 
17 5.60 130 137 122 13t~ 8.40 9.10 1~08 F 
18 5.60 121 120 170 184 9·10 9.40 1003 F 
19 4.50 152 170 43 43 7.65 8.40 1.10 F 
20 5.60 116 116 146 150 8·35 8.50 1.02 F 
21 5.60 91 85 170 172 7·75 7·85 1.01 F 
22 4.50 154 157 64 62 8.15 8.30 1.02 F 
23 6.20 142 150 122 135 8.95 9030 1.04 F 
24 4050 124 132 156 174 8.90 9.65 1.08 F 
25 4.50 188 172 30 36 8.95 8.30 0·93 F 
26 6.70 107 164 
27 3·90 91 73 186 160 8.10 6.75 0083 B 
28 153 132 204 88 9060 7·75 0.81 s 
-------------------
TABLE 2 (Continued) 
MEASURED AND COMPUTED: CAPACITIES FOR PREVIOUS INVESTIGATIONS 
Investigator Mark Flexural Inclined Ultimate Bending Moments Ultimate Meas. Mode of Failure** 
Cracking Cracking Load Point Support Capacity Calc. Failure 
Load Load Calc. Meas. Calc. Meas. Calc. Meas. 
kips kips k-in k-in k-in k-in kips kips 
I.Zekaria 3 25.6 65.5 65.5 S 
4 22.4 45.9 F 
5 29·1 72.8 71·7 S 
6 32·5 67.2 F 
7 33.6 65.0 75·0 S 
8 30.2 69.9 F 
9 33.6 53.8. 71·7 S 
10 32.9 46.2 F 
11 15·7 53.8 F 
12 44.8 72.1 80.7 
13 44.8 56.0 66.1 
, S J\) 
l-I S, 
-l 
14 41.9 88.5 F 
'l·J\.HLJ;~ '2 (Continued) 
J.1I~SURED AND COHPUT:b.1) CAPACrl1IES FOR PREVIOUS INVESTIGATIONS 
Inves ti.ga tor Hark 111aximum Shear'·;(-
rf at Inclined Cracking ym 
psi kips 
A.H.Mattock 81 561, 58.55 
& P.H.Kaar P0 u(. 561t 43.69 
S3 561, 40.07 
f, t. 564 41.17 
S5 282 50.86 
86 282 44.20 
87 282 48.84 
88 282 51.49 
89 188 76060 
810 188 43092 
811 188 1~6 036 
812 188 52097 
813 . 282 42056 
821 188 52027 
822 188 
* Tot£l at Support 
** F:Flexural Failure, S:8hear Failure, SC:Shear Compression Failure, 
HS:Horizontal Shear Failure, B:Bond Failure 
Naximum Shear* 
at Ultimate 
kips 
152.07 
109·71 
136.62 
85.80 
128.74 
107.13 
97.59 
82.52 
109.14 
85.21 
71.78 
62.96 
68.51 
82.89 
61.01 
Mode of 
Failure 
s 
s 
S 
F 
8 
S 
S 
S 
S 
8 
S 
S 
S 
S 
HS 
I 
I\) 
~ 
co 
I 
- .. -----------------
TABLE 3 
PROPERTIES OF TESrr BEAMS 
Mark Concrete Wire Flange Width Web Effec ti ve DeEth Steel Longit. Reinf. Effective Prestress 
Strength Lot Midspan Center Width Midspan Center Area Midspan Center Midspan Center 
f' b b b' d d A Pm Pc F F c m c ill c 
. s 2 sem sec 
psi in. in. in. in. in. In. % % ·kips. kips 
AO.13·064 3020 12 6.00 6.10 6.10 10.40 7·90 0.121 0.194 0.251 14.6 1~.4 A~ .i3 .078 3720 12 6.00 6.00 6.00 10.40 8.00 0.181 0.290 0·377 21.0 .2 .4 
AO.13·094 3620 12 6.00 6.0 6.00 10.40 8·30 0.242 0·388 0.486 25·7 28.1 
Bo.08.035 6700 13 5·95 6.0 2·70 8·55 10·55 0.118 0.232 0.187 14.2 13·9 
BO.08.036 8150 13 6.00 5·97 2.65 8.40 10·50 0.148 O~294 0.236 18·5 18.2 
BO.08.045 6620 13 6.00 5.94 2.65 8·35 10·70 0.148 0.295 0.233 18.2 18.1 
Bo.08.057 6050 13 6.00 5.94 2.65 8·50 10.20 0.177 0·347 0.292 20·5 19·8 
Bo.08.059 ·7890 13 6.05 6.05 2.65 8.40 10.05 0.237 0.467 0·390 26.8 26.5 
Bo.08.079 36~OiJ· 13 6.00 5·94 2.65 8·50 10.20 0.148 0.290 0.244 18·3 17.7 
Bo.q8.115 4080 13 6.00 5·97 2.65 8.40 10.50 0.237 o ~il-7b 0·379 .28.2 25.6 
BO.09·058 3800 ·12 6.00 5·97 2.65 9·00 10·30 0.121 .0.224 0.197 14.5 14.0 I 
BO.09·075 4570 13 6.05 5·97 2.65 8·50 10.10 0.177 0·344 0.2Sl~ ~.2 20·3 I\) ...... \0 , 
00.10.043 4450 13 6.00 6.00 2.65 10·35 10.10 0.118 0.190 0.195 13·1 12.6 
00.10.053 .4450 13 6.00 5·90 2.65 10·50 10·30 0.148 0.234 0.244 16.4 15.8 
00.10.076 3690 13 6.05 5·94 2.65 10.40 10·35 0.177 0.284 0.288 19·5 19·0 
BO.I0.077 4900 13 6.00 6.00 2.65 10·50 10.65 0.237 0·377 0·371 26.3 .26·3 
BO .12.064 3790 12 6.00 6.00 2.65 10.40 8·50 0.151 0.242 0.296 17·5 18·3 
00 .12.071 4070 12 .6.00 6.00 2.65 10.40 8·50 0.181 0.290 0·355 21.0 21·9 
BO.13·050 3850 12 6.10 6.00 2.65 10.40 8·50 0.12l 0.191 0.238 14·3 14·9 
BW.I0.072 3340 14 6.00 5·95 2.65 10.40 10·30 0.152 0.244 0.248 17·0 17·3 
BW.I0.073 3390 14 5·98 6.00 2.65 10·50 10·35 0.183 0.292 0.295 20·7 19·9 
BW.I0.075 3920 14 5·97 6.00 2.65 10.45 10.46 0.183 0.293 0.292 20.1 19.8 
BW.10.102 3360 14 5.98 5.98 2.70 10·35 10.40 0.213 0·344 0.343 23·0 22.8 
BW.I0.I03 3770 14 6.08 5·90 2·56 10·35 10·55 0.244 0·388 0·392 26.6 . 26.6 
TABLE 4 
PROPERrrIES OF CONCRETE f,UXES 
I,lark Cern. Sand: Gra. Hater/Cement Slwnp Compressive strength 
by weight by 1-might in. fl c 
psi 
Batch All Batches 1 2 3 1} 1 2 3 1} 1 2 3 1} 
AO.13.06.4 1:4.1:4.4 0.87 0.87 0.87 0.83 1 1/2' 1 1/2 2 1 2680 ~060 2960 3030 
AO.13.07B 1:4.1:4.4 0.87 0.87 0.87 0.87 1 1/2 1 1/2 2 2 1/2 3250 3680 3750 3720 
AO.13.094 1:4.1:4.4 0.82 0.83 0.87 0.87 1 1 1 1/2 1 1/2 3540 3820 3610 3430 
Bo.08.035 1:2·3:206 0.58 0058 0.58 4 4 4 7340 6880 6520 
Bo.08.036 1:2.3:2.6 0.55 0·55 0.55 1 1/2 2 2 1/2 7820 8380 7920 
BO.08.045 1:2.3:2.6 0.63 0.61 0 .. 61 5 4 1/2 4 1/2 6570 6620 6620 
BOo08.057 1:203:2.6 0.61 0061 0061 4 4 !~ 6440 6390 5710 
BOo08.059 1:2.3:206 0058 0.58 0058 2 1/2 4 3 7360 7680 8100 
BOo08.079 1:401:~03 0085 0.85 0085 0.85 2 3 2 3 4110 3610 3720 3610 
BOo080115 1:400:4.3 0089 0087 0087 0087 1 2 6 6 4560 4800 3470 3980 
BOo09D058 1:4.1:403 008~ 0085 0087 0087 1 1/2 4 2 1/2 4 4580 4290 3550 3550 I 
130.09.075 1:401:403 0.85 0085 0083 0083' 2 1/2 1 1/2 2 2 3820 4430 4440 4850 I\) I\) 
0 
BOo10.043 2 1/2 2 1/2 
I 
1:401:404 0093 0093 0093 4 4560 4580 4320 
BOo100053 1:4.1:404 0089 0093 0·93 1 2 1/2 2 1/2 5030 4550 4850 
1300100076 1:4.0:403 0096 0.93 0.93 .I 6 2 2 3260 3700 3680 
130010,,077 1: !~00: 4.3 0092 0092 0092 2 2 1 1/2 4570 4780 5010 
1300120064 1:4.1:403 0085 0085 0085 0.85 3 2 1/2 3 3 3860 4260 3710 3390 
BOo12.071 1:4.0:4.3 0.85 00 87 0089 0089 2 2 2 1/2 2 1/2 !~370 4180 4090 3940 
BO.13·050 1:4.1:403 0080 0083 0.85 0085 1 1 1/2 2 2 1/2 4460 lJ070 3940 3540 
13vl010.072 1:4.0:403 1000 0097 0·97 7 6 1/2 6 3240 3430 3340 
13VI,,100073 1:4.0:4.3 0.90 0093 0.93 1 2 1/2 2 4244 4010 3960 
BW.100075 1:400:40, 0 .. 92 0092 0.92 2 2 2 1/2 4240 4040 3790 
Bvl .10 0 102 1:400:403 0094 0094 0094 2 1/2 3 2 1/2 3860 3570 3150 
BW.10.103 1:3.5:308 0085 0.85 0.85 2 1/2 5 5 1/2 3010 3750 3780 
-------------------
TABLE 5 
CONCRETE STRENGTHS 
Mark Compressive Strength Splitting Strength Modulus of Rupture 
f' fb f' c r 
psi 
* 
psi 
* ** 
psi 
Batch 1 r) ) 1+ Avg 2 3 4 Avg Calc. 2 3 4 c. 
AOo13.064 2b'\() ~~H )1,) 2960 3D 3D 3D20 378 358 391 450 
AO.13.078 32)0 3Wo 3'750 3720 3720 415 399 457 416 
AOo 130094 35 1tO )320 3610 343D 3620 410 :x31 381 300 
Bo.08.035 7340 6380 6520 6700 628 575 486 526 518 550 474 491 
Bo.08.036 7820 8380 7920 8150 601 549 597 572 547 780 699 674 
Bo.08.045 6570 6620 6620 6620 513 522 504 513 516 491 566 516 
Bo.08.057 6440 6390 5710 -6050 590 556 520 538 502 508 510 
Bo.08.059 7360 7680 8100 7890 514 531 442 487 543 610 516 566 
Bo.08.079 4110 3610 3720 3610 3650 412 525 459 451 
BO.080115 4560 4800 3470 3980 4080 496 451 418 451 432 640 508 466 I f\) 
BOo09·058 4580 4290 3550 3550 3800 419 366 441 466 ~ 
BO.09·075 3820 4430 4440 4850 4570 398 389 465 417 453 565 631 574 I 
B00100043 4560 4580 4320 4450 376 426 323 374 448 725 632 624 
BOol0.053 5030 4550 4350 4450 430 378 356 367 448 450 442 482 
BO.l0.076 3260 3700 3680 3690 327 362 406 384 413 359 407 374 
BO:l00077 4570 4780 5010 4900 442 495 521 508 466 553 571 549 
BO.12.064 3860 4260 3710 3390 3790 419 425 475 416 
BO.12.071 4370 4180 4090 3940 4070 432 287 300 278 
BO.13.050 4460 4070 3940 3540 3850 421 376 416 376 
BW.l00072 3240 3430 3340 3390 323 384 371 378 396 333 382 424 
BW.l0.073 4240 4010 3960 3990 452 430 417 424 427 445 445 412 
BWol00075 42~O 4040 3790 3920 400 499 398 448 1~26 1~50 399 391 
BW.I0.I02 :x360 3570 .3150 3360 391 411 292 351 409 358 374 358 
BW.l0.103 3010 3750 3780 3770 366 382 428 405 418 383 378 429 
-x. If 4 batches per beam Avg of batches, 2-;-3" and. 4j if 3 batches per beam Avg. of batches 3 and 4. 
3000 
*-x. Calculated from the formula f = 4 + 12060 
r ·· .. ··fs-
c 
Mark 
AO .13.064 
AO.13.078 
AO .13.094 
Bo.o8.035 
Bo.o8.036 
Bo.080045 
Bo.08.057 
Bo.08.059 
BO.o80079 
Bo.08011,5 
BO.09·058 
BO.09·075 
BOo10.043 
BO.I0.053 
BO.I0.076 
00.100077 
BOo12.064 
BOo12.071 
BO .13. 050 
BW.I00072 
BWo100073 
BW.I0.075 
BW.I0.102 
BWo10.103 
Theor. Elastic 
Moment Ratio 
M 
c 
M 
m 
1 . ~,() 
1. ~)() 
1.20 
1.20 
1.20 
1.20 
1.20 
1.20 
1020 
1.20 
1020 
1.20 
1.20 
1020 
1.20 
1020 
1020 
1.20 
1.20 
1.20 
1020 
1020 
1020 
1.20 
f.rABLE 6 
MOMENT RATIOS AT THE CRITICAL SECTIONS 
Meas. Elastic 
Moment Ratio 
M 
c 
M 
m 
I.OH 
u .U~) 
O ('[OW . )) 
1.19 
1. 2L~ 
1.13 
1.36 
1.31 
1.12 
1.19 
1,28 
1008 
1016 
1022 
1009 
1.13 
1.05 
1·33 
1020 
1.14 
1.12 
1.04 
1013 
loll 
Meas. Eff. 
Depth Ratio 
d 
c 
d 
m 
0.76 
o. TI 
0.80 
1.23 
1.25 
1.28 
1020 
1020 
1.20 
1.25 
1015 
1.19 
0098 
0·98 
1.00 
1.01 
0.81 
0081 
0081 
0099 
0·99 
1.00 
1000 
1.02 
Theoro Ulto 
Mom. Ratio 
M 
ufc 
Mufm 
O. 71~ 
0.74 
0076 
1.25 
1.30 
1.29 
1.23 
1.24 
1024 
1.30 
1017 
1.22 
0097 
1000 
0·98 
0098 
0079 
0079 
0.80 
1.00 
0099 
0099 
0.98 
0098 
Meas. Ult. Theoro Ulto Measo Ult. 
Moment Ratio TheoroElastic MeasoElastic 
Mfc 
Mfm 
0.83 
0.81 
0.84 
1.33 
1.30 
1.27 
1.23 
1026 
1.15 
1.30 
1.15 
1.20 
0098 
1004 
0·99 
1.00 
0.87 
0082 
0.80 
0099 
1000 
0098 
0.98 
1001 
0.62 
0.62 
0.63 
1.04 
1.08 
1.07 
1.02 
1.03 
1003 
1.08 
0·97 
1.02 
0.81 
0083 
0082 
0.82 
0.66 
0.66 
0.61 
0083 
0.82 
0.82 
0.82 
0082 
0.77 
0·99 
1·53* 
1.12 
1.05 
1.12 
0·91 
0.96 
1.03 
1.09 
0·90 
1.11 
0.84 
0085 
0·91 
0089 
0.83 
0.62 
0067 
0087 
0089 
0.94 
0.87 
0091 
iE· Incorrect adjustrcent of the level. of the center support accounts for these erratic values (see Figo Col) 0 
I (\) 
I\) 
(\) 
I 
-------------------
rrABLE 7 
PRESTRESS IDSSES 
Mark Initial Steel Stress at Transfer Steel Stress at Test Computed 
Steel Measured Computed Measured Computed Percentage Loss 
Stress center midspan center midspan center midspan center midspan center midspan 
ksi ksi ksi ksi ksi ksi ksi ksi ksi 
AO.130064 136~O 130 127 l27 J.21. 6 11 
AOo13.078 137 "l; 129 125 124 1.1.6- 9 15 
AO 0130094 1.35.t; 1.25 120 116 106 14 21 
BO 0080035 136 127 1.29 118 120 120 125 12 8 
Bo.08.036 137 128 130 127 130 1.23 125 119 1.25 13 9 
BOo08.045 136 126 129 127 129 122 123 121 126 11 7 
000080057 136 125 128 125 128 112 11.6 120 114 12 16 
00008.059 134v 123 125 122 125 112 113 109 116 19 13 
BOo080079 134 125 127 120 124 10 7 
00008.115 136 121 127 108 119 21 13 I 
BOo09·058 135 126 128 119 123 12 9 f\) f\) 
BO.09·075 136 125 127 115 120 15 12 \>I , 
BOol00043 136 125 128 128 128 107 111 114 1.1.3 16 17 
BO.l00053 1.35 127 124 107 111 115 114 15 16 
BO.100076 133 122 121 107 110 114 113 14 15 
BO.l00077 131 119 119 117 118 111 11.1 107 108 18 18 
BOo120064 134 126 124 121 116 10 13 
BO.120071 135 127 124 121 116 10 14 
BO 0 130050 134 127 1.25 1.23 118 8 12 
:SWo100072 135 125 125 114 112 11.6 116 14 14 
BWol00073 133 124 122 122 122 109 113 113 114 15 14 
BWo10.075 134 120 124 123 123 109 110 113 113 16 16 
BWo10.102 136 125 124 12.) 123 107 108 113 113 17 17 
BW.l00l03 133 114 117 119 119 109 109 112 113 16 15 
.. < .•. ;L 
TABLE 8 
COMPARISON OF MEASURED AND COMPurED FLEXURAL CRACKING MOMENTS 
CENTER MIDSPAN 
Mark i Meas( 1) Meas(2) Camp. Meas~ 12 Meas~21 Meas( 1) Meas( 2) Compo Meas~ I} Meas~l~ 
Comp. Comp. Camp. Camp. 
kip-in. kip-in. kip-in. kip-in. kip-in. kip-in. 
AO.13.064 141 123 121 1.16 1.02 155 146 148 1.05 0·99 
AO.13.078 163 148 152 1.07 0·98 226 215 196 1015 1.10 
AO.13.094* 
BOo080035 206 189 165 1025 1014 153 144 136 1013 1.06 
Bo.080036 252 230 219 1015 1.05 184 173 185 0099 0093 
BO .080045 228 207 20;1 1013 1003 181 171 152 1.19 1.12 
BOo08.057 246 223 203 1.,21 1010 198 186 172 1015 1.08 I 
Bo.080059 310 285 252 1023 1013 238 225 203 :L17 loll F\) F\) 
BOo08.079 186 166 181 1003 0092 154 144 159 0097 0091 oF" I BOo08~115 287 261 247 1016 1066 216 2b3 217 0099 0094 
BO.09.058 172 156 157 1009 0099 140 131 135 1004 0097 
BOo09 .. 075 224 200 216 1004 0093 208 195 188 loll 1004 
BO .101°043 178 160 167 10C?7 0096 178 1 168 175 1002 0096 
BOo100053 213 195 173 1023 1013 219 208 175 1025 1019 
BOolO.076 224 204 182 1023 10+2 220 208 191 1015 1009 
BOo100077 324 296 264 1023 1012 298 281 263 1013 1.07 
BOo~.064 166 149 153 1.08 0·97 216 206 182 1019 1.13 
BOo12 .. 071 180 166 150 1020 1010 210 198 186 1.13 1 .. 06 
BO.130050 153 142 129 1019 1.10 168 159 153 1.,10 1004 
BWo100072 196 177 176 loll 1.00 224 213 170 1032 1025 
BW .. I00073 229 208 193 1019 1.08 241 228 206 lQ17 loll 
BW.I00075 220 198. 192 1.15 1.03 238 226 195 1.22 1016 
BW.IO.I02 267 245 207 1.29 1.18 253 240 210 1.20 1.14 
BW.IOol03 286 259 247 1016 1005 266 252 235 1013 1.07 
Average 1.16 1.05 Average 1.13 1006 
stand.ard DeYiation 0.07 0 .. 04 standard Deviation 0.09 0006 
* Beam cracked before test. 
- -
_.-
- - - - - - - - - - - - - - -
Mark 
(1) 
1\.0.13. 064 
AO.13·078 
AO.13·094 
Bo.oB.035 
Bo.oB.036 
BO.oB.057 
BO.oB.059 
BO.oB.079 
BO.oB.115 
BO.09·075 
BO.I0.043 
BO.I0.053 
BO.I0.076 
BO.I0.077 
BO .12.064 
BO .12.071 
BO.13· 050 
BW.I0.072 
BW.I0.073 
BW.I0.075 
BW.I0.102 
BW.I0.103 
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TABLE 9 
SHEAR AT INCLINED CRACKINQ-POSITIVE MOMENT REGION 
~OUTSIDE LOAD POINT 
Initiating Crack Web Inclined Crack 
Me as Dist Camp. ,Snear :E'red Me as Me as 
Crack Camp 
Vfm ~ Vf V V V s c em 
kips in. kips kips kips kips 
( 2) (3 ) (4) (5) (6) (7) (8) 
3'·76 14 3·25 16.22 3·97 4·59 1.16 
4·90 13 4.86 19 .. 49 5:79 5·99 1.03 
7.61 11 7·30 18·91 8.44 8.40 0·99 
(4.3 4 ) 3 .. 25 9·92 3·91 (4.50) (1.15) (5.44) 3·91 13·Bo 4.94 (5.38) (1.09} 
3·51 6 4.21 11.45 - 4.74 4.82 1.01 
5·95 10 5·09 12·53 . 5·B5 5·95 1.02 
3·57 9 3·25 10·90 3.82 3·80 0·99 
5·34 11 4·5B 13·64 5·34 5·34 1.00 
4·58 9 4.40 13·12 5·14 4.Bo 0·93 
4.08 11 3·79 12.25 4.45 4.42 0·99 
5·13 11 4.70 9·76 5·32 5·13 0·96 
5·46 9 4.70 9·69 5·35 5·90 1.10 
..- ~ 
o. ;"4 9 6·36 13·35 7·25 7·46 1.03 
5·13 11 4.65 10.03 5·32 5·13 0·97 
5·15 10 4.48 7.85 5·00 5·80 1.16 
:). "99 8 3·60 8.70 4.18 4·54 1.08 
~.62 9 4.82 8.89 5.41 5·28 0·98 5 I, 
. ...,~ 8 5·17 10.40 5.81 5·96 1.03 
- /' /' 10 5·12 9 .. 62 5·74 6.22 1.08 ).os 
6.6c 13 5·44 9·53 6.08 6.60 1.08 
6:.30 11 5·71 10.10 6·39 6.28. 0·99 
Avg. ].0 Avg. 1.03 
Mean Deviation 0.05 
Ultimate 
Shear 
V 
u 
kips 
(9) 
5·13 
6·59 
8.75 
4·50 
5·3B 
6.23 
6·39 
4.B9 
9.05 
5 .. B4 
5·42 
6·53 
7·00 
B.68 
6.0.3 
6·91 
5·34 
7·10 
8.16 
7·72 
9·12 
10.20 
I 
-226- I 
I 
TABLE 10 I 
SHEAR AT INCLINED CRACKING - POSITIVE MOMENT REGION 
- INSIDE LOAD POINT I 
Mark Initiating Crack Web-Shear Inclined Crack Ult. I Measo Dist. Camp. Crack Fred. Meas. Meas. Shear --
Vf'm. xh Vf V V V Camp. V s c cm u 
kips in kips kips kips kips kips kips I (1) ( 2) ( 3) ( 4) ( 5) ( 5£'1.) (6) , ( 7) (8) . (9) 
AO.13.064 7.05 12 6.44 17·93 7.45 7.75 1.04 9·51 I AO.13.078 9·62 14 9·20 22.08 10.52 11.08 1.05 12076 
AO .130094 l2.46 11 22.10 13.83 16.17 
BO.08.035 9.21 11.79 9. 72 (10. 45) (1007) lOu 45 I 
BO .08. 036 ll067 9 10.53 16.12 11.29 11·93 1006 12.73 
Bo.08.057 11.03 9 10.80 13,99 11.41 11.03 0097 14.21 I Bo.o8.059 13.23 8 13.43 15· 73 13·51 13051 13093 1003 15.13 Bo.08.079 lo.67 10 8.06 13·17 10.96 8.84 10.67 1.20 10.74 
BO.08.115 11.31 17.,24 16.18 12.00 (13.92) (1016) 13·92 
BO.09·075 12.48 9 10.79 15·71 13.41 11.62 12.48 1.07 12.87 I 
BO .10.043 8.73 14.30 9·59 10·90 1.12 10·90 
BO.I0.053 9·28 9 10.70 12.43 12.17 11.07 9.85 0.89 13.39 I BO.I0.076 11.11 6 10041 12085 12.76 10·91 12.16 1.11 13.40 
BO.I0.077 13.96 17.80 16.02 14.70 15096 1.08 16.79 
BO.12.064 10.16 10 9.28 12.27 9.81.!- 10016 1.03 11.01 I BO.12.071 8.38 10·52 8.96 8.82 10.72 1.21 12.69 
BO .13.050 8.29 7 6.70 10.43 7.30 8.81 1.20 10036 
BW.I0.072 lO·50 9 11.00 11.62 10017 10.17 10.50 1.03 14.19 I 
BW.I0.073 13.01 10 11.05 13.79 12.44 11059 13.01 1.12 16.64 
BWo100075 12.34 10 12.20 12·93 11.38 11038 12034 1.09 15036 I BWo10.102 11.98 13026 12·30 12.30 12000 1017 19000 BW.I0.103 13090 
.2 12.29 14.49 12·92 12084 13.90 1.08 20.94 
Avg. 9 Avgo 1008 
Mean Deviation 0.07 I: 
I 
I 
I 
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TABLE 11 
SEEAR AT INCLINED CRACKING-NEGATIVE MOMENT REGION 
Mark Initiating Crack Web-Shear Inclined Crack Ult. 
Meas. Dist. Camp. Crack Fred. Meas. Meas. Shear 
V ~ Vf V V V Camp. I[ fill s c cm u 
kips in kips kips kips kips kips kips 
(1) ( 2) (3) (4 ) ( 5) (53.) (6) (7) (8) (9) 
AO.13·064 7.85 19·73 9·0.3 (9.85) (l.09) 9·85 
AO.13·078 9·41 22.78 10.84 (13.10) (1.21) 13·10 
AO.13·094 13·07 8 21·54 15·56 16·51 
00.08.035 8.63 11·79 9·21 (10.69)(1.16) 10.69 
Bo.08.036 10·72 10 10·30 16.13 11·32 10·72 0·95 12·97 
Bo.08.057 11.27 10 10·39 13·84 11.03 11.27 1.02 14.45 
Bo.08.059 12·94 7 13·00 16.50 14~10 13.69 13·58 0·99 15·37 
Bo.08.079 9·40 10 7·92 12·90 10·73 8.75 9·40 1.07 10·98 
BO.08.115 14.16 13 11.85 15·18 14.12 12.49 14.16 1.13 14.16 
BO.09·075 9·64 15· 51 13·16 10·57 (13.11) (1.24) 13·11 
00 .10 .043 8.25 13·96 9·08 (11.14 j (1.22) 11.14 
BO.I0.053 12.02 12 9·96 12·90 10.62 10.52 12.02 1.14 13·63 
00.10.076 12.46 8 10.19 12.18 11.13 10.60 12.46 1.17 13·64 
BO.l0.077 14.79 1.7.46 15·65 15·36 14·74 0·96 17·1.3 
BO .12.064 9·64 8 8·71 12·52 9·.39 9·64 .1.02 11,,35 
BO .12.071 10.1.4 13·40 11.40 10.28 10.85 1.05 12·9.3 
BO.13·050 9·42 10.60 9.69 (10.60) (1 .. 09) 10.60 
BW.10 .072 10.84 10 8.20 12.40 10·34 8·90 10.11 1.14 14.43 
BW.I0.073 12.42 12 10.69 13·02 11.76 11.20 12.42 1.11 16.88 
BW.I0.075 11·58 8 10·34 12·72 11.18 10.81 11 .. 58 1.07 15.60 
BW.10.102 12·31 12 12.23 12·98 11.83 11.83 12·31 1.04 19·24 
BW.I0.103 12.64 15·36 13.56 13·21 14.21 1.07 21.18 
AYg. 10 Avg.l.o6 
Mean Deviation 0.05 
TABLE 12 
COMPUTED AND MEASURED ULTIMATE MOMENTS 
MIDSPAN CENTER SUPPORT 
Mark Flexure Shear Flexure Shear 
Meas. Comp(l) Comp(2) Comp(3) Meas. Comp[l) 
Measo 
comp(3) Meas. 
Meas. Meas. Com:p( 1) Com:p( 2) Com:p( 3) comptTJ ""'P" ~ 
M M M M M M fro ufm usm fe ufe usc 
kip-in. kip-in. kip-ino kip-in. kip-in. kip-ino kip-ino kip-iDo 
Cl) (21_ (3I ==Gr=: ill ~§) : :(7) :~ -:I3~) (9) {10) _(~lr (12) (13) = 
AOo130064 287 
AOol, 0078 395 
AO.13.094 468 
Bo.08.035 238 
Bo.080036 299 
Boo080057 344 
Boo080059 358 
Bo.08.079 269 
Bo.08.115 334 
BOoo9.075 316 
BOol00043 298 
BOo10.053 360 
BO.I00076 383 
BOolOo077 463 
BOo120064 329 
BO.12.071 376 
BOo130050 312 
BWo100072 388 
BWolOo073 450 
BWo100075 433 
BWolOo102 510 
BWolOo103 557 
292 
420 
529 
250 
298 
351 
450 
285 
418 
340 
286 
355 
406 
532 
360 
424 
298 
373 
450 
444 
489 
559 
303 
436 
549 
260 
309 
365 
467 
296 
434 
353 
297 
369 
422 
552 
374 
440 
310 
387 
,467 
461 
508 
581 
278 
395 
508 
239 
296 
322 
399 
260 
351 
316 
286 
34-3 
374 
477 
334 
354 
286 
368 
446 
430 
472 
535 
0098 
0094 
0088 
0095 
1000 
0098 
0080 
0094 
0080 
0093 
1004 
1001 
0094 
0087 
0091 
0089 
1005 
1004 
1000 
0098 
1004 
1000 
1.03 
1000 
0092 
0099 
1001 
1007 
0090 
1.03 
0095 
1000 
1004, 
1.05 
1002 
0097 
0099 
1.06 
1.09 
1005 
1001 
1001 
1008 
1004 
242 
325 
397 
317 
386 
4-22 
443 
312 
427 
385 
306 
377 
384 
456 
289 
312 
248 
378 
459 
420 
508 
575 
217 
309 
402 
313 
386 
431 
558 
352 
545 
413 
276 
353 
397 
542 
286 
334 
238 
369 
443 
448 
499 
572 
239 
340 
442 
335 
413 
463 
599 
380 
586 
446 
295 
377 
425 
580 
312 
364 
259 
396 
476 
480 
534 
613 
225 
311 
383 
313 
386 
411 
429 
321 
432 
382 
282 
349 
369 
451 
287 
280 
224 
378 
452 
430 
477 
551 
1012 
1.05 
0099 
1001 
1000 
0098 
0079 
0089 
0.78 
0093 
loll 
1007 
0097 
0.84 
1001 
0093 
1.04 
1003 
1004 
0094 
1002 
1.01 
1007 
1004 
1004 
1001 
1000 Iv 
1003 ~ 
1003 i 
0097 
0·99 
1001 
1008 
1008 
1004 
1001 
1.01 
1.11 
loll 
1.00 
1.02 
0098 
1006 
1004 
-------------------
TABLE 13 
MEASURED AND COMPUTED STRENGTH 
Mark Meas. Comp.(l) Comp,( 2) Comp.( 3) Meas. 14eas. Meas. Hode of Failure 
Comp.( 1) Comp.(2) Comp.(3) Pred. Obs.' ~~* 
kips kips kips kips 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
AO.13.064 31.2 30.2 31.8 29.1 1.03 0.98 1.07 I T 
AO.13.078 1~2. 3 43.1 45.4 ItO.7 0.92 0.88 1. 01~ I se 
AO.13.094 50.6 54.7 5706 48.6 0.92 0.88 1004 II se 
Bo.08.035 
" 
;0.2 30.6 32.0 29.6 0.99 0.94 1.02 I F* 
Bo.08.036 )7·2 36.9 38.6 36.9 1.01 0.97 1.01 I F 
Bo.08.045 32.2 B 
BOo080057 42.0 42.6 44.7 39 .. 2 0.99 0094 1007 I T 
Bo.08.059 42~8 5406 57.2 4107 0078 0.75 1002 II ss 
BO.080079 32.2 3407 3605 31.0 0.93 0088 1004 II ss 
Bo.08 .. 115 4101 5107 511,.2 4104 0080 0076 0099 II ss I I\) 
BO.09.058 2707 B I\) \0 
BO.09 .. 075 38,09 41Ql 4206 3802 0095 0091 1002 II SS a 
BOol0oo43 3403 3200 33G5 3202 1007, 1002 1007 I F 
BO.I00053 41.6 3909 4108 3804 1.04 0099 1.08 I T 
BOo100076 1~3. 5 4503 If7 Q 6 42.0 0.96 0.91 1.04 I ss 
BOQI00077 5106 6000 6208 50,,8 0.86 O.S2 1.02 II ss 
BOo12oo64 3606 3709 39,,9 3508 0097 0092 1002 II se 
BOo120071 4002 4403 4606 3604 0 .. 91 0.86 loll II ss 
BOo130050 3302 3105 3300 2907 1005 1000 1012 I F 
BH010.072 4307 4109 4309 4106 1004 1,,00 1005 I T 
BHolOo073 5101 500) 5207 5003 1001 0097 1002 I F 
BH~100075 4802 50.1 52·5 1~8o 1 0096 0092 1000 II SS 
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APPENDIX A: MATERIALS, FABRICM!ION AND TESTING 
A.l General Remarks 
In the foilowing appendix the materials used in the two-span contin-
uous test beams, and the fabrication and testing procedures followed are 
presented.. Throughout the course of the investigations procedural techniques 
were varied to minor degrees 0 These variations were made in order to alter 
the exact nature of the information obtained or to improve on the techniques 
then in use. In the preceding presentation of the test results and their 
evaluation, the beams were grouped for easier reference according to the major 
variables 0 In order that this appendix can be more easily presented, it is 
necessary to correlate this reference system with the original order of testing 0 
Table A 0 1 gives the chronology of testing. In this table the order in which 
the beams were tested, the designation of each specimen, the age at the time 
of release, and the age at the time of test are sho~o 
In this appendix the materials used are discussed in Section Ao2o 
Fabrication and details of the test specimens are discussed in Section Ao3o 
The prestressing equipment used is discussed in Section A.4o The tensiOning 
and draping procedure followed is outlined in Section Ao5, the __ casting and 
curing procedure in Section A.6 and the release procedure in Section Ao7o 
Instrumentation of the test specimens is discussed in Section Ao8 and the 
loading apparatus used in Section Ao9 0 The testing procedure followed and the 
measurements made are outlined in Section A.lO. 
A.2 Materials 
(a) Cement 
Marquette brand Ty:pe III portland cement was used for all test 
specimens 0 The sieve analysis of this cement satisfied the ASTM requirements 
in all cases except for beam AO 1300640 In this case, the cement had been 
stored too long~ and had deteriorated in quality a 
(b) Aggregates 
Wabash River sand and gravel were used for all beamso The sand had 
a fineness modulus of 300 to 3030 The gravel had. a maximum size of 3/8-in .. 
The absorption of both the fine and the coarse aggregates was about one percent 
by weight of the surface dry aggregates.. Both aggregates have been used in 
this laboratory for many :previous investigations and have passed. the usual 
specification testso These aggregates originated from a deposit that was 
formed as an outwash of the Wisconsin glaciationo The sand consisted mainly 
of q,uartz. The gravel consisted mainly of limestone and dolomite with minor 
quanti ties of quartz, granite and gneiss 0 
(c) Concrete ~xes 
Mixes were designed by the trial-batch methodo For the first ten 
beams tested, four batches were used in each beam and for the remainder of 
the beams, three batches were used in each beamo Equal amounts of concrete 
from each batch were placed in each spano Batch 1 was placed closest to the 
ends of the beam. Proportions were determined in terms of oven""dry weights 
and the mixes "Were designed to give concretes which could be easily placed 
with the aid of a vibratoro 
Table 4 lists the proportions of the concrete batches used in each 
beam, along "With the water/cement ratio, the slump and the com:pressi ve strength 
for each batch. Each value of the com:pressi ve strength is an average of at 
least three tests on 6 by 12-ino cylinders 0 
Table 5 lists the compressive strength, the splitting strength and 
the modulus of rupture for each batch 0 The modulus of rupture f j -was determined 
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from tests of 6 by 6 by 24-ino control beams) loaded at the third-points on 
an 18...ino spano The splitting strength :fbi was determined by loading 6 by l2-ino 
cylinders aJ.ong their diameter 0 
In the splitting test the cylinder "Was placed on its side between 
the heads of the testing machine and 12 by 3/8-ino strips o:f stiff cardboard 
or the thin ply-wood were placed between the cyJ ,inder . and the heads of the 
testing machine 0 These strips were intended to distribute the load evenly over 
a small width on the surface of the specimen., Under this loading the vertical 
diameter of the cylinder is subj ected to a uniform tensile stress over the 
greater part of its length and the specimen fails by spli tting along this dia-
meteX' 0 
In Fig 0 A 0 1 the measured moduli of rupture are compared with the 
compressive strength 0 Test data from modulus of rupture tests for the simply~ 
supported beams reported in Berere.nce(5) are also shown on this figure 0 The 
figure indicates a considerable scatter of the measured moduli of rupture data 0 
A statistical expression developed in Reference (4) to show the relationship 
between the modulus of r11l>ture and the compressive strength was 
f = 3000 
r h. 12000 
. + fB 
C 
This expression 'WaS derived using mixes similar to those used in this investi= 
gationo The upper solid line in Figo Aol is a plot .of this expressiono The 
lower broken line is a plot of the expression 
It can be seen from Figo Aol that Eqo A.l is a much closer approxi-
mation to the trend of the data than Eqo A.2o In Figo A.2 the measured splitting 
strengths are com;pa.red with the compressive strengtho Since not much in:forma.-
tion has as yet been accumulated on this type of control test, data reported in 
Reference (5) ~ in Retere:p.ces, (3) and .~26) ha.~: .. also been in,cluded in this 
plot. The solid circles are for spli tting tests conducted in 12-in. long 
cylinders and the open circles represent splitting tests conducted on 6-ino 
long cylinders. Again Eq. A.l and A.2 have been plotted on this figure for 
purposes of comparison. 
Figure A.2 indicates that for a given length of specimen there was a 
limited degree of scatter, considerably less than was obtained in the corre-
spondiIlg modulus of rupture tests., However, the plot also indicates that a 
reduction in the length of the specimen caused a:" marked decrease in the observed 
spli ttiIlg strength. The increased importance of end. effects for the shorter 
length specimen is one possible explanation for this reduced splitting strength. 
This b~ha.v1or is in agreement 'With that reported in Reference (27) 0 
Figure A.3 shows a comparison of splitting strengths for 12-ino long 
cylinders and the modulus of rupture for the corresponding control beams. Data 
~om Reference - (5) arid from Reference (3) has be.en included in this :plot., . 
T.Qe straight line drawn on the figure is a reference line corresponding to 
concretes with a splitting strength of the same value as the modulus of rupture., 
T.ne figure indicates a considerably degree of scatter especially at higher 
values. No consistent relationship between the modulus of rupture and. the 
s:pli ttiIlg strength. can be determined from this figure. However, the trend. 
of the data. indica.tes that for lower values the quantities tend to be com:pa.r-
able but tha.t at higher values the spli tting strength tends to be less than the 
modulus of rupture. 
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The stress-strain relationship for each concrete batch was determined 
from measurements on a 6 by 12-in 0 cylinder 0 The modulus of elasticity was 
defined as the slope of the secant passing through the origin and the point on 
the stress-strain curve corresponding to 1000 psi 0 In Reference (4) it was 
sho'WD. that values of the modulus obtained in this manner were in good agreement 
'\ 
With values of the modulus calculated according to a modified form of Jensen g s 
expression 0 This modified form was 
E = 
c 
30000000 
6 10000 + fll 
C 
In Fig 0 A. 4 the measured moduli of elasticity are compared with the 
compressi \fe strength 0 The solid line is a plot of' Eqo A 030 This figure shows 
that in this case the measured values of the modulus were somewhat greater 
than the values predicted by Eqo Ao3 for compressive strengths greater than 
5000 pSi" 
Figure Ao5 shows the relations~p between the compressive strength 
for each concrete batch and the ratio of the stress at a given value of strain 
and the compressive strength 0 Curves are plotted for concrete strain values 
of 000004, 0ooo08J 000012 and 0000160 This fi~~e indicates a definite relation~ 
ship between the stress at a given valUe of strain and the compressive strength" 
It was found that at a given calculated stress level) the '~lues of 
concrete strains in the beams tested were in agreement with the concrete strains 
predicted from Fig" A.,5o Prior to fleXUX'al cracking it -was found to be more 
accurate and just as convenient to use Figo Ao5 as to calculate the modulus of 
elasticity" 
(d) Prestressing Reinforcement 
Cold-drawn; stress-relieved high tensile strength single ~res were 
used a.s longitudinal or prestressing reinforcement 0 This wire satisfied the 
req,uirements of' ASTM~A-421 .. 59T 0 The wire was received in three shipments des-
ignated as Lots 12, l3J and 140 Lots 12 and 13 were manu:factured by the 
American Steel and Wire Division of the United States Steel Co:r:poration and 
were designated as "Hard Drawn Stress Relieved Super-Tens Wire" a Lot 14 was 
manuf"actured by the Union 'Wire Rope Corporation and designated as nO 0 196c:oin 0 . 
T1..l.fwir::=" 0 The heat analysis as furnished by the manu:facturers, the measured 
diameters f3.D,d strength properties are listed in the following table; 
Wire Heat .Ana.lysis Diamo Modulus of Stress at strength 
Lot C Mmo P S Sio Elasticity 1% Strain 
'fc % % 
'" 
% ino ksi. x 103 ksi ksi 
12 0.,88 0 .. 79 00024 00033 0025 00196 30 228 255 
13 0,,82 0·79 00018 00032 0021 00194 30 218 258 
14 0.,85 0.84 0.010 00029 0018 00197 2807 242 280 
Stress~strain characteristics for the three wire lots are shown in 
Figs 0 A06~ A07 and A.,80 The curves shown in these figures are the average of 
re8ul ts obtained from tests on several samples of wire cut from different posi-
tions on each of the original coilso The samples were tested in a 120J OOO=loo 
capaci ty hydraulic testing machine 0 strains were measured with· an 8-in 0 
extensometer employing a Bald'Win umicroformer if coil and were recorded by an 
automatic detice e 
Pull~out tests on the wire showed that the wire surface had to be 
'Weil pitted i.f' bond failure was to be avoided Q Pi tting was produced by rusting 
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the wires 0 The cut lengths of wire were immersed in a warm mixture of dilute 
hydrochloric acid for several minutes and then rusted by storage in a moist 
room for several days 0 The depth and degree of surf'ace pitting 'Were improved 
measurably if after several days the mres were removed from the moist room; 
allowed to dry, the loose rust removed; and the wires then returned to the 
moist room for several more days 0 The intended locations for the electrical 
strain gages were protected from rusting by ~apping these portions of the 
wire with insula,ting tape D Prior to use, the loose rust 'Was removed from the 
wires 'With a wire brush 0 
(e) Web Reinforcement 
The web reinforcement 'WaS provided by stirrups of' black annealed wire 
J 
of' two di.fferent nominal diameters 0 The wire 'Was received in a. single ship"" 
ment consisting of' straight pieces l5-fto long·.and 'WaS designated as lot Co 
The wires "Here rust'ed and samples were tested in the same manner as for the 
prestressing steel 0 The stress=strain characteristics together ~th the dia= 
meters and yield point stresses for the -wires are sho'WD. in Fig 0 A 090 The type 
of wire used fOT the stirrups in each particular beam is shown on the figures 
The stress-strain curves of Figo Ao9 show that the wires did not have 
a flat yleld rangeJ the stress at one percent strain being about 2 percent 
higher than the initial yield stress 0 For analysis j the yield. point st:...e:ess 
was defined as the stress corresponding to one percent strain 0 This stra.in 
was considered to be a lower bound--__ to the probable strain in the stirrups at 
failure 0 If a stirrup crossed by an inclined crack is unbonded for a distance 
of' as much as a quarter of its length on either side of the inclined crack.9 
then a one-percent strain in the stirrup would correspond to a crack ~dth of 
Oo05=in.. The measured inclined crack 'Widths at fa,ilure were 0 .. 05-ino or greatero 
The deyelopment of adjacent inclined cracks ·showed the bond to be better than 
that assumed above. The measured diameters and strength properties of the "Wires 
are listed in the following table 0 
Gage Noo 
7C 
lOC 
Diameter 
ino 
00177 
00135 
Ao) Fabrication ~d Test Specimens 
(a) Beam Dimensions 
stress at l~ Strain 
ksi 
strength 
ksi 
Each test beam had an over~a.ll length of 19 ft 0 10 in 0 and -was nom~ 
inally 6 by 12-ino in cross sectiono Of the 24 beams tested} 3 were rectangular 
and 21 had "Web thicknesses of 2 5/8 inches 0 The webs were formed by metal 
inserts placed in the rectangular forms 0 Rect..a.ngular end-blocks l8~ino long 
"Were provided at the end of each beam 0 The nominal dimensions of the beams 
are shown in Fig 0 A 0 10 and the measu:t'ed dimensions are listed in Table 3 0 
(b) Details of LDngitudinal Reinforcement 
Single wire reinforcement "Was used in all beams 0 The total number 
of wireS varied from 4 to 80 The wires were pretensioned and anchored by bondo 
Wire profiles were symmetrical in each span and consisted entirely of straight 
line segments 0 The wires were horizontal between the ends of the beam and the 
load points and. "Were draped between load. points and the central support 0 
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The prestressing wires were placed in either two or three horizontal 
rows with between one and i'Ol.lr 'Wires per row 0 The minimum vertical or hori~ 
zontal spacing between 'Wires "WaS 0070=ino The minimum cover was 0,,25~ino 
Nominal reini'orcement spacings and pesi tions are shown in Fig 0 A c 11" 
The prestressing wires were all draped parallel to one another by 
equal amounts 0 Three basic reinforcement patterns were usedo These are shown 
in Fig a A 012 a This figure indicates that only two basic drape profiles 'Were 
used since the reinforcement pattern shown in diagram (b) can be obtained by 
an upward vertical displacement of the reinforcement-pattern shown in diagram 
(a)" For the reini'orcement patterns shown in diagrams (a) and (b) the drape 
angle was 7,,40 and for the reinforcement pattern shown in diagram (c) the 
o drape angle was 9" 5 0 The first six beams tested h&d. drape profiles as sho'WIl 
in diagram (a)" Beams 7 through 15 had drape :profiles as sho'Wn in diagram (b) " 
The remainder of the beams had drape profiles as sho'WD. in diagram (c) 0 
(c) Details or Web Reini'orcement 
Vertical stirrups having one or two legs 'Were used in the 5 beams 
that had. ve b reinforcement 0 The nominal dimensions of these s tirru:ps are 
shown in Figo A,,13a and their spacings are shown in Figso A~l3bJ A.,l4,9 
stL.-rup spacing was varied throughout the length of the beama The 
maximum spa.ci.:lg used was a half the effective depth (5 1/4 ino) and the 
minimum spaci~ llsed was 2 ina 
Stirru;>s vere provided throughout the entire region of the beam in 
which inclined cracking was predicted and up to a distance equal to the effec= 
tive depth of the beam beyond the predicted position of the outermost inclined 
crack 0 
Prestressing Equipment. 
Anchorage Detai ls 
Threaded end a.nchorages were used to grip the wires during the preLO> 
streSSing operation and. up until "transfer rr took :place a The anchorages con-
sisted of S:f>ecial heat = treated nuts screwed on the threaded end of the 
prestressing ~reo 
Threads 'Were provided over the end 3 ina of the wire. They were 
cut by using special heat~treated chasers in an automatic threading machine 0 
The threads in the wires were cut to provide a medium. fit with the threads 
in the nuts. Since the 'Wires had a nominal diameter of' 0 al96 ino the thread. 
cut was slightly larger than No e lO which has a basic major diameter of 
Ool90 in. 
The nuts were hexagonal in sha:pe and 5!8-ino longe They were 
specially manufactured in the laboratory machine shop 0 The hole was sub= 
drilled with a No.. l6 tap drill and tapped with a standard No ~ l2 ta:p with 
24 tbxeads to the inch. This provided a :full No 0 12 thread on the nut,s a The 
u.Be of a No 0 lO tbr€:aQ on the nuts would have required the removal of too 
much material from T-,-~e rires to be practical" 
The n'lts -were I:lB.de from UBuster" alloy punch and chisel steel of 
the following analysis range~ Carbon 0056=0.,60 percent; silicon 0,,60-0080 
percent; chrorniun 1.10-1.30 percent; tungsten 2000~2o30 percent; va.na.clium 
0020-0030 percenf-,. Tne hardening process involved six steps (l) packing the 
nuts in charcoal in a closed steel box,? (2) heating for 20 minutes at 1200 F,,_~ 
(3) heating for 4?-60 minutes at l650 FJ (4) oil quenching to slig.htly above 
room temperature (5) tempering at lOOO F :for 30 minutes and (6) removal from 
the furnace and air cooling 0 
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(b) Tensioning apparatus 
Since all beams were pretensioned a prestressing frame had to be 
used to provide a reaction for the tensioning force 0 Fig 0 A 0 16 shows an 
over-all view of the assembled tensioning apparatus 0 
The prestressing operation required that reactions be provided for 
horizontal forces and the draping operation required that reactions be pro-
vided for both up~d and downward vertical forceso The reactions to the 
horizontal forces were provided. by the end two A-frames which were fixed in 
position horizontally and vertically by bolts bearing on their far endso 
The upward vertical reaction 'Was provided by a central hanger bolt attached 
to a U-shaped frame (Figo Ao16b) 0 The downward vertical reactions were pro-
vided by hanger bolts attached to channels which were in turn bolted to the 
laboratory f'looro These hanger bolts determined the position from which the 
1ll?wa.rd drape of the cables beguno 
A 30~ton Simplex center~hole hydraulic ram operated by a l5~ton 
Simplex pump 'WaS used to tension the reini'orcement 0 Two operations "Were 
necessary 0 .An im tial prestress was imparted to the 'Wires by ja.cking hori"" 
zontally against the end A=frames and the :fUll prestress and drape was obtained 
by jacking vertically against the central. U=frame 0 In the initial prestress 
operation; a small yoke "With a 3/4-ino wide horizontal slot in its cross 
member was placed over the ends of the 'Wires 0 A 5/8-ino diameter rod with a 
thread on one end and heat-treated nut welded to the other endJ 'Was connected 
through the nut to the end of a wireo To tension the wire; the ram reaetad 
against the yoke and the rod 0 The thrust was transferred from the ram to the 
rod through a washer and a nut; and from the rod to the wire 0 When the wire 
The hanger bolts consisted of l-in., diameter steel bars threaded 
over most of their lengtho The bolts at midspan were held in the desired 
positions by tightening nuts against both the upper and lower sides of the 
channels 0 
The prestress wires passed through draping saddles attached to the 
hanger bolts through small yokes (Fig 0 A Q l6c) 0 The design of the draping 
saddles was subject to continu~lS modification although the essential com~ 
:ponents remained the sameo The saddles consisted of tiiO long threaded verti-
cal steel rods 'Which varied in diameter from 3/8 ino up to 5/8 ino with two 
to four 2 1!2-ino lengths of 1/2-ino diameter rod welded horizontally across 
the vertical rods at one endo The number and dimensions of the components 
'Were such that the prestressing wires could pass through the draping saddles 
at their normal spacing <> The yokes which connected the draping saddles to 
the hanger bolts had vertical members o~ 3/4=ino square steel bars and hori-
zontal members of 3/4 by 1 3/4-ino rectangular steel bars., One 1 1/4-ino 
and two 3/4 .... in., holes were drilled in the horizontal members to attach the 
hanger bolt and draping saddle respectively 0 The whole draping arrangement 
conSisting o~ hanger boltsJ yokes and draping saddles proved quite flexible 
so that no additional provisions had to be made for horizontal movements 
during prestressingo 
(c) Form Components 
The form consisted of three 12 by 3 ino by 20~fto channels bolted 
together in the form of a U 0 Metal inserts bolted to the inside of' the up~ 
right channels were used to form the webs of I""beamso The form components 
rested on SlX equally s~ced metal horses built up from Channels and rodso 
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w.astensioned to the desired stress, the nut on the wireJ was turned u~.tight 
against a shim inserted to take up the elongation in the wireo In the draping 
operation the ram reacted against a second yoke placed on the top of the u~ 
shaped central frame and thrust, through a washer and a nut against the central 
hanger bolt" When:full ~estress and drape had been obtained a nut was tight"" 
ened against the load cell inside the yoke and the load in the jack releasedo 
The basic structural members of the end A-frames consisted of 
5 x 1 3/~ino channels with stiffeners on the vertical members and base plates 
to distribute the reaction to the flooro The bearing plates against which the 
prestressing wires reacted were welded to the A""frame at points 3 ft 0 above 
the laboratory floor 0 These beat'ing plates were 6 by 6 by 2. ino and had three 
rovs of four holes) 00206 ino in diameters spaced at 11/16 ino vertically and 
laterally to accomodate various posi tiona of tge wires 0 The central U""fram.e 
(Figo 15b) consisted. of 8 by 8=ino wide-flange columns with bearing plates at 
their bases and 7 x 2 1/8-ina Channels bolted to these columns 5 fto 6 ina above 
the floor to form the cross member a This frame was of such a size that it 
fitted complet~ly around the tensioning bed and also allowed sufficient room 
to work bet~en -t-..he columns of' the frame and the beam forms 0 The frame 'was 
not fixed to th~ floo= and could be removed when no longer neededo BoltsJ 
2 1/2 ino in d.ia..-::le~er screwed into steel inserts set in the laboratory floo!".9 
provided the upwari reactions re~uired at th~ ends of the A-frames and at the 
~bannels holding the lover hanger bolts the laboratory flooro The steel 
insert anchors wa-re cast into the laboratory floor 'When it 'WaS made a The 
tensioning bed utilized five of these inserts~ each of "Which 'Was capable of 
'w.i thstanding an upward pull of 50.9 000 lbs 0 The over=all length of the tension~ 
ing bed -was 30 ft 0 wi th a 23 ft 0 clear space between the inner faces of the 
end two A-framesa 
The horses had. adjustable feet so that the form as a whole could be raised 
or lowered to give the effective depth desired at the load points. 
The form cOIII.Ponents were not subject to SJ:J.y stresses from the pre-
stressing or d.rap~ng operations 0 The lower ends of the vertical rods from 
the draping saddles at the load points passed through holes in the bottom of 
the formo Beveled washers inserted around these vertical rods at the points 
where they passed tbrough the form,? provided ease of movement during :prestress ... 
ing and after casting could be knocked free so that the beam could be removedo 
A 05 Tensioning and Draping Procedure 
(a) Procedure 
Prestressing consisted of two main operations 0 First} the wires 
vere tensioned individually by jacking horizontally to the desired final stress 
less the increment of stress to be added by draping 0 Second; all the wires 
were brought simultaneously to the final drape and full prestress by jacking 
vertically 0 
In the first operation; the ends of the prestressing wires were 
slipped through the draping saddles)' the end plates of the form and the bear ... 
iug plates of the A-frames" 'The hanger bolts w'ere tightened in ]?osition and 
the d..!'>aping saddles adjusted to the desired effective depth 0 The draping 
saddles were k~pt at the desired height by inserts placed between the lower 
cros5=member of the draping saddle and the form" The beveled -washers were 
then inserted in the form and the draping saddles connected through the yokes 
'to the hanger bolts 0 Calibrated aluminum dynamometers we.!"e slipped over the 
ends of' the 'Wires, and the anchoring nuts were screwed. in place () Shims were 
added between the nuts and the dynamometers when necessaryo Wires were 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
tensioned individually following a pattern that 'WOuld subject the bearing 
plates to a uniform distribution of 1000.0 
In the second opera.tion.9 the U ... frame was placed over the center 
of the beam, the central hanger bolt was connected through a yoke to the 
central draping saddle, and a load cell 'Was placed over the end. of the hanger 
bolt ~ A nut was screwed up loosely against the end of the load cell, the 
large :p.restressing yoke was placed over the hanger bolt and the jack lif"ted 
into position on top of ito The side forms 'Were lifted up and bolted in 
place a Final drape and prestress 'Were then obtained by pulling the wires 
up to the desired position and noting the stress in the wires as determined 
from the dynamometers 0 If' the stress in each 'Wire was equal to the value 
desired and the wires were in the correct :position, then the nut on the 
central bolt 'Was tightened ~~inst the load cell and the jack releasedo If 
any one ~e shoved a significant variation from the stress desiredJ the 
drape was released; this wire adjusted and the pattern repeated until the 
desired stress 'WaS obtainedo The inserts between the draping saddles and 
the form were removed and the beam -was then ready to cast a 
(b) Measurements 
The prestressing force in each wire was determined by measuring 
the compressi'Ve st.-rain in the small cylindrical aluminum dynamometers placed 
over the wi:res between the nuts and the bearing plates 0 The force in the 
central hanger bolt vas determined. by measuring the strains in a load. cell 
:placed over thi s bolt between the end nut and the eros s member of the central 
U-frameo 
The dynamometers were fabricated from 2=ino lengths of l/'2=ino 
diameter aluminum redo A Oo2=ino diameter hole was drilled through their 
centers for the 'Wires 0 Strains 'Were measured by two Type A 7 SR-4 electric 
strain gages mo'lUlted on oppoai te sides of the dynamometers 0 These gages 
were wired in series to average out a:ny error in measurements due to an 
eccentric application of 10000 The dynamometers were calibrated using the 
6000 lb 0 range of a 120 J 000 Ib 0 capaci ty Baldwin hydraulic testing machine 0 
The strain increment corresponding to the usual initial steel stress of 
135,000 psi in the wires was about 2400 millionths measured on a strain 
indicator ~th a sensitivity of 2 to 3 millionthso 
The number of drape points necessitated measurement of the pre-
stressing force at both ends of the wires 0 It was found that slight dif-
ferences in ~sition or construction of the draping saddles:; of tightness 
in the wiresJ or friction between the wires and their points of contact 
sometimes lead to significant discrepancies in the prestress in a ~e between 
one end of the wire and the other 0 This 'WaS especially true if small adjust .... 
ments in the final stress were necessary in order to obtain the full desired 
prestress and drapeo 
The for~e in the central hanger bolt was measured by a load cello 
Details of the construc·tion and instrumentation of this load cell axe 
described in Article Ao9o The forces in the hanger bolt as mea,s'UI"ed by the 
load cell 'Were 9.1-ways in clos~ agreement with the forces that were calculated 
from the measured tensions in the 'Wires 0 
For ea~h beamJ strains in two of the wires "'~-I'e also measured by 
means of Type A 7 SR~4 electric strain gages mounted at different points 
along the 'Wi.re 0 The number of gages per iJ:1..strumented 'Wire varied bet-ween 
four and six 0 In general, the mea.sured strains were in good agreement with 
the strains calculated from the measured prestress o· This was true in spite 
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of' the fact that many of these gages were mounted close to drape points and 
could hence be expected to be strongly affected by local stress concentra= 
tionso 
(c) Stirrups 
The stirrups were sli:pped on the prestressing wires and placed in 
approximately the correct positions before prestressing vre.s beguno After 
the wires were tensionedj the position for each stirrup was carefully deter= 
mined and the stirrups tied to the prestressing 'Wires with No 0 20 gage black 
annealed 'Wire at a minimum of two points 0 A reinforcing bar was tied to the 
top of the sti:r;rups to keep them vertical and at the proper spacing 0 The bar 
'Was removed at the stage in the casting operation 1<fuen the concrete in the 
beam reached the level of the bare 
ASter the beam had been cast and the forms stripped, the position 
of each stirrup and of the longitudinal. wires was indicated on the sides 
of the beams with broken lineso 
A 0 6 CastingJ Curing 
l'he concrete for the beam 'was mixed for a period of three to four 
minutes in a non=t.ilting drum tY]?e mixer' '~'i.th a capac:i.ty of 6 CUo ft" Place.., 
ment of the concrete was facili ta,ted 'With the aid of a r.d.gh frequency internal 
vibrator 0 Four 'batches of concrete per beam were used for the first 10 beams 
castJ ~nd three batches of concrete per beam were used for the remainder of 
the beams 0 Eq,ual amounts of concrete from each 'batch were IJle,ced in each 
spano Batch 1 vas placed closest to the ends of the beam 0 For each batch.9 
five 6 by 12~ino control cylinders and either one or tva 6 by 6 by 24 ino 
'beams were cast 0 For the last batch seven control cylinders were cast.7 the 
additional two cylinders were tested at the time of release of the prestre~so 
Several hours after casting, depending on the time for im tial set, 
the top surface of the beam was trowelled smooth and. the cylinders were 
capped 'With neat cement paste.. Not earlier than one day after casting, and 
not longer than three days) the forms of both the beams and. the control s.peci-
mens were removed, the washers around the draping saddles were knocked loose 
and the specimens allowed to air dryo 
Release of Prestress 
Procedure 
The prestress was released in two distinct operationso First, the 
external horizontal forces were released 0 Second, the external vertical forces 
were released 0 The operations had to be performed in this order, otherwise the 
release of the vertical forces prior to the release of the horizontal forces 
would have introd-u.ced sizeable bending moments into 'What was then a poorly 
reinforced concrete beamo This would have lIDdoubtedly cracked the concrete 0 
In order not to break the wiresJ it ~s necessary to release the pre~ 
stress simultaneously in all the -wireso Otherwise the elastic recovery of the 
abutment· A=:f'rames t .. ended to put increased pressure on the wires that had not 
been releasedo To effect a lIDiform release of all the wires, two different 
procedures were usedo 
For the first twelve beams, the horizontal force was released by 
pulling each wire with a jack to take the bearing pressure off the nut, turn-
ing the nut one full turn, releaSing the jack and then repeating the same 
operation for the next wireo This operation was continued until the stress in 
the anchorage was approximately half of the initial stress 0 Transfer was then 
completed by unscre-w""ing the nuts at the other abutment USing a -wrencho 
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For the remaining twelve beams, the 'Wires were released by burning 
them with an oxy-acetylene torcho For this method of release the oxy-acetylene 
torCh was adjusted to a low heat, and the wires heated as uniformly as possible 
over a length of about afoot, until the wires brokeo Steel elongates 'With 
"" r: 
increase in temperature and its yield point decreases 0 If the operation i~ 
performed correctly the wires break gently with marked ductility and necking 
at the failure point 0 The comple.te transfer operation took about five minutes 0 
The advisability of this method of release has been discussed by se'"iferal investi-
gators (Reference (28) 0 However, measurements of the end penetrations of the 
wires in beams 9 through 15 indicated that for. this method of release, the 
anchorage lengths required for the full development of prestress were no worse 
than for the cases in which the beams were released by the first procedureo 
(b) Measurements 
In all beams dynamometer and steel strain readings were taken both 
before and after the release of the prestress 0 In" beams 9 through 24, measure-
ments were made of the penetrations of the prestressing ~res into the ends of 
the beams 0 In beams 11 through 24) measurements were made of the instantaneous 
elastic deformations at the level of the prestresso 
End penetrations were determined using a ruler and a magnifying glass 
or were read directly from OoOOOl-ino dial gages attached to the wireso In the 
former case marks were placed on the wires and the di stance from these marks 
to the end of the beam measuredo The values obtained for these end penetrations 
are listed in Table A~2o 
Instantaneous elastic deformations at the level of the prestress were 
determined from measurements made using a lO-in 0 Whittemore Strain gage 0 Gage 
I 
plugs for these measurements were placed in three rows of two (one gage-line I 
per row) at the load points and the cente.r suppbrto The central row of plugs I was placed at the level of the steel 0 The other two rows of plugs loca.ted 
3/4 ino above and below the central ro'w were used to check the value obtained I 
for the central ro~ of plugs~ Prestress losses at release as obtained from 
these values of the instantaneous elastic deformations are listed in Table 70 I 
The significance of the results has been discussed in Chapter 60 
I 
A08 Instrumentation 
(a) Strain Gages on Reini'orcing Wire I 
Type A7 SR=4 electrical strain gages were used to measure the steel 
strains at vaI'ious critical sections 0 These gages were found to give reliable I 
results in the previous tests on prestressed concrete beams reported in I 
( ) 'lL\ References 3 and (-Jo The principal ad:vantages of these gages are their 
nar:rG~ 'Width) short length and flexibility 0 T''l'1'O longitudinal :prestressing I 
'wires in each beam -were instrumented with theSE; gages 0 Fo'!.ll" gages per 1-s'i.re I WE;!"e used in be'3ll1S 1 through 220 Six gages per 'wire werE: 1.lSed in t.he last t,l.rO 
beam.2o The arrangement of the strain gages on the wires is···shoml in Figo Ao17 C) I 
In all cas~s_, each ~...re had one of th'~ gages on it moun~ed clOSe to each of 
-
the three dr5.pE pclnts 0 For beams 1 through 10 the f'oUX'th' gage on each wire I 
~.ffiS mcunted. s:t. .:':l= ::f the points of contrafleXU1:"e 0 For beams II through 22.9 
thr=: fourth g~e on ea.ch 1-tire was mounted 12~ino away from the central drape I 
point 0 For. be~ 23 me. 24 the 3 extra gages per wire wa-ce all m01mted in the I 
same span at 12~·in 0 a:way from the end drape point.9 the point of contraflexurej> 
and 12~ino a~vlay from the central drape pointJ respectivelY-o '- I 
Gages were applied in the follo'W'ing manner 0 The:i?osi tion at wrJoich I the gage was to be mounted 'Was sanded smooth -with an emery cloth and cleaned 
I 
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thoroughly 'With acetoneo This position on the wire 'Was heated to about 120°F 
with a heat la.m.J? and the gage mounted using Duco cellulose acetate cement as 
the bonding agent., The gage -was pressed firmly into position; excess cement 
squeezed out from under it and pressure maintained on it until the glue had 
dried" sufficiently 0 The required drying time was about two minutes 0 The gage 
was allowed to air dry for three hours and then placed under a heat lamp for 
eight hours 0 At the end of this period ea.ch gage -was covered with petrosene to 
prevent moisture a.:ffecting the gage prior to 'Waterproofing 0 A No 0 18 Type Fl 
solid lead. wire was soldered to each gage 'Wire 0 The lead wires were firmly 
taped to the prestressi ng 'Wires 0 The gages and connections were covered with a 
* water:proof'ing E:Poxoid compound 0 This compound took approximately J2 hours to 
set completely 0 • The lead 'Wires from each gage point were gathered together 
and brought out through the top flange of the beam at the point of contraf'lexure 0 
(b) Elec·tric Strain Gages on the Concrete 
Type A3 SR,=4 electrical strain gages ~ere used to meas~e the concrete 
strains 0 These gages were found to give reliable results in the previous tests 
on prestressed concrete beams reported in ReferenCes (3) and (4) 0 The principal 
advantage of these gages is that their relatively short length 3/4 ino and 
narro"W' width 3/16 ino allow the measurements of loca.l concrei:.;e strains} 't-nthout. 
the introduction of large variations in these stzains due to local variations 
in t..h.e cha.:ract~ of' the concrete 0 
Gages "Were applied in the following ma.:nner 0 The gage position was 
smoothed with either a portabl~ grinder or coarse sandpaper} cleaned 'With acetone 
and a thin layer of Dueo cement applied and allowed to dry 0- A drying time of 
* _~ adhesive produced by the International Prestressing Corporation of 
Los Angeles, California 0 
a.bout fifteen minutes was requiredo A layer of Duco cement was a.pplied to the 
back of the gage) the gage ~s placed in position and the excess cement squeezed 
out :from under ito Weights were' placed on the gages so as to maintain pressure 
for several hours after applicationo Best results were obtained with gages 
applied 24 hours in advance of test 0 This procedure ensured adequate bond. 
between the concrete and the gage and minimized the effects of moistureo 
The arrangement of the strain gages on the concrete for beams 1 through 
22. are shown in Fig .. Ao18o The arrangements for the last two beams tested) 
BW. 10 .. 102 and BW. 10 .. 075 are show. in Figs 0 A 019 and A 0 20 0 
(c) Mechanical strain Gages 
A 10-in .. Whittemore strain gage was used to mea.sure the strain dis-
tribution over the depth of the beam at the central support and at the load. 
point 0 The measurements were used to determine ---the curvature at these critical 
sections w~ing loadingo 
The Will ttemore gage was equipped with a OoOOOl-ino dial indicator 0 
Gage plugs were machined from 1/4""ino diameter rodo They were 3/8 ino long 
and each had a cylindrical hole drilled in its center 0 Gage lines were located 
symmetrically on both sides of the beam.. Their locations are shown in Figs .. 
Ao18, Ao197 and Ao20o To attach the plugs} the area was smoothed with coarse 
sandpaper and cleaned with acetone 0 A drop of Eastman 910 quick~d.rying glue 
was placed on the back of the plug and the plug press~d firmly into positiono 
The glue dried ~Jithin a few secondso 
(d) Deflectometers 
Deflections of the beam were measured 'With OoOOl""ino dial indicators 
at the load. :points and at intervals of 18 ino between the load points and. the 
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central supporto Slip in the prestressing "Wires was mea.sured with OoOOOl-inc 
dial indicators attached to the 'Wires and bearing against the ends of the 
beam.. Deflections of all supports were measured Y7i th OoOOl-ino dial indicators 0 
For beams 14 through to 24 movements of the ends of the beam were measured with 
OoOOl."ino dial indicatorso 
Ao9 Loading Apparatus 
(a) Test Frame 
The specimens were tested in a steel frame the two columns of which 
were anchored by tie-down beams to the laboratory flooro The test setup is 
shown in Fig 0 A 0210 The load. was applied through either a 30eo>ton or 50-ton 
Simplex hydraulic ram operated. by a Blackhawk pumpo The ram reacted against 
the channels farming the cross member of the frame 0 . The load was measured 
with a 50JOOO lb. elastic ring dynamometer placed between the ram and the steel 
distributing beam on to::p of" the s:pecimeno The distributing beam applied equal 
loads to the loading blocks in the center of each s::pan 0 The load 'Was a::p::plied 
thro'..lgh a roller at one end and a steel ball at the other endo The lcaJiing 
blocks consisted of 8 by 6 by 2-ino steel ::plateso Leather pads 4-ino square 
we=e used be~~een the loading blocks and the beamo 
DU'ficul1;;ies were encountered in the stability of the appara.tus due 
to its heigh"t"-) length and weight 0 Guide columns "Were clamped to the end ::piers 
and U-shaped st:..r::-ups bolted to the loading beam as safety deviceso Steel 
horses s~~po~teQ O~ ~ooden blocks were placed under the beam to absorb the 
energy released at failure and to prevent damage to the a::p:paratus 0 
(b) Load Cells 
Load cells were used to measure the re8:-cti9ns at aD: three support 
points 0 The cells were machined from cold=d.r'awn seamless metal tubes 0 A 
cut-away cross section of the load. cell is sho"WD. in Figo Ao22o The end re-
actions were measured with load cells designed for a working load. of 35 kipso 
The wall thickness of these cells was ma.chined to 00100 ino in the zone where 
the measurements were made 0 The center supJ?Ort reaction was measured with a 
load cell designed for a 'Working load of' 70 kips 0 The wall thickness was 
machined to 0 .. 200 in" All load cells were instrumented with eight Type A 7 
SR ... 4 electrical strain gages mounted at mid-height 0 Four of the gages mea.sured 
longitudinal strains and the other four circumferential strains 0 These gages 
"Were wired together to form a ftfour ... a.rI1l bridge if with a strain magnification 
factor of about 2060 Each "arm n of the bridge comprised two longi tudinaJ. or 
circumferential gages wired in serieso The procedure adopted for application 
of these gages was similar to that descrih~d in Section Ao8Ca) for the applic8.a> 
tion of steel gages to the reinforcing wires Q The instrumented cell was pro~ 
tectreci by a steel cover to which handles were attached as sho~m in Figo Ao22"" 
It ~s found that these cells suffered little or no deflection at the design 
loads and provided remote measU!"ement 'With high precision 0 They were found 
to have a long~term dependabilityo 
The cells were calibrated in a 120) OOO~lb 0 Bald~Tin hydraulic testing 
machine 0 Results were recorded a.fter the cl::;lls had been loaded in excess of 
their expected working loads for some five or six times in order to eliminate 
any zero shi.:ft 0 The central load cell had a" sensi ti vi ty of 296 lb 0 per dial 
division and the end cells had. sensi ti vi ties of 136 and 139 lb 0 per dial di vi-
sion on the strain indicator 0 Experience sno-wed that reliable readings could 
be made to one=fifth of one dial di visiono Subsequent recalibrations of the 
load cells shoved no alterations in calibration or reliabilityo 
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(c) Supports 
Figure A 023 ,a sho'Ws a typical exterior su:pJ?ort setup 0 The beam 
rested on a bearing block consisting of a 6 by 6, by 1 1/2-ino steel plate 
with a l!4-ino deep groove machined across its center 0 A 2-ino diameter steel 
roller 6-ino long fitted into this groove and rested on another bearing plate 
exactly similar to that above 0 This plate rested on top of the load cell 
which in turn sat on another roller-plate combination 0 • This combination con-
sisted of 6 by 9 by 1 1/2-ino u:pper and lower bearing plates between which 
were three 2-ino diamet~r 6-ino long rollers symmetrically placed about the 
center line of the reaction 0 The rollers 'Were positioned by metal strip~ 
screwed to the u:pper and lower plates and to the axis of the rollers 0 The 
screws on the axes of the rollers were removed prior to testingo The total 
height of the end. sup:ports from the concrete pier to the bottom of the beam 
-was 1 fto 4 ino 
This exterior support setup satisfied all necessary support condi-
tions 0 Complete freedom of movement in the horizontal direction was provided 
by the lower set of rollers 0 Freedom for tilt of the beam in a vertica.l plane 
was provided by the upper rollero Measurements at the axis of the upper roller 
showed that there ~s no sifnificant settlement or lateral tilt of the sup~orto 
Figure A.2;b sho'Ws a typical central support setupo The beam 
rested on a 6 by 6 by 1 1/2-ino steel platey grooved as at the end supports 
to take a 2 - in. dia.:leter steel roller 6 in 0 long 0 The roller rested on a 
13 by 13 by I-b. thick steel plate su:pJ?ort at the four corners by l~ino dia~ 
meter steel screws, 'Which in ~urn were recessed into a similar lower steel 
plate" This arrangement allowed adjustment of the height of the support 0 The 
lower steel plate res~ed on top of· the central load cell which in turn rested 
on a l-in. thick bearing plate, on top of the central concrete piero 
Similar to the exterior support setllI's:l measurements on the axis of 
the roller showed no significant lateral tilts 0 Any settlement of the support 
-was compensated for by adjustment of the screws 0 Freedom for tilt of the beam 
in the vertical plane was provided by the upper roller 0 It was not necessary 
to include a roller set to compensate for horizontal movements since the beain 
was symmetrical and symmetrically loaded about the center supporto 
To ascertain the manner in which the load was distributed longitudi-
nally across the central bearing plate, a lontigudinal groove l/8-ino deep 
and l/4-ino -wide was cut in the plate~ Six A7 SR~4 electric strain gages were 
spaced evenly across the plateo The procedure adopted for the application of 
these gages was similar to that described in Section A.8ea) for the application 
of steel gages to the reinforcing wires 0 The plate :was calibrated in a 
120, OOO~lb 0 Baldwin hydraulic testing machine for loading conditions corre= 
sponding to a uniformly distributed loa.dJ edge loads.? and a central load .. 
Graphs of the strain distributions obtained during tests were compared ~th the 
strain distrib'~tions for these standard types' of loading and the nature of the 
actu.3.l stress distributed determined approximatelyo 
AGIO Testing Procedure 
( a.) Procedure 
Prior to test the beam was jacked clear ot each support in turn and 
zero readings taken on the load cells Q On the basis of this information the 
height of the central support was adjusted so that the reaction at each of 
the supports was equal to the reaction calculated from elastic theory for the 
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dead weight of the beamo At the time of test j the loading beam was placed in 
position and any external prestress provided to facilitate the handling of the 
beam, was removed.. Zero readings were taken on all electrical and mecha.ni~al 
strain gageso 
The load was applied in increments of one kip up to flexural cracking 0 
Af'ter flexural cracking, the magnitude of the increments depended on the deflec-
tion and crack pattern of the beamo After the application of each load increment 
the height of the central support 'WaS checked and adjusted where necessary so 
tha.t no settlement of this support occurred during test 0 The ring dynamometer:; 
load cells and mid9:pa.rl deflections were read after each load increment 0 Every 
fourth load increment, all strain and deflection gages were reado The loads 
for flexural and inclined cracking at ea.ch of the critical sections were measured 
as a.ccurately as possible 0 Loading was continued until rupture of the speci~ 
men.. A complete test required nine to ten hours 0 
Af'ter failure of' the beam, zero readings were taken on all load cells 
8...Tld the control specimens tested 0 
(b) Measurements 
The load. was measured both by the elastic ring dynamometer and the 
load. cells 0 The dynamometer sensi ti vi ty was 11008 lbs 0 per dial division on 
a OoOOOl-ino dial indicatoro The load cell sensitivities were apprOximately 
135 lbs.. and 195 lbs 0 per dial division on the strain indicator for the end 
and central support cells, respectively 0 
Deflections were measured at the load points and at 18 and 36 ino 
from the central support in each span 'With OoOOl-ino dial indicatorso Hori"" 
zontal movements and deflections of the supports ~e measured wlth OoOOl-ino 
dial indicators 0 Slip in the prestressing wires were measured with o o 0001.., in 0 
dial indicatorso 
strains in the longitudinal reinforcement 'Were measured 'With elect~ 
rical strain gages (Section Ao8( a))o Strains in the concrete were measured 
~th electrical strain gages (Section A08(b))o 
The distribution of strains over the depth of the beam at the load 
points and the central support was measured with a lO-ino Whittemore gage 
(Section Ao8(c)) 0 
Electrical strain gages attached to the central bearing plate were 
used to check the load distributions across this plate in beams 8 through 100 
Cracks were marked on both sides of the beam each time the electri~ 
cal strain gages 'Were reado The height of' the crack and the load increment 
were recordedo Photographs were taken during the test and after :failure to 
provide permanent records of the crack developmento 
Mte:r failure, measurements of the depth to the reinforcement,9 the 
veb thicknessJ and the ~dth of the compression flanges} ~re taken for each 
load point and the central support sectioDSo 
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TABLE A.l 
CHRONOLOGY OF TESTING 
Order Mark Age at Age at 
of Release test 
Test Days days 
1 AO.13·094 7 18 
2 AO.13·o64 8 13 
3 AO.13·078 3 8 
4 BO.13·050 4 12 
5 BO.12.o71 ·7 14 
6 BO.12.o64 4 11 
7 BO.09·058 7 14 
8 Bo.08.079 4 8 
9 BO.09·075 4 14 
10 Bo.08 .. 115 6 15 
11 Bo.08.045 4 8 
12 Bo.08.057 7 11 
13 Bo.08.036 16 27 
14 Bo.08.059 --4 18 
15 Bo.08.035 13 26 
16 ... EO .10 .043 8 105 
17 BO.1O.053 14 32 
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